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'< As regards the method of teaching algebra, I would make it, in 
the earlier stages, as much a generalized arithmetic as possible. 
Results obtained by algebra would be verified by arithmetical in- 
stances; and the use of a formula would be indicated as including 
any number of instances. Elaborate (and to my mind wearisome) 
processes, useful for solving artificial combinations of difficulties, 
would be at least deferred. With a comparative beginner, progress 
towards new ideas or new stages of old ideas can, I think, best be 
made by the simplest instances, and it is on this account that I would 
build algebra entirely on arithmetical foundations so far as concerns 
the teaching of beginners." 

— Professor Forsyth, M,A., D.Sc, F.R,S., Cambridge. 

** It is assumed that pupils will be required throughout the course 
to solve numerous problems which involve putting questions into 
equations. Some of these problems should be chosen from mensu- 
ration, from physics, and from commercial life. The use of graphical 
methods and illustrations, particularly in connection with the solution 
of equations, is also expected." 

^^ Extract from the Report of the American 

Mathematical Society, 1903. 



PREFACE 

Thb aim of this book is to introduce the young student 
to the study of algebra, in particular to those portions of 
algebra that are indispensable to the study of geometry, 
mensuration, physics, and chemistry as pursued in second- 
ary schools. The book is an outgrowth of classroom 
experience, lays stress on fundamental principles, and 
illustrates these principles so that the beginner may not 
" regard algebra as a very arbitrary affair, involving the 
application of a number of fanciful rules to the letters of 
the alphabet." 

As far as the authors know, this is the first beginners' 
book that graphically illustrates the fundamental rules, 
fundamental laws and facts, and incidentally brings out 
in bold relief the essential connections of arithmetic, alge- 
bra, and concrete geometry. Whoever wishes to obtain 
a clear and sound knowledge of the fundamental opera- 
tions of algebra must have recourse to arithmetic and 
to geometric illustrations, since learning is, at bottom, 
largely a process of visualizing. 

Every point that we have found to give trouble to the 
young learner is dealt with in a way that will bring into 
play the perceptive powers of the student. Professor 
Minchin well says : " Effective teaching requires a great 
deal more than a bare recitation of facts, even if these are 
duly set forth in logical order. The probable difficulties 

• • 
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Vlll PREFACE 

which the intelligent student will naturally and necessarily 
encounter in some statement of fact or theory, — these 
things our authors seldom or never notice, and yet a rec- 
ognition and anticipation of them by the author would 
often be of priceless value to the student." Few of our 
pupils in secondary schools have a clear conception of why 
having like signs in the multiplication of two numbers 
produces a plus result. This is one place where a text- 
book should come to the assistance of the student. 

The first ten chapters furnish an easy introduction to 
the study of algebra. There are a great many simple 
problems, the typical solutions are natural, and there is no 
obvious striving to arrive at hasty generalizations. The 
last ten chapters demand more maturity on the part of the 
learner. It is a good practice to fix principles in the mind 
by means of easy examples, and then to move forward to 
difficult ones. The examples here are of medium grade, 
neither too easy nor too hard, and have been used in 
teaching classes in the Ball High School. Occasionally 
an example is inserted that will provoke serious thought. 

This book leaves out the Euclidean method of finding 
the Highest Common Factor because it is not a practical 
topic. It also omits certain theorems in the Theory of 
Exponents, Surds, and Imaginary Numbers and the The- 
ory of Limits because they are too difficult for the pupils 
of secondary schools, 

A large number of the examples are new; the others 

are mainly from examination papers. 

THE AUTHORS. 

Galveston, Texas. 
April 7, 1912. 
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CHAPTER I 
HfTRODUCTIOir 

THE LANGUAGE OF AXGEBRA. THE EQUATION 

1. Algebra, like aritfametic, deals with ntimber. Alge- 
bra, however, goes farther than arithmetic, and enables 
one to solve with readiness problems which cannot be 
solved by arithmetic. 

Algebra makes use of the symbols of arithmetic. Thus, 
1, 2, 3, 4, 5, 6, 7, 8, 9, 0, are used in algebra to represent 
numbers in exactly the same way that they are used in 
arithmetic. 

In algebra the sign of addition is +; the sign of sub- 
traction is — ; the sign of multiplication is x , or a period ; 
the sign of division is -*-, /, or the fractional notation. 

In arithmetic it is customary to use abbreviations for 
concrete quantities. Thus, instead of the word cent or 
centB^ the letter c. is used. For example, 54 cents is writ- 
ten 54^. Instead of the word acre or acrcB^ the letter A. 
is used. Thus, 5 acres is written 5 A. Instead of the 
word ton or fon«, the letter T. is used. Thus, 10 tons 
is written 10 T. In the metric system of measures the 
linear unit is the meter. The abbreviation for meter is m. 
Thus, 12 meters is written 12 m. A meter is, approxi« 

B 1 



2 ELEMENTARY ALGEBRA 

mately, 39.37 inches. Hence, 12 m. is equivalent to 
12 X 39.37 inches. 

2. In algebra, symbols are carried farther than in 
arithmetic. In algebra, a letter of the alphabet may 
stand for any number whatever. When a number is 
written before a letter, it indicates multiplication. Thus, 
4 a means 4 times a. If a stands for 5, then 4 a stands 
for 4 times 5. If a stands for 90, then 4 a stands for 4 
times 90. 

Letters written in succession indicate multiplication. 
Thus, ab means a times h. dbc means the continued 
product of the numbers a, 6, and c^ that is, a times 5, 
and this result times <?. If a = 4, 6 = 7, and <? = 8, then 
aJc = 4 • 7 • 8, or 4x7x8. 

3. Each of the letters in an indicated product is called 
a factor of the product. Any one factor is called a coeffl- 
oient of the number expressed by the remaining factors. 
Thus, in the indicated product, 9 a;, 9 is the coefficient of 
X. In the indicated product, 4aJ, 4 is the coefficient of 
a6, and 4 a is the coefficient of h. When no coefficient is 
written, 1 is understood. In the expression a? + 3, 1 is 
the coefficient of x. 

4. Algebra uses a language of its own. The sum of 
two numbers, 7 and 4, is written 7 + 4. The sum of two 
numbers, x and y, is written a; + y. The difiference of 
two numbers, 18 aud 7, is written 18 — 7. The difference 
of two numbers, a and 6, is written a — J. The quotient 
of 56 divided by 11 is written ^. The quotient of a 

divided by h is written y* 

6 



THE LANGUAGE OF ALGEBRA. THE EQUATION 3 

c? is a short method of writing a times a, or aa. 

o^ is a short method of writing a times a times a, or aaa, 

a^ is a short method of writing a times a times a times a, 
or acuta. 

The number indicating how many times a number or 
letter is taken as a factor is called an exponent. Thus, 
in a\ 4 is the exponent. 

It is important that the student distinguish carefully 
between coefficient and exponent. 4 a means 4 times a. 
If a = 10, 4a = 40, and a* = 10* = 10,000. 

EXERCISE I 

1. If a; = 7, find the value of 2 re, 7a?, lire, 19 re, 25a:. 

2. If a: = 11, find the value of 8 a;, 12 a;, 15 a;, 24 a:, 32 x. 

3. If a?= 8, find the value of 5 a:, 9 a:, 7 a:, 14 a:. 

4. If a = 9, find the value of 7 a, 16 a, 20 a, 30 a. 

5. If a = 4, find the value of 2 a, a^ 3 a, a^, 5 a. 

6. If 6 = 12, find the value of J2, 3 h\ l\ 4 h\ 7 J^. 

7. If a: = 5, find the value of a:^, a:^+a:, 2x^+Zx^ ofl—x. 

8. If a = 4, 6 = 3, find the value of a+h^ a--h, 2 a+ J, 
3a-6. 

9. If a = 4, 6 = 7, find the value of aJ, 5 aJ, -— , — , —. 

bob 

10. If a = 12, 6 = 3, find the value of aP, — -, -—, —-. 

b 46 8 6 

11. If a=6, 6 = 1, find the value of a^'\-b\ a^-I^, 
a^ — ab. 

12. If a = 7, (?=8, find the value of 2ac^ a^ + acy 
a* — acy ac^. 
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13. If a:=:8,y = 4, find the value of ?, -, 4^ ^. 

14. If 2? = 10, 25 = 6, find the value of — , — , — , -— • 

5. In arithmetic a statement in symbols that one quan- 
tity equals another quantity is called an equation. (The 
algebraic meaning of equation will be given later.) For 
example, 5 a; + 5 = 83 is an equation. 

The part of an equation to the left of the sign of 
equality is called the first member of the equation, the 
part of the equation to the right of the sign of equality 
is called the eecond member of the equation. 

EXERCISE 2 

Find the value of x in each of the following equations : 

1. 6a:=24. 5. 18rc=90. 9. 17a:=187. 13. 4a;=2. 

2. 7a:=56. 6. 5a:=120. 10. 14rc=210. 14. 6rc=3. 

3. 9a;=63. 7. 4a:=192. 11. 13a:=78. 15. 8a:='52. 

4. 16a;=45. 8. lla:=143. 12. 15a;=5. 16. 12rc=78. 

EXERCISE 3 

1. How many are 5 apples and 8 apples ? How many 
are 5 a and 8a? 

2. How many are 7 horses and 8 horses ? How many- 
are 7 A and 8 A ? 

3. How many are 11 cents and 7 cents ? How many are 
11 c and 7 (? ? 

4. How many are 15 dollars and 8 dollars? How 
many are 15 cZ and 8(i? 
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5. How many are 13 acres and 9 acres ? How many 
are 13 a and 9a? 

6. How many are 17 yards and 8 yards ? How many 
are 17 y and 8 y ? 

7. How many are 19 boys, and 11 boys ? How many are 
196 and 11 J? 

8. 3a; + 5a; + 8a:=? U. 8a; + 7rc + 5a?= ? 

9. 7a; + 5a; + 4ic=? 12. 14J + 5J + 6J=? 
10. 9aj + 8a? + 6aj=? 13. 8(? + 9(? + 10(?=s? 

14. 122 + 82 + 13s = ? 

15. What is the sum of 4 ah and 2 oJ ? 

16. What is the sum of 12 he and 9 6(? ? 

17. What is the sum of 6 c^ and 3 c^ ? 

18. A man had x dollars and earned y dollars. How 
many dollars did he then have? 

19. Take 4 x from 10 x. 24. Take 19 y from 25 y. 

20. Take 9 x from 16 x. 25. Take 2 ah from 5 ah. 

21. Take 18 x from 22 x. 26. Take 7 ah from 14 ah. 

22. Take 7 y from 13 y. 27. Take 16 ah from 23 ah. 

23. Take 15 y from 27 y. 28. Diminish 15 a: by 3 x. 

29. By how much does 12 exceed 7 ? 

30. By how much does 12 x exceed 7 a;? 

31. By how much does 24 x exceed 16 a;? 

32. By how much does 30 h exceed 21 5 ? 

33. By how much does 40 exceed 10 ? 

34. By how much does 40 exceed x ? 
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35. The sum of two numbers is 27, and one of the num- 
bers is 17. Find the other number. 

36. The sum of two numbers is 11 a, and one of the 
numbers is Sa. Find the other number. 

37. The sum of two numbers is 100 c, and one of the 
numbers is 19 e. Find the other number. 

38. The sum of two numbers is 35, and one of the num- 
bers is 24. Find the other number. 

39. The sum of two numbers is 35, and one of the num- 
bers is X. Find the other number. 

40. A man had a head of cattle and bought b head. 
How many head of cattle did he then have? 

EXERCISE 4 

1. The price of a bushel of wheat is b cents. Find the 
price of 13 bushels. 

2. If the cost of an acre of land is x dollars, find the 
cost of 5 acres. 

3. A horse sells for z dollars. Find the selling price of 

9 such horses. 

4. A city lot is sold for y dollars. Find the value of 

10 such lots. 

5. One side of a square is n yards. Find the perimeter 
of the square. 

6. The dimensions of a rectangle are 2 n and n. Find 
the perimeter of the rectangle. 

7. A rectangle is 48 yards long and a yards wide. 
Find the area of the rectangle. 
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8. A rectangle is 10 rods long and h rods wide. Find 
its area. 

9. The side of a square is 5. Find the area of the 
square. 

10. Six houses sold for 18 x dollars. Find the average 
selling price of a house. 

u. Five sheep sold for 10 y dollars. Find the selling 
price of each sheep. 

12. The area of a rectangle is 20 x square rods, and one 
side is 10 rods long. Find the other dimension of the 
rectangle. 

13. The area of a rectangle is 80 a square yards, and 
one side is 40 yards. Find the other dimension. 

14. Eight bushels of barley sold for 24 d cents. Find 
the selling price of a bushel of barley. 

15. A train runs 90 x miles in 15 hours. Find its 
average rate per hour. 

16. A steamboat runs 40 h miles in 20 hours. What is 
its average rate per hour ? 

17. A man divides 5 x acres of land into 10 equal parts. 
Find the number of acres in each part. 

18. A man bequeathes 12 x dollars to be divided equally 
among his three sons. How many dollars does each son 
receive ? 

EXERCISE 5 

Translate into ordinary English the following symbols : 

1. 18 + 5. -4.7W. Eighteen increased by five, or the 
sum of eighteen and five. 



18. 


X 

7 


19. 


x-\-y 

y 


20. 


a 


21. 


h 


22. 


3 a2 - 4 a. 


23. 


W^y. 
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2. 19 — 8. 10. a 4- J. 

3. 17 X 7. 11. 2 a + 6. 

4. a;4-2ic. 12. 6 a + 2 J. 

5. a 4- 4 a. 13. a — 6. 

6. 6 a + 6 a. 14. 3 a — J. 

7. 5 2: — a;. 15. 2 a^. 

8. 1 x^3x. 16. a^ 4- a. 

9. lAiX — llx. 17. 62_5, 



EXERCISE 6 

Translate into algebraic symbols, using x in each instance 
involving one number, and x and y whenever two numbers 
are involved : 

1. The sum of a number and twice the same number. 

Ans. x + 2x. 

2. Five times a number and the number. 

3. Three times a number increased by twice the 
number. 

4. Seven times a number increased by four times the 
number. 

5. Eleven times a number increased by five times the 
number. 

6. The difference between five times a number and two 
times the number. 

7. Ten times a number diminished by seven times the 
9ame number. 

8. Thirteen times a number diminished by six times the 
same number. 
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9. One number diminished by another number. 

10. One number increased by another number. 

11. Three times one number increased by another 
number. 

12. The sum of six times a number and seven times 
another number. 

13. Eight times a number diminished by five times 
another number. 

14. Fifteen times one number diminished by eight 
times another number. 

15. The difference between four times one number and 
five times another number. 

16. The product of two numbers. Seven times the 
product of two numbers. 

17. The square of a number. The square of a number 
times a second number. 

18. The cube of a number. Eight times the cube of a 
number. 

19. The fourth part of a number. Six times the fourth 
part of a number. 

20. The fourth power of a number. Five times the 
fourth power of a number. 

21. The quotient of one number divided by another 
number. 

22. Seven times one number divided by another number. 

23. Nine times one number divided by another number. 

24. The square of one number divided by another 
number. 
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25. The sum of two numbers divided by the difference 
of the same numbers. 

26. The difference of two numbers divided by the sum 
of the same numbers. 

27. The cube of one number divided by the square of 
another number. 

28. The sum of the squares of two numbers. 

29. The difference of the squares of two numbers. 

30. The square of a number diminished by the number. 

Example 1. The area of a rectangle is 2160 square 
yards, and its length is 72 yards. Find its width. 

Arithmetic Solution. 72 times the number of yards 
in the width equals 2160, the number of square yards in 
the area of the rectangle. 

Hence, 72 times the number of yards = 2160. 
Therefore, the number of yards = ^\\^ = 30. 
Hence, the width of the rectangle is 30 yards. 

Algebraic Solution. Let a: = the number of yards 
in the width of the rectangle. 

Then 72 x square yards = the area of the rectangle. 

Hence, 72 a; = 2160. 

Dividing by 72, x = 30. 

EXERCISE 7 

1. The area of a rectangle whose length is 14 rods is 
182 square rods. Find its width. 

2. The area of a parallelogram is 1600 square yards, 
and its base is 64 yards. Find its altitude. 
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3. The area of a parallelogram is 342 square inches, 
and its altitude is 18 inches. Find its base. 

4. If 75 acres of land is sold for $2775, find the aver- 
age price per acre. 

5. If 24 horses are sold for $2088, find the selling 
price of one horse. 

6. A dealer sold a number of cattle at $ 39 per head, 
and received in payment $702. How many head of cattle 
did he sell ? 

7. Seven times the distance by rail from New York to 
Albany equals eleven times the distance by rail between 
New York City and Philadelphia. The distance from 
New York City to. Albany is 143 miles. Find the distance 
from New York City to Philadelphia. 

8. Three times the distance by rail from New York 
City to Hartford, Conn., equals twice the distance from 
New York City to Dover, Del. Hartford is 110 miles 
from New York City. Find the distance from Dover to 
New York City. 

9. Omaha, Neb., is five times as far from New York 
City as Concord, N.H., is from New York City. Omaha 
is 1400 miles from New York City. Find the distance 
from Concord to New York City. 

10. In the year 1901 Alabama produced 150 ounces of 
gold valued at $ 3100. Find the value of one ounce of 
gold. 

11. In 1901 Montana produced 13,131,700 ounces of 
silver valued at $7,879,020. Find the value of one ounce 
of silver. 
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12. In the same year Colorado produced 18,437,800 
ounces of silver valued at f 11,062,680. Find the value 
of one ounce of silver. 

13. A boat travels at the rate of 9 miles per hour. At 
this rate how long will it take to travel 567 miles ? 

Example 1. Divide $1 between two boys, giving one 
boy four times as much as the other boy. 

Solution. Let x = the number of cents one boy 
receives. 

Then, 4 a: = the number of cents the other boy receives. 

x + 4iX= the number of cents both boys receive. 
Hence, a? + 4 a; = 100. 

Therefore, 6 a; = 100. 

Dividing by 5, x= 20. 

Multiplying by 4, 4 a; = 80. Ans. 80/, 20 /. 

Check. 20 cents + 80 cents = 100 cents. 

Example 2. The perimeter of a rectangular garden is 
150 yards, and its length is twice its breadth. Find the 

dimensions of the garden. 

Solution. Let x = the num- 
X ber of yards in the breadth of 
the garden. 

Then, 2 a; = the number of 
yards in the length of the garden. 

x + 2x-\-x + 2x^ the number of yards in the perimeter 
of the garden. 
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Hence, x+2x + x-^2x=: 150. 

Therefore, 6 a? = 150. 

Dividing by 6, re = 25. 

Multiplying by 2, 2 a: = 50. 

The length is 50 yards ; the width is 25 yards. 

Check. 25 + 50 + 25 + 50 = 150. 

EXERCISE 8 

1. The cost of an arithmetic and an algebra is $ 1. If 
the algebra costs three times as much as the arithmetic, 
find the cost of each. 

2. Two n^en enter into a partnership contributing 
$3600. If one man contributes twice as much as the 
other, find each person's share in the partnership. 

3. The siun of the ages of father and son is 52 years. 
If the father is three times as old as his son, find the age 
of each. 

4. The sum of two angles is 90 degrees. If one angle 
is five times the other angle, how many degrees are in 
each angle ? 

5. A farmer plants 80 acres of cotton and wheat. If 
he plants three times as many acres in cotton as in wheat, 
how many acres does he plant in each ? 

6. A farmer plants 210 acres in corn and in oats. If 
the number of acres of corn is six times the number of 
acres of oats, find the number of acres of each. 

7. A house and a barn cost $ 3450. If the house cost 
twice as much as the barn, find the cost of each. 
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8. A house and lot cost $3520. If the house cost 
three times as much as the lot, find the cost of each. 

9. The number of national banks and private banks in 
North Dakota, in 1903, was 84. There were eleven times 
as many national banks as private banks. Find the 
number of national banks and private banks in North 
Dakota in 1903. 

10. The sum of two angles, A and -B, is 180 degrees. If 
angle A is four times as large as angle B^ how many 
degrees are in each angle ? 

11. The perimeter of a rectangle is 245 yards, and the 
rectangle is four times as long as wide. Find its dimen- 
sions. 

12. The perimeter of a rectangular farm is 372 rods. If 
the farm is twice as long as wide, find its dimensions. 

Example 1. A pian bought a horse and carriage. The 
carriage cost three times as much as the horse. If the car- 
riage cost f 240 more than the horse, what did each cost ? 

Solution. Let a;=the number of dollars the horse cost. 
Then, 3 re = the number of dollars the carriage cost. 
Hence, 8 a: - a: = 240. 

Therefore, 2x = 240. 

Dividing by 2, x = 120. 

Multiplying by 8, 3 a: = 360. 

Check. 1 360 - $ 120 = $ 240. 

$ 120, cost of the horse. 
$ 360, cost of the carriage. 
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EXERCISE 9 

1. A and B enter into a partnership. A contributes 
$5460 more than B. If A's interest in the partnership is 
four times B's, find each man's capital in the partnership. 

2. Thomas Smith buys a lot on which he builds a house 
costing three times as much as the lot. If the house costs 
il900 more than the lot, find the cost of each. 

3. A dictionary and stand are bought for a schoolroom. 
The dictionary costs five times as much as the stand, and 
the cost of the dictionary exceeds the cost of the stand by 
$9.60. Find the cost of each. 

4. A horse costs three times as much as a wagon. If 
the cost of the horse is f 340 more than the cost of the 
wagon, what does each cost ? 

5. Nine times a number exceeds four times the same 
number by 495. What is the number ? 

6. The price of a suit of clothes is five times the price 
of a hat. If the suit of clothes cost $14.40 more than the 
hat, how much does each cost ? 

7. A farmer plants 205 acres more in com than in 
barley. If he plants six times as many acres in corn as 
in barley, how many acres does he plant in each ? 

8. A farmer raises 460 bushels more of potatoes than of 
beans. If the number of bushels of potatoes is twenty- 
four times the number of bushels of beans, find how many 
bushels of each are raised. 

Uxample 1. Divide $100 between A and B, giving A 
$5 more than B. 
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Solution. Let x = number of dollars B receives. 

Then a: + 6 = number of dollars A receives. 

Therefore, 2 2? + 5 = number of dollars both receive. 

Hence, 2 a: + 5 = 100. 

Subtracting 5, 2x^ 95. 

a; = 47.50. 
a;+5 = 52.50. 
A*8 money is $52.50. 
B's money is $47.50. 
Chech. $47.50 + $52.50 = $100. 

EXERCISE 10 

1. Divide 25 cents between two boys, giving one boy 

3 cents more than the other boy. 

2. Divide 50 cents between two boys, giving one boy 

4 cents more than the other boy. 

3. The sum of two numbers is 150, and one of the 
numbers is 10 more than the other. Find the numbers. 

4. At an election two candidates, Mr. Davis and 
Mr. M3'^ers, received 2955 votes. Mr. Davis received 
465 votes more than Mr. Myers. Find the number of 
votes each received. 

5. In an election for governor of a state there were 
290,119 votes cast. The successful candidate received 
2553 more votes than the other candidate. Find the 
number of votes each received. 

6. In an election two candidates received 167,729 
votes. The successful candidate received 7295 more votes 
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than the other candidate. Find the number of votes each 
received. 

7. A rectangular field is 99 yards longer than it is 
wide, and the sum of its two dimensions is 1066 yards. 
Find its dimensions. 

8. Divide a line 36 inches long into two parts so that 
one part may be 5 inches longer than the other part. 

9. A man buys a horse and a wagon, paying for the 
horse $45 more than for the wagon. If he pays JJl40 for 
both, find the cost of each. 

10. In the years 1901 and 1902 there were produced in 
the United States 7,635,397 ounces of gold. The yield 
in the former year was 24,397 ounces more than in the 
latter year. Find the number of ounces of gold produced 
in each of these years. 

11. The quantity of gold coined by the mints of the 
world during the years 1900 and 1901 is estimated at 
29,172,590 ounces. If the coinage of 1900 was 5,168,416 
ounces more than that of 1901, find the number of ounces 
coined in each of these years. 

12. The receipts of the United States government from 
customs and internal revenue for the year 1903 is esti- 
mated at $515,289,705.98. The receipts from customs 
exceeded those from internal revenue by $53,669,357.64. 
Find the receipts from each source. 

13. The combined areas of Connecticut and Delaware 
are 7992 square miles. Connecticut contains 3232 square 
miles more than Delaware. Find the area of each. 
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14. The combined areas of New Hampshire and New 
Jersey are 17,650 square miles, and the area of New Hamp- 
shire is 1204 square miles more than that of New Jersey. 
Find the area of each. 

15. The Indian population in Indian Territory and 
Oklahoma in 1902 was 99,466. There were 72,714 more 
Indians in Indian Territory than in Oklahoma. Find the 
Indian population of each. 

Example 1. Seven eighths of the water area, of New- 
York State is 5278 square miles. Find the area of the 
water surface of New York State. 

Let X = the number of square miles in the area. 
Then, ^ = 6278. 

o 

Dividing by 7, f = 754. 

O 

Multiplying by 8, —=: 6032. 

o 

Therefore, x = 6082. Am, 6032 square miles. 

Check, ^ of 6082 square miles = 6278 square miles. 

EXERCISE II 

1. If f of the cost of a geography is 75 cents, find the 
cost of the geography. 

2. If 1^ of the price of an acre of land is $42, find the 
price of an acre of land. 

3. If J of the quantity of coal consumed by a family 
during a winter was 4J tons, find the number of tons con- 
sumed that winter. 
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4. Seven twenty-fifths of the number of Indians in 
Utah in 1902 was 609. Find the Indian population of 
Utah that year. 

5. Seven ninths of the area of South Dakota is 60,340 
square miles. Find the area of South Dakota. 

6. Two thirds of the number of post offices in the 
United States in 1903 was 49,354. Find the number of 
post offices in the United States in that year. 

7. Four ninths of the number of bales of cotton pro- 
duced in the United States in 1903 was 4,767,804. Find 
the number of bales of cotton produced that year. 

8. Find the average weight of a bale of cotton, if ^\ 
of the average weight of a bale is 253 pounds. 

9. Five eighths of the world's production of sugar for 
1903 was 6,134,445 tons. Find the world's production of 
sugar that year. 

10. Eight elevenths of the distance by rail from Charles- 
ton, S.C., to San Francisco, Cal., is 2448 miles. Find the 
distance from Charleston to San Francisco. 

Example 1. Two men are employed to do a piece of 
work, one receiving $3 a day and the other $2 a day. If 
the wages of both is $95, find the number of days the two 
men worked. 

m 

Let X = the number of days the men worked. 

Then, 9Sx = the wages of one man. 

$2x = the wages of the other man. 
Therefore, 

x + $2x:= the wages of both. 
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Therefore, 

3a: + 2 a; =95. 

Hence, 5 a; =95. 

a:= 19. Ans. 19 days. 
Check. $3 X 19 + f 2 x 19 = $95. 

EXERCISE 12 

1. A father and his son work together, the father get- 
ting $5 a day and the son $2 a day. If the wages of 
both is $112, how many days did they work ? 

2. A man buys the same number of horses and wagons. 
The horses cost $76 apiece and the wagons $37 apiece. 
If he spent all together $1008, how many horses did he buy ? 

3. A dealer buys two kinds of coal, the same quantity 
of each, one kind at $7 a ton and the other kind at $5 a 
ton. If the entire purchase costs $1788, how many tons 
of each does he buy ? 

4. I have the same number of nickels and quarters, and 
have $1.80 all together. How many of each have I ? 

5. The arithmetics and the readers for a class cost 
$6.75. If an arithmetic costs 25 cents, and a reader 20 
cents, how many pupils are in the class ? 

6. A farmer sold the same number of turkeys and 
geese, the turkeys at $2 apiece, and the geese at $1 
apiece. If the turkeys and geese brought $75, how many 
of each did he sell ? 

7. A property owner builds a number of cottages at 
$1500 ^.piece, and an equal number of cottages at 
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apiece. If he spends all together $14,400, how many cot- 
tages of each kind does he build ? 

8. A clothier bays a number of suits at $6 apiece, and 
the same number of suits at $6 apiece. If the suits cost 
12365, how many of each kind does he buy ? 

9. A shoe dealer buys a number of boys' shoes at $1 a 
pair, and an equal number of men's shoes at $3 a pair, 
paying all together I486. How many pairs of shoes of 
each kind does he buy ? 

10. A woman buys a number of yards of ribbon at 18 
cents a yard, and the same number of yards of ribbon at 
13 cents a yard, paying for both $9.30. How many yards 
of each kind does she buy ? 

REVIEW. EXERCISE 13 

1- Divide $150 between two persons, giving one $36 
more than the other. 

2. Divide $ 210 between A and B, giving A five times 
as much as B. 

3. A bookkeeper receives a sjilary at the rate of $ 165 
per month. If he is paid his monthly salary in $5 and 
$10 bills, the same number of each, how many of each 
does he receive ? 

4. According to the census of 1900, the population of 
Alabama is 1,828,697. The male population exceeded the 
female population by 4831. Find the male and female 
population of Alabama. 

5. The census of 1900 gives Columbus, Ohio, 442 per- 
sons more than twice the population of Lawrence, Mass. 
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The population of both cities that year was 188,119. 
Find the population of each city. 

6. The population of Fall River, Mass., in 1900, was 
5630 more than three times the population of Sioux City, 
la. The population of both cities in that year was 
137,974. Find the population of each city. 

7. The number of banks in New Mexico in 1903 was 
85. There were four more state banks than private 
banks, and the number of national banks was one more 
than four times the number of private banks. How many 
banks of each kind were in New Mexico ? 

8. Four ninths of the number of post offices in the 
United States in 1902 increased by 256 is 34,000. Find 
the number of post offices in the United States in 1902. 

EXERCISE 14 

Perform the indicated operations : 

1. 9 + 7 + 4. 12. 12w + 9w + 4w. 

2. 8 + 9 + 6. 13. 15w — 8??i + 3w. 

3. 11 + 5 + 9. 14. 16y + 4y-19y. 

4. 12-5 + 3. 15. 21y-3y-9y. 

5. 14_94.8. 16. 30a;- 21 a;- 5a;. 

6. 27-11-9 17. 25m- 6m- 11m. 

7. a + 4 a + 5 a. 18. 27 a; + a; — 5 a;. 

8. 2a + 9a + 4a. 19. 39a; + a;- 20a;. 

9. 9 a; + 4 a; +8 a?. 20. 33 a;- 11 a; + 2 a;. 

10. 15y + 3y+7y. 21. 44a — 37a + a. 

11. 3 m + 5 m + 7 w. 22. 50 a — 32 a + 2 a. 



I 
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23. 60 a -.89 a + 11 a. 28. 16 a? + 4 a? + 2?. 

24. lOOx— 58a?— 32aj. 29. 12a:y + 7a?y + lla:y. 

25. 2 a? + 3 a? + 7 a?. 30. 16 a;y + 8 a;y - 20 xy. 

26. lla^^-lx^ + ^x^. 31. 18 aJ + 10 aJ - 13 oJ. 

27. 12 a? + 9 a? + 14 a?. 32. 40 mn + 11 tww - 50 mn. 

EXERCISE 15 

Find the value of the unknown quantity in each of the 
following equations : 

1. 9a?4-3a:-|-4a: = 48. 12. 18 a; + 7 a:- 5a: = 400. 

2. 5a;+9a; + a;=60. 13. 24a?-5a;-|- 3a; = 352. 

3. 10a:-3a;-5a: = 42. 14. 32y- lOy- 8y = 154. 

4. 9a;-4a: + a; = 48. 15. 35y- 18y- 14y = 297. 

5. 13a:-5a: + a; = 99. 16. 42 a: - 25 a; - 14 a: = 240. 

6. lla:-8a; + 4a; = 56. 17. 38y - 13y - 12y = 247. 

7. 12y-3y-2y = 63. 18. 41y-y- 32y= 128. 

8. 19y-8y + 2y = 14S. 19. 3y-|-4y + 6y +3=146. 

9. a; + 5a:-2a:=64. 20. 2y + 9y- 8y + 5 = 29. 

10. 4 a; +5 a; -8 a? = 11. 21. 6y + 4y-y + 8 = 80. 

11. 17a? + 7a;-12a: = 132. 22. lly + 3y-7y+4=74. 

23. 12y + 9y - 17 y + 11 = 47. 

24. 9y+4y — 2y + 4 = 125. 

25. 6y + 5y-3y + 9 = 57. 

26. 14y-8y-4y + 8 = 38. 

27. 25y-lly-9y + 7 = 97. 

28. 9a?-2a?-4a: + ll = 59. 
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29. 14kx-llx+2x+l-57. 

30. 23a:-12a; + 4a? + 5 = 80. 

31. 39ir + 4x-28a:-|-9 = 109. 

32. 26a:+8a:-lla; + 9 = 170. 

33. 54a:-40ir-|-6a; + 10 = 410. 

34. 75y-60y + 2^-l-4 = 260. 

35. 37y-13y + 5y + ll = 98. 

36. 25y-12y + 7y + 30 = 680. 

37. 32-y -18y + 3y4-ll = 300. 

38. 38y-.9y + 3y + 4 = 100. 

39. 100y-79y + 4y + 5=230. 

40. 94y-58y-22y + 4 = 130. 

POSITIVE AND NEGATIVE NUMBERS 

6. Hitherto the symbols plus and minus have been used 
as symbols of operation, plus denoting addition, and minus 
denoting subtraction. Their meaning will now be ex- 
tended. 

Suppose the mercury in a thermometer stands at 20° 
above zero. If the temperature falls 10°, the mercury 
will then stand at 10° above zero. This may be expressed 
algebraically 20° - 10° = 10°. 

If the mercury in a thermometer is at 20° and the tem- 
perature falls 15°, the mercury will then stand at 5° above 
zero. This statement may be expressed algebraically 

20° -15° = 5°. 

If the mercury in a thermometer is at 20° above zero 
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and the temperature falls 20% the mercury will then be at 
zero. This statement may be expressed algebraically 

20** - 20^ = 0\ 

If the mercury in a thermometer is at 20® above zero 
and the temperature falls 30% the mercury will then be 
at 10° below zero. This statement may be expressed 
algebraically 20° - 30° = - 10°. 

n*-90 

If the mercury in a thermometer is at 20° above .^.g© 
zero and the temperature falls 25°, the mercury will 
stand at 5° below zero. This statement may be ex- 
pressed algebraically 



-f70 



+60 



20° - 25° = - 6°. 



4-50 



-+40 



-+80 



+20 



+10 



From an arithmetical point of view, 20 — 30 is an 
impossibility. It will be seen later that 20 — 30 is 
not an impossibility from an algebraic point of view. 

In order to distinguish degrees above zero from 
degrees below zero the former are marked plus and 
the latter are marked minus. If no mark is written 
the plus sign is understood. There are then two 
styles of marking on a thermometer ; one consisting 
of the natural series of numbers beginning with I 
naught, extending upward, and each marked -h, and 
the other beginning with naught, extending downward, 
and each marked — . Thus, there is 

0, +1, +2, +3, +4, etc., and 
0, -1, -2, -3, -4, etc. 

Numbers marked + are called positive numbers, and 
numbers marked — are called negative numbers. 



-10 



-20 



30 
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Suppose a boy has $ 20 and owes $ 10, how much is lie 
worth ? This solution may be indicated as follows : 

$20-$10 = f 10. 

Suppose a boy has $ 20 and owes $ 25, how much is lie 
worth? In this case he owes more money than he has. 
If he endeavors to settle his indebtedness by paying the 
f 20 he has, he will still owe $ 5. This solution may be 
indicated as follows : 

f 20 - $ 25 = - $ 5. 

Accordingly what a person owes may be indicated by 
prefixing the minus sign to the amount he owes. If 
a person owes $40, this may be indicated by — f 40, and 
if a person has $40, this may be indicated by +f 40. 

If a merchant gains $50 one day, and loses $30 the 
next day, what is his net gain for the two days ? 

This solution may be indicated as follows : 

$ 50 - $ 30 = $ 20. 

If a merchant gains $40 one day and loses $55 the next 
day, what is his net loss for the two days ? 
This solution may be indicated as follows : 

$40 -$55 = -$15. 

Losses may be designated by prefixing the minus sign 
to the amount lost, and, on the other hand, gains may 
be designated by prefixing the plus sign to the amount 
gained. 

Similarly, money received may be designated as a posi- 
tive quantity, and money paid out as a negative quantity. 
Thus, if +$10 means $10 received, —$10 means $10 
paid out. 
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From the above illustrations it may be seen that the 
signs + and — prefixed to quantities denote opposites. 
For example, if + 5 miles means 5 miles east, then 
— 5 miles means 5 miles west. If + 10° means 10° north 
of any particular point on the earth's surface, then — 10° 
means 10° south of the same place. 

Counting forward is regarded as positive, and counting 
backward is regarded as negative. Beginning with and 
counting forward, the natural number series is formed. 
Thus, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, etc. 

Counting backward, beginning, say, with 5, there is the 
following series : 

- 7, ^6,-5,-4,-3,-2,-1, 0, 1, 2, 3, 4, 5. 

7. Positive numbers are known as arithmetic numbers. 
Positive and negative numbers are known as algebraic 

numbers. 

Plus and minus when used in the sense above indicated 
are symbols of quality, and have the force of adjectives. 

EXERCISE 16 

Solve the following problems, indicating in each instance 
the algebraic solution : 

1. A section laborer on a railroad goes in the forenoon 
10 miles north, and in the afternoon 4 miles farther north. 
How far is he, and in what direction, from the starting 
point? Arts. 10 + 4 = + 14. 

2. A section laborer goes 10 miles north, and after- 
wards 8 miles south. How far, and in what direction, is 
he from his starting point ? 

3. A person travels on Monday 300 miles north, and 
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on Tuesday 180 miles south. How far, and in what 
direction, is he from his starting point? 

4. If a man travels on Wednesday 100 miles north 
and on Thursday 130 miles south, how far, and in what 
direction, is he from his starting pomt ? 

5. If a merchant loses $40 one day and $50 the next 
day, how much does he lose in the two days ? 

6. A boy has 40 cents and spends 25 cents. How 
many cents has he then? 

7. A merchant's assets are $1500 and his liabilities are 
12000. How much is he worth ? 

8. A man travels 150 miles east, and afterwards 20O 
miles west. How far, and in what direction, is he from 
his starting place ? 

9. If a man owes $50 to one creditor and $25 to 
another creditor, how much does he owe the two creditors ? 

10. A train travels 90 miles south, and afterward 100 
miles north. How far, and in what direction, is the train 
from its starting place ? 

11. A coal dealer buys on Monday 200 tons of coal. 
He sells on Tuesday 15 tons and on Wednesday 26 tons. 
How many tons has he remaining ? 

12. A merchant buys 150 pounds of tea. He sells at 
one time 30 pounds, and at another time 35 pounds. How 
many pounds has he remaining ? 

8. Example i. Represent graphically the following 

numbers : 

+ 4, +7, +9, +12, -2, -5,-7. 
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To do this, take a straight line AB^ and mark a point on 
it 0. Then take any convenient unit, and with a compass 
mark it as indicated. 

-7-5 -2 - +4 +7 +9 +12 

A H-" — I — »— ' — I ■ I ■ — ■ ■ I ' ■ I ■ I I I I B 

EXERCISE 17 

Represent graphically the following numbers : 
1. 8, 6, 9, 14, - 6, - 10. 2. 5, 10, 16, 21, - 8, - 16. 
3. 6, 12, 14, 17, 0, - 4, - 11, - 18. 

4. 46, - 24, 26. 6. 48, 72, - 48. 

5. 64, - 36, - 60. 7. 80, - 30, - 70. 

8. 90, -40, -.60. 

EXERCISE 18 

1. Suppose the temperature at midnight is 40° Fahren- 
heit, and the following forenoon it is 56°. How many 
degrees does it rise ? 

2. If the mercury in a thermometer stands at 38° and 
during the next 24 hours it falls to 24°, how many degrees 
does it fall ? 

3. If the mercury in a thermometer stands at 12° one 
day and at 28° the next day, how many degrees does the 
mercury rise ? 

4. If the mercury stands at — 10° and rises to + 8°, 
how many degrees does it rise? 

5. If the mercury stands at — 4° and rises to + 20°, 
how many degrees does it rise? 

6. A ship sails due north from a point 8° south lati- 
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tude to a point 23^ north latitude. How many degrees 
does it sail ? 

7. How many degrees are there from a point 18® east 
longitude to a point in the same latitude 78° west ? 

8. How many dollars must a man make whose property 
is valued at - $200 so as to have + #300 ? 

9. A merchant loses on Monday $40. How many 
dollars must he gain on Tuesday so as to have a net gain 
of $30 for two days? 

10. How many years from 430 B.C. to 1904 a.d. ? 

11. How many years from 150 B.C. to 1876 a.d. ? 

12. The date of the Second Punic War is 218 B.C. 
How many years from that date to the present time ? 

13. A steamer whose rate is 19 miles an hour travels 
up a river whose rate is 3 miles an hour. Find the rate 
of the steamer up the river. 

14. The following table gives the highest and lowest 
temperatures in degrees Fahrenheit recorded at the 
Weather Bureau Stations named up to December, 1902. 
Find in each case the range of temperature: 

HiGHKST L0WK8T 

1. Augusta, Ga 105° 3* 

2. Baltimore, Md 104*' -7* 

3. Bismarck, N.D 106° -44* 

4. Buffalo, N.Y 95° - 14« 

5. Cincinnati, 105° -17^ 

6. Denver, Col 105° -29* 

7. Eagle, Alaska 87° -68° 

8. El Paso, Texas 113° -5° 

•9. Fresno, Cal 114° 20° 

10. Hannibal, Mo 108° -20° 
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Highest Lowkst 

11. Helena, Mont 103° -42° 

12. Galveston, Texas .... 98° 8° 

13. Kansas City, Mo 106° -22° 

14. La Crosse, Wis 104° - 43° 

15. Jacksonville, Fla 104° 10° 

16. Minneapolis, Minn 102° -33° 

17. Nashville, Tenn 104° -13° 

18. North Platte, Neb 107° - 35° 

19. Port Huron, Mich 99° -25° 

20. Yuma, Ariz 118° 20° 

DEFINITIONS 

9. Anything which has size or extent is called a magni- 
tude. For example, the line AB^ or the figure EFOD. 



^ ? 



D 




10. The result of measuring a magnitude is called a 
number or quantity. For example, if the line AB is meas- 
ured and found to be 2.53 inches, this result, 2.53, which 
tells how many times the line AB contains another line 
one inch long, is called a number or quantity. 

11. Any collection of symbols representing number is 
called an ezpremion. For example, x-\-2y — ^ is an 
expression. 

12. The members of an expression connected by the 
signs plus or minus or both are called the terms. For 
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example, in the expression 3 a: + 5 y — 2, the terms are 3 a;, 
+ 5y, — «. 

13. An expression consisting of one term is called a 
monoinial. For example, 6 ahc is a monomial. 

14. An expression consisting of more than one term is 
called a polynomial. For example, ofi + bxy "Qt/^ is a 
polynomial. 

15. A polynomial consisting of two terms is called a 
binomial. For example, 3 :z; — 2 y is a binomial. 

16. A polynomial of three terms is called a trinomial. 
For example, 4a + 56 — 8cisa trinomial. 

17. The degree of a term with reference to a letter or 
letters is the exponent of the letter or the sum of the 
exponents of the letters in the term. For example, the 
degree of 9 ofli^ is 5, that is, the sum of 2 and 3. 

The degree of an algebraic expression is the highest 
degree of any of its terms. For example, in the expres- 
sion aj^ + 5 a; + 9, the highest degree is 3, and hence this 
expression is of the third degree. 

18. Terms whose literal factors are of the same degree 
are called like terms. For example, 9 a;*, 5 a:*, are like 
terms. 7 a?y, 4 x^y^ are also like terms. 4 x^y and 6 xy^ 
are not like terms, because the factors of these terms have 
not the same exponents. 

19. The product obtained by multiplying a number by 
itself a number of times is called in arithmetic a power of 
that number. For example, 8 is the cube or third power 
of 2. 81 is the fourth power of 3. In algebra, power 
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means this much and something more which will be 
referred to later. 

20. The number which multiplied by itself a number of 
times produces another number is called a root of that 
number. For example, 5 is the square root of 25, since 
6 X 6=25. 6 is the cube root of 216, since 6x6 x 6=216. 
2 is the fifth root of 82, since 2x2x2x2x2 = 32. 
Square root of a number is indicated by V* Cube root 
by -v^. Fourth root by -y/. 



CHAPTER II 
THE FOUR SIMPLE RULES. FUNDAMENTAL LAWS 

ADDITION 

21. Addition is the process of combining numbers into 
a single number. The result in addition is called the sum. 

22. To add two arithmetical numbers, count forward 
from the first number as many units as there are units in 
the second number. Thus, to add six and five, count for- 
ward from six as many units as there are in five. To add 
three arithmetical numbers, add the first two, and then 
add this result and the third number. 

Example i. What is the sum of + 9 and + 7 ? 

The answer may be stated in symbols as follows : 

+ 9 + 7 = + 16. 

* 

The process may be represented graphically as follows : 

A Be 
^ — I — I — I — I — I — I — I — i.^.^ I I ' « ■ ■ J 

C D 

1 I I 1—1 ' ' ji: 

Let AB = 4-9, and CD = + 7. To add these two lines, 
place the beginning point of the second line at the end 
point of the first line. Then AE will be the sum. Next, 
count the marks from A to E, The result will be the sura. 

34 
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Uxample 2." Add --6 and —5. 

This problem and result may be stated in symbols as 

follows : 

^6 + (-6) = -ll, 

or _6-6=-ll. 

The solution may be represented graphically as follows: 

Let A5 = - 6, and CZ> = - 6. To add AB and CD, 
place the beginning point of CD at the end point of AB, 
and then count the marks from A to E. 

E B A 

u<j — i — I — I — I < I i I L.-J 7 

P<. ■ . ■ 9 

To add two positive numbers, add the numbers regard- 
less of sign, and prefix the plus sign to the result. 

To add two negative numbers, add the numbers regard- 
less of sign, and prefix the minus sign to the result. 

The value of a number, regardless of its sign, is called 
the absolute value of the number. Hence, 

The sum of tw^o numbers affected by the same sign equals 
the sum of the absolute values of the numbers with the com- 
mon sign prefixed. 

23. Addition of numbers with unlike signs. 

Example i. Suppose a man travels 100 miles north 
one day, and 80 miles south the next day, how far is he 
from his starting point ? 

This question may be expressed in symbols. 

-f- 100 miles + (- 80 miles) = ? 
or -I- 100 miles — 80 miles = ? 
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Obviously the man travels 20 miles more in a northern 
direction than in a southern direction, and hence he is 20 
miles north of his starting point. Therefore, 

loopB + 100 miles + ( - 80 miles) =4-20 miles. 

To represent this graphically, let AB represent 
100 miles, and\B(7 represent 80 miles. 
. Then ^(7=20 nnles. 



80 



60 



40 



20 



Example 2. What is the sum of — 11 and + 4 ? 

Solution. Counting four units to the right 
-C from — 11 the result is — 7. This may be ex- 
pressed in symbols as follows : 

-ll + 4 = -7. 

This may be represented graphically as follows : 

AB = — 11, CD = + 4. To get the sum, place the 

B £ A 

^^^u 1 u.^^ 1 1 1 1 1 i-H 

I ■ ' «-»H 

C D 

beginning point of CD at the end point of AB^ then 
AE will be the sum. 

To add two numbers, one positive and the other negative, 
take the difference of their absolute values and to it prefix 
the sign of the number greater in absolute value. 

EXERCISE 19 
Add and represent graphically in each case : 

1. 2. 3. 4. 6. 6. 7. 



+4 


+ 3 


+11 


+ 14 


+16 


+ 19 


+ 25 


+ 9 


+11 


+ 7 


+ 8 


+ 12 


+ 6 


+18 
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ft 

8. 9. 10. 11. 12. 13. 14. 

-12 - 9 - 6 - 4 -17 -21 -29 
_ 8 -15 -13 -35 -22 -28 -24 



15. 


16. 


17. 


18. 


19. 


20. 


21. 


+ 11 


+13 


+17 


+25 


+32 


+ 27 


+31 


- 7 


- 8 


-15 


-25 


-35 


-38 


-40 


22. 


23. 


24. 


2S. 


26. 


27. 


28. 


-10 


-16 


-22 


-28 


-21 


-30 


-39 


+ 4 


+11 


+ 17 


+ 26 


+ 33 


+ 37 


+41 



24. Addition of three or more numbers. 

Example l. Suppose a man makes $14 Monday, $18 
Tuesday, loses $20 Wednesday, and $25 Thursday, does 
he gain or lose in the four days, and how much ? 

Solution. At the end of Tuesday he has made $32. 
At the end of Wednesday he has made $32 -$20, or $12. 
At the end of Thursday he has made $12 -$25, or -$13. 
In the four days he loses $13. 

This solution may be expressed in symbols. 

+ $14 + $18 - $20 - $25 = - $13. 

As far as the total loss is concerned, it does not matter 
on which of the four days the man lost the $20 and the 
125, nor on which days he made the $18 and the $14. 
Hence, it may be inferred generally that the result of 
adding several numbers is the same no matter in what 
order the numbers may be arranged. From the same 
illustration it may also be inferred that numbers may be 
grouped in any manner and the sum will remain the same. 
Thus, $14 and $18 may be added, and -$20 and -$25, 
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and then the sum of these two results taken for a final 
result. 

EXERCISE 20 

1. 25-9 + 7 = ? 10. 35-26-14 = ? 

2. 16-10 + 4 = ? u. 37-15-26 = ? 

3. 13-9-7 = ? 12. 31-21-14 = ? 

4. 26-11-6 = ? 13. -12-5-16 = ? 

5. 34-14-10 = ? 14. -22 + 5 + 18=? 

6. 15-10-8 = ? 15. -32-9 + 50 = ? 

7. 22-9-14 = ? 16. -14-7 + 30 = ? 

8. 32-20-9 = ? 17. -24-7 + 11+19=? 

9. 17-19+5 = ? 18. -34-7+37-9=? 

19. -36-8-32-33-9 + 56 = ? 

20. -18 + 24-27+31-9 = ? 

EXERCISE 21 

Find the value of : 

1. 28; 32; 2*; 3^; 42; 48; 72; T> % V; 3^ 

2. 3x22; 2x32; 3x28; 2x38; 5x48; 4x5«. 

3. 22 + 2; 28 + 2; 28 + 22; 32 + 38; 42 + 48; 58 + 5. 

4. 2*-28; 38-3; 42-32; 58-48; 62-6; 78-7. 

5. 72-62; 92-52; 118-98; 2*-l; 5*-l. 

6. 3x72-2x62; 5x88-8x58; 4xl08-5xll«. 

7. 32x22; 28x42; 42x38; 52x32; 62x28. 

28, ^. 53. 6f. 8^. ^ 
®' ^' 3a' 28' 38' 4*' 3** 



. I 



9? 
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25. Evaluation of algebraic expressions. 

■ 

I Example 1. If a = 7, 6 = 3, c = 6, find the value of 

Solution. This problem is solved by writing 7 for a, 

i 3 for 6, and 5 for c. 

I 

I Therefore, 4a8-6 Ja-2c«=4x7»-6x3»-2x5* 

i =1372-64-1250=68. 

I 

' EXERCISE 22 

If a = 4, 6 = 2, {? = 1, find the value of : 

1. a^h + c. iz. a^ + ah + l^. 

2. a — h-^-e. 13. a^ — 2 ac + <^. 

3. a—h — c. 14. b^ — 2bc'{-(P. 

4. 4a + 2 6 + 7<?. 16. 2a2-3a64-3A 

5. 6a + 116 + 9{?. 16. ab + ac-\-^c. 

6. 6 a — 10 6 + 2 <?. 17. aJ — a{? + ho. 

7. 9a-46-lltf. 18. a2 + J2_c2. 

8. 19a— 176 — 6{?. 19. a^ — a^-ha. 

9. 17a-256-13<j. 20. 68_j2_j. 

10. 15a-116-10tf. 21. aS + i^ + A 

11. a^ + b^-^-c^. 22. 2a2 + 3ja + 5A 

If a = 10, 6 = 5, tf = 6, find the value of : 

23. a%. 25. a{?2. 27. a%'^. 29. aJ{?. 

24. oi^. 26. a^^. 28. aV. 30. a%c. 
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31. aJ^c. 35. aJV. 39. a<?. 43. l^—b(?. 

32. db<^. 36. aW<^. 40. a?c. 44. Sa^— 5 62. 

33. aWc. 37. a3j. 41, a2-2a6. 45. Q(^ + lb\ 

34. a26c2. 38. ah\ 42. a^ - a%. 46. SaS-lOA^. 

26. Addition of monomials. 

Example 1. Add $5, 17, -$8, -$9. 

Solution. First, find the sum of 5 and 7 ; second, find 
the sum of — 8 and — 9 ; third, find the sum of these two 
results. 5 + 7 = 12. -8 + -9 = -17. 12 -17 = -5. 
Ans. — 1 6. 

Example 2. Find the sum of 5 a:, 7 a:, — 8 a?, — 9 a;. 

Here x is merely substituted for dollars. Hence, the 
sum is — 5 a:. 

Example 3. Add 5 xy^ 7 xy^ — 8 xy, — 9 xy. 

Here xy takes the place of dollars in the first -example. 
Hence, the sum is — 5 xy. 

Like monomials are added by taking the snm of the coefiS- 
cients of the positive terms, and of the negative terms 
separately, and then writibg the algebraic sum of these two 
results before the common symbol. 

EXERCISE 23 

Add: 

, 1. 4 a, 3 a, — 7 a. 6. 6 c, — 3 c, 8 c. 

2. 7J, -4 6, 6J. 7. 10 c, -8 c, -5<?. 

3. 9 J, - 6 J, - 4 6. 8. 9 <?, - 3 <?, +14 c. 

4. 11 a:, — 8 a;, — 4 x. 9. — 12 c, 9 c, — 19 c, 

5. 10 c, — 7 c, — 8 c. 10. 15 a, — 6 a, 3 a, — 4 a. 
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U. 12a;y, — 4a;y, —5xt/, +Zxy. 

12. 15 xy^ — 11 ary, 7 xy^ — xy, 

13. 17 aft, — 4 oJ, 12 ah, — 3 aft. 

14. 20 ah, — 14 ab, —1 ah, — ah. 

15. 23 mn, — 16 mn, — 11 mn, + 4 mn. 

16. aa;, — 7 ax, — 2 aa;, — 6 ax, 

17. - Jy, - 5 hy, 6 Jy, 8 6y. 

18. 11 oi, — 5 ah, 14 ah, — 4 a6. 

19. - 8 a2, - 12 ««, 27 a2. 

20. - 18 a\ + 9 a\ +14 a^, - 8 a\ 

27. Addition of poljrnomials. 

Example 1. Add a, 6, and —c. 

Since these terms are unlike, the addition can be only 
indicated. Hence, the answer is a + h — c. 

Example 2. Add 4 a^ + 2 a:y -- y^ 6 a;y — a:^ — 4 y^, 
5 y^ — 3 a;y + 2 a?, 6 y^ — a^ — 5 xy. 

Since the sum of a number of terms is the same no matter 
in what order they are written, the terms can be arranged 
in any way. The most convenient arrangement is to have 
the like terms standing in the same vertical column. 
Rewriting the expressions, placing like terms in the same 
vertical column, there is the following arrangement : 

4 a? + 2 a;y — y^ The coeflBcients of the terms in 

— a;2^ga.y_4y2 ^ are 4, —1, +2, —1. The sum 

2 a? — 3 a;y + 5 y^ of these coeflBcients is + 4. Write 

— a? — 6a;y + 6y2 4a^. The coeflBcients of the terms 
4 a:^ + 6 y2 in a;y are 2, 6, — 3, — 5. The sum of 
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these coeflBcients is 0. The coefficients of the terms in 
y^ are —1, —4, H-5, +6. The sum of these coefficients 
is +6. Write +6y2. The answer is 4a?-f 6y2. 

EXERCISE 24 

Add: 

1. a — 6, a + J. 4. 4 a: 4-5 y, 5 a: + 4 y. 

2. 2a-6, 2a-|-J. 5. 9ir + 2y, 11a:- 6y. 

3. 3a: + 3y, 6a:-3y. 6. -6a: + 4y, 2a;-5y. 

7. -9a: + 3y, 4a: + 7y. 

8. a + J + c, a + 6 — c?, a — 6 + tf. 

9. a — 5 — tf, a + 6 — (?, 6 + c— a. 

10. 2a4-36-|-6tf, 3a — 2J — <?, 5a — 46 — <?. 
u. 3a-36 + 6(?, 6a + 36-2<?, 4a-5J-4tf. 

12. 7a — 66 — 9(?, 5a — 6 — c, 8a — 36 — 4(?. 

13. 15a-76 — 7{?, 4a — 96-7 c, 4a — 56 + 9<?. 

14. -16a-1164-10(?, 6a-66-8c, 7a-76-7<?. 

15. — lla + 464-5<?, 8a — 56 — 9{?, 4a — 46 — He. 

16. a:2-a:y4-/, 3ar^- 3a:y- 7y2, 4a:2_ 7^^ _ §^2, 

17. Z^-ioxy^r'^y^ 8 a:2_ 15 3.^4.6^2, 7ar^+7a:y+9ya. 

18. a2 + a-4, 8a2-3a4-9, 9a2-8a-10. 

19. lx^^lx-1, 9a:2^8a:-13, - 10ar^ + 5a: + 8. 

20. bx^^\x^^, 8a?^-^5a: + 6, - 10a?- 10a:- 10. 

21. 6ar^ + 7a: + 9, b^^-Wx-^, 9a:2_8a:-8. 

22. 4a2-9a6-1062, 5a2- 10a6 + 1162, 8a2-166a, 
a2 + a6 + 62. 
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23. a^ + a + 1, a^ — a-h5, 11 + a — a^ Sa^-g. 

24. a^ + xy -{- yz^ ofl — xy -^ ^yz^ Syz ^ a^ ^ xy^ 
5 sfi — 4t xy — 6 yz. 

25. a — 6, 6--{?, {? — a, a + 6 + {?. 

26. aa + 62 + c2, a2-62_^^ c^-a^-ja, J2_a2_^. 

27. 4mn— 5wy— 6w2?, dmn+Qmy-^-SmZi 8mn—imz^ 

9 TTiy — 4 WW. 

28. 5ab — 6ac—lcd^ —Sab-^lac+llcd^ 4a6 + 2ac— 3(?tZ, 
a6 + 11 ac — cd. 

29. 3a8 + 2a2 + 4a, Ta^-lla^- 11a, ~2a8 + 14a, 

30. 3a:8_3a.y4.^^ Sa:^ — 8a;y — 5y*, 9y«— 7rr8 + 4a;y, 
2 ^ — 5 ic^ — 3 rry. 

31. A man owns property worth f 2000. He has a bank 
account of $783, and he has owing to him $286. He owes 
a note for $850, and miscellaneous items amounting to 
$250. How much is he worth ? 

32. A passenger agent travels on Monday 420 miles 
north, on Tuesday 180 miles north, on Wednesday 350 
miles south, and on Thursday 275 miles south. How far 
is he from his starting point ? 

33. A man walks 15 miles east, then 5 miles west, then 
12 miles east, and then 27 miles west. Where is he with 
reference to his starting point ? 

34. The mercury in a thermometer rises 10® on Mon- 
day, 12® on Tuesday, 7® on Wednesday, falls 17® on Thurs- 
day, and falls 6® on Friday. What is the temperature on 
Friday ? 
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SUBTRACTION 

28. In addition two or more numbers are given and 
their sum is required. In subtraction the sum of two 
numbers and one of the numbers are given and the other 
number is sought. The given sum in the subtraction 
exercise is called the minuend, and the given number is 
called the subtrahend. The number sought is called the 
remainder, or difference. 

Example 1. A man buys a pair of shoes for $3.75, and 
gives in payment a five-dollar bill. How much change 
does he receive ? 

A clerk will solve this problem as follows : Counting 
from $3.75 to $4, there is 25^, and from $4 to $5, there 
is $1. Hence, the change is $1.25. 

Example 2. The mercury in a thermometer stands at 
10**. How many degrees must it rise so that it may stand 
at 70^ ? 

To solve this problem, count from 10** to 70**. Since 
the counting is forward, the remainder will be positive. 
Hence, the answer is 60®. 

This solution may be expressed algebraically 

70<'-( + 10°)=^-60^ 

Example 3. The mercury in a thermometer stands at 
20°. How many degrees must it fall to stand at 13**? 

To solve this problem, count backward from 20** to 13**. 
The result is a fall of 7^ This solution may be expressed 
algebraically 13° - ( + 20°) = - 7^ 

To verify the answer, add -T to + 20^ 
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Example 4. The mercury in a thermometer stands at 
— 10°, How many degrees must it rise to stand at +6° ? 

Solution. Count from — 10"* to -f 6^ Since the 
counting is forward, the result will be positive. Hence, 
the answer is 16**. 

This process may be stated in symbols as follows s 

6<'-(-10°)=+16^ 

Example 5. Subtract — 28 from — 12. 
First, write the series of positive and negative numbers 
as far as necessary. 

.60 -50 >40 -30 -20 -10 -f-IO ^20 +30 

'■'','/'''' 

-28 - 12 

Next, count from — 28 to — 12. The result will be the 
answer. As the counting is forward, the answer will be 
positive. From 12 to 28 there are sixteen marks. Hence 
the answer is + 16. 

This process may be represented algebraically as fol- 
lows: 

-12 -(-28)= + 16. 

t 

Chech. - 28 + 16 = - 12. 

EXERCISE 25 

Give results and represent graphically the following : 

1. 2. 3. 4. 5. 6* 

From 40 45 66 15 12 5 
Take 20 16 10 _4 -10 -30 

7. 8. 9. 10. 11. 12. 

From -6 -10 -20 -40 -25 20 
Take -16 -20 -10 -24 - 5 40 
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« 

13. A man has $100. How much must he lose to 
have - 1100 ? 

14. A man is worth — $20. How much must he earn 
in order to have + f 80 ? 

15. A man is worth — $30. How much must he earn 
in order to have + $ 60 ? 

29. Example 1. Subtract x+1 from 4 a:. 

Solution. If x is taken from 4 x^ the remainder is 3 x. 
If a number greater than x is taken from 4 a:, the remainder 
will be as many less as the number is greater. Hence, 
the remainder, when a: -f 7 is taken from 4 a?, will be 
3a:-7. 

This may be represented algebraically 

4a;-(a;4-7)=4a:-a;-7 = 3a;-7. 
Example 2. Subtract a — 5 from 7 a. 

Solution. If a is taken from 7 a, the remainder will 
be 6 a. Hence, if a — 5 is taken from 7 a, the remainder 
will be 5 greater. Therefore, the remainder is 6 a + 5. 

This process may be represented algebraically as fol- 
lows: 7a-(a-6)=7a-a + 5 = 6a + 6. 

A little consideration of Examples 1 and 2 will enable 
one to see that an exercise in subtraction in algebra can 
be most readily performed by changing the signs of the 
terms of the subtrahend and then adding. 

^ , ^ , EXERCISE 26 

Subtract : 

1. 4 a; + 9 from 10 a; + 12. 3. 4 a; — 3 from 7 a; + 7. 

2. 3 a; — 5 from 5a; — 4. 4. 6a + 6 from 7 a — 2 5. 
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5, a-'b from a + b, 7. 9 w — 5 n from 8 m 4- 6 n. 

6. 2a — 36 from 5a— 76. 8. 102;+9y from 9a;+18y. 

9. xy — t/z from 6xy—S yz. 

10. \xy —^xz from ^xy —% xz. 

11. 12 mn — 16 a;y from 8 mn — 4 xy. 

12. 5 aft — 13 6(? from 7 aJ — 11 be. 

13. ad — ac from 7 ad— 12 ac. 

14. 32;— 5y + 425 from 6a: — 9y — 22. 
16. 2x — 2y — z from a; — 4 y — 4 2. 

16. a?^-2a;-2 from 5a?-3a;-5. 

17. 4a?-72; + 6 from 3ar2+2a: + 9. 

18. a?-'2xy -\- y^ from 2a?-\' Axy + 2y^. 

19. 3y2 + 3ya4-22 from 7y^ — Syz+z\ 

20. 4a:8 — 5a:^ — 10a; from a:8 + 9a;2^a.^ 

30. Removal of parentheses. 

When several terms are taken collectively and subjected 
to an operation, these terms are inclosed in a parenthesis. 
For example, a + (J 4- <?) means that the sum of b and c is 
to be added to a. a — {b — c\ means that the difference 
of 6 and c is to be subtracted from a. a(6 + tf) means 
a times the sum of b and c. 

31. Example 1. Simplify a 4- (3 a — 5). 

Here 3 a — 5 is to be added to a. Hence, a 4- (3 a — 5) 
= a4-3a — 5 = 4a— 5. Therefore, if a parenthesis is 
affected with the plus sign, it may be removed, and each 
of its terms written with its proper sign. 
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Example 2. Simplify 4 a — (2 a — 6). 

•Here 2 a — 5 is to be taken from 4 a. This is done by 
changing the sign of each term of 2a ~ 5 and then com- 
bining as in addition. Hence, 4a — (2a — 5) = 4a — 2a 
+ 6 = 2a+5. 

If a parenthefiis is preceded by the miniiB sign, remove the 
parenthesis, taking care to change the sign of each term 
within it. 

If a parenthesis is preceded by the plus sign, remove the 
parenthesis, 'writing each term with its original sign. 

EXERCISE 27 

Simplify : 

1. 3a;+2 + (5a;-4). 5. 5a:- 6-(4a;r- 2). 

2. 7a; -6 +(3 a; -5). 6. 9a + 3 J-(7 6- 8a). 

3. 9a:- 11 +(11 -4a;). 7. 6a + 46 -(26 - 4a). 

4. 6a:-12-(10-3a:). 8. ar2 + a:-(2a:- ar^). 

9. (2a + 36 + 5)-(a-46-2). 

10. (3a-.56 + 6) + (66 + 5-4a). 

11. (a — 6) — (6 + (?) — ((? — a). 

12. (2a;-4)-(3a: + 5)-(7-6a:). 

13. (4 n — m) — (3n — 2 ?n) 4- (w -f w). 

14. (5a:-3^) + (7y-3a:)-(2a:-8y). 

15. (5a-26)-(96-4a)-f(6 + 5a). 

16. (6a + 46)-(56-f 2a) + (66-7a). 

17. (a:-^)-(a:-3^)-(2a:-7y). 

18. (3a:-8)-(5a:-7) + (ll-4a:). 

19. (a:-4)-(4-a:)-(2a:-8). 

20. (9^-14) + (2^-ll)-(10y-25). 
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MULTIPLICATION 

32. In arithmetic multiplication of whole numbers is 
repeated addition. 5 times 7 means 7 + 7 + 7 + 7 + 7. 

In a multiplication problem the multiplicand is taken as 
addend as many times as there are units in the multiplier. 

In order to understand the principles underlying the 
multiplication of algebraic numbers, consider the following 
illustrations : 

(1) A man walks at the rate of 3 miles an hour in an 
easterly direction. How far will he go in 4 hours ? 

Obviously, he will go 4 times 3 miles, or 12 miles. 

Distance in an easterly direction may be regarded as 
positive, and time to come, also, as positive. Therefore, 
this problem may be algebraically stated 

( + 4)x(+3) = + 12.i 

Y I I I I I I I I ! I i>y 

(2) If a man walks at the rate of 3 miles an hour in a 
westerly direction, how far will he go in 4 hours ? 

In this problem the man walks 3 miles to the west each 
hour. This may be regarded as —3 miles an hour. 

He°ce. (+4)x(-3)=-12. 

-12 -9 -6 -3 

l< I I I I I I I I I I I I 

(3) A man traveling at the rate of 3 miles an hour goes 
in an easterly direction. Where was he 4 hours ago ? 

1 For the symbol x read times. 

E 
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Obviously, he was 12 miles west of his position now. 

Hence, , ^n ^ «x -<« 

' (-4)x(+3)=-12. 

I — • — I — i — I — r— ♦ — I — I — I — I — r—j — I — !-> 

4 hours ago "ow 

(4) A man travels in a westerly direction at the rate of 
3 miles an hour. Where was he 4 hours ago ? 

Obviously, he was 12 miles east of his position now. 

Hence, (-4) x(- 3)= + 12. 

< III J~1 1 J--1 1 1— T 1 J 1 I I 

now 4-hoi*rsago 

Illustrations such as the above will enable one to justify 
the following definitions : 

To multiply +7 by +5 means to take +7 five times as 
addend. 

To multiply —7 by +5 means to take —7 five times as 
addend. 

To multiply + 7 by — 5 means to take + 7 five times as 
addend, and then to change the sign of the result. 

To multiply —7 by —5 means to take —7 five times as 
addend, and then to change the sign of the result. 

These four results are, 

(1) ( + 5)x(+7) = + 35. 

(2) (-f5)x(-7) = -35. 

(3) (-5)x(+7)=-35. 

(4) (-5)x(-r7) = + 35. 

Hence, in multiplication Uke signs give plus, unlike signs 
give minus. This is the Law of SignB for Multiplication. 
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33. Perform the following indicated operations : 



2 
6 

7 
7 



3.5.7 
3.2.7 
3.5.2 
5.3.2 



Illustrations like the above will enable one to see that 
the order in which numbers are multiplied is immaterial. 
This principle is known as the Commutative Law. 

34. Perform the following indicated operations : 

(2 . 3) X (5 . 7) 
(2 . 5) X (3 . 7) 
(2 . 7) X (3 . 5) 
(2 . 3 . 5) X 7. 

When several numbers are to be multiplied, the numbers 
may be grouped in any manner, and the product remains 
the same. This principle is known as the Associative Law 
for multiplication. 

EXERCISE 28 

Express in symbols and represent graphically : 

1. The mercury in a thermometer rises on each of three 
successive days 6**. How many degrees higher was the 
mercury in the thermometer at the end of the third day ? 

2. The mercury in a thermometer falls on each of four 
successive days 5"*. How many degrees did the mercury 
fall in the four days ? 

3. The mercury in a thermometer rises 5® on each of 
three successive days. How many degrees lower was the 
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mercury in the thermometer three days ago than it is 
now ? 

4. The mercury in a thermometer falls 5® on each of 
four successive days. How many degrees higher was the 
mercury in the thermometer four days ago than it is now ? 

5. A man earns , i 3 a day. How much more is he 
worth to-day than he was worth five days ago ? 

6. A merchant loses on an average $10 a day. How 
much more was he worth six days ago than he is worth 
to-day ? 

7. A merchant makes f 12 a day. How much more is 
he worth to-day than he was worth five days ago ? 

8. A man travels due south at the rate of 9 miles an 
hour. Where is he, with reference to his starting point, 
five hours hence ? 

9. Interpret the following symbols : 

(a) 3xf9, 

(J) (-3)xf8, 

(c) 7x(-*9), 

Cd) (-6)x(-$4). 

35. Example 1. Multiply | a^ by 12. 

Solution, f a* x 12 = | x 12 x a^ = 8 a*. 

Commutative Law. 
Hxample 2. Multiply 7| by 10. 

10 X 7| = (10 X 7) + (10 X |)= 70 + 7H 77J. 

Example 3. Find the product of 14 by 98. 

14 X 98 = 14(100 - 2)= 1400 - 28 = 1372. 
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N 



Consider the rectangle MNRS. Suppose its length is 

eight units and its breadth is five units ; then its area is 

8x5 times the unit of square g 

measure. 
In a similar manner, if the 

dimensions of a rectangle are 

17 units by 13 units, the area 

of this rectangle will be 17 x 13 M 

times the unit of square measure. And, in general, if 

a and b be the dimensions of a rectangle, the number 

of units in its area will be ah. 
A rectangle may, therefore, graphically represent the 

product of two numbers. 

If the number of units in the side of a 
square be four, the number of units in its 
area will be 4^. And, in general, if the side 
of a square contains a units, its area will 
contain a^ units of square measure. For this 

reason the second power of a number is called the square 

of a number. 

Example 4. Multiply a + 6 by w. 

a + 6 (1) Multiply a by w. 

jn (2) Multiply b by w. 

ma 4- mb (3) Write the algebraic sum. 

Q-eometric Proof D 

Let -4J?=a, 

EB^b. 

Upon AB construct a rec- 
tangle so that BO^m. At A 
E erect a perpendicular EF to AB. Then, 



I I ' 
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Also, 
Hence, 



AEFD = ma, 
EBCF=^mh. 
ABCB^AEFD + EBCV. 

m(a + J) = ma 4- mh. 



Example 5. Multiply a — hhym. 



a — b 

m 

ma — mh 




(1) Multiply a by m. 

(2) Multiply — 6 by w. 

(3) Write the algebraic sum. 

Geometric Proof. 

Let AE = a. 

EB=b. 

Upon AE construct a 
rectangle AEFD so that 
^J'= m. At -B erect a 
perpendicular to AE. 
Then, 

• AEFD = ma. 
BEFO = 7w6. 
Also, ABOB = AJ?J'2> - BEFO. 

Hence, tti (a — 6) = ma — mb. 

Notice the steps in the geometric illustration corre- 
spond exactly with the steps of the algebraic process of 
multiplication. Notice further the geometric illustration 
exemplifies the rule of signs in multiplication, namely, 
unlike signs' give minus. 
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The product of a polynomial by a monomial equals the 
algebraic sum of the products of the monomial by each 
term of the polynomial. 

EXERCISE 29 

Multiply : 

1. x + S by 10. 10. Um-15 by 2. 

2. 2a: + 4 by 8. 11. ix-i by —8. 

3. 6a;— 2 by 3. 12. 6a;— 7 by —4. 

4. 9a; — 11 by 7. 13. 6a; + 8 by —6. 

5. 6a;- 7 by 9. 14. 9y2-i2 by -8. 

6. 6a2-2 by 11. 15. i^-m^ by -4. 

7. 9aa-8 by 12. 16. f-Jw^ by -8. 

8. 6/-8y by 5. 17. 19 -J a* by -9. 

9. 9n2-8w by 10. 18. If-^aS by -20. 

36. Example 1. Multiply 6^ by 5*. 

68=6.6.6. 

6* = 6. 6. 6. 6. 
Therefore, 68.6* = 6.6.6-6.6.5-5 = 5^. 

Example 2. Multiply 2^ x 32 by 2^ x 3*. 
(28 . 32) X (22 . 3*) = 28 . 22 . 32 . 3* 

= 2^ • 3®. Associative Law. 

Example 3. Multiply a^ by tf*. 

a2 =r a • a. 

a^ ^ a • a • a • a* 
Therefore, ■a2 • a* = (a • a) x (a • a • a . a) = o^. 



56 ELEMENTARY ALGEBBA 

Example 4. Multiply a^l^ by cfib. 

d^h^ = aahb. 
€?h = aaah. 
Therefore, a^J^ • a% = aabh • aaah 

= aaaaahbb 
= a^6^. Associative Law. 

Example 5. Multiply 4a2y by 1 a^y^. 

Solution. 4 a^y x 7 a*y^ = 4^x1 xa^j/ x a^y^ 

= 28 a®^*. Associative Law. 

To multiply a power of a letter or number by a pow^er of 
the same letter or number, write the letter or number, and 
for its exponent -write the sum of the exponents of the multi- 
plier and multiplicand. 

This is known as the Index Law for Multiplication, 
Expressed in symbols the index law is. 

Note. When no exponent is written, the exponent is 1. The 
exponent of a in the expression ah^ is 1. 

EXERCISE 30 

Perform the following indicated operations and give 
results in index notation: 

1. 32x3*. 6. 9*x96. 11. a'xa^. 

2. 2*X28. 7. 102x107. 12. 68x6*. 

3. 73 X 7«. 8. 10* X 108. 13. J3 X 610. 

4. 5* X 5«. 9. 212 X 28. 14. aJ2 x a%. 

5. 82 X 88. 10. a2 X a8. 15. a%'^ x a^K , 
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16. ai^h X aU". 25. 10 a*6* x — 3 a^J. 

17. a^J^xa^je. 26. 15 a^^ x - 3 ai*. 

18. a^ X €?. 27. 30 a^je ^ - 4 aSb. 

19. a* X a*. 28. 25 w% x — mw*. 

20. a"^ X a"^. 29. 23 w^rfi x — m^n. 

21. 4 icy X 8 iF. 30. 12 'n&T? x — w*w®. 

22. 7 aJ X 7 6. 31. a» x a». 

23. 6 a^J X — 8 a. 32. a:** x x. 

24. Qa^i^x— 8a6. 33. ir^xa^. 

V 

EXERCISE 31 

Perform the following indicated multiplications : 

1. 4(3a:-5^~4). 13. 6(§a:-Jy-f). 

2. 7(2ic-3a+8). 14. 8(|a;-Jy-|). 

3. 9(2;-4a-8). 15. 9(|a;-|^--|). 

4. _5(22;-3y-7). 16. 10(fa^-33^y-|). 

5. -3(4a-26-5). 17. -12(|a; + f y-^^). 

6. -8(3a-7 6-9). 18. -20(|a-^6-|). 

7. 4a:(a:2_2a:-3). 19. - 30(f a;- ^^y- ^). 

8. 5a(a2-3a-7). 20. -50(^a;- ^^y - ^). 

9. -a(a2-9a-6). 21. -100(^a:-3^^y-T2^^). 

10. -6(6a-a6-10). 22. -80(,«V:i^- ^y- H)- 

U. -8a;(2ar2-3a:y + y2). 23. 60(^^a:- ^a:- |^). 
12. -9a:(2a:3_5a4Jy_8y2). 24. 50(f a;- Ja;-ff). 
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DIVISION 

37. In multiplication two or more numbers are given 
and their product is sought. In division the prgduct of 
two numbers and one of the numbers are given, and the 
other number is sought. Zero as a divisor is excluded. 

Division is the inverse of multiplication. 

38. Since (+«) x(-f6)= +«*, therefore ^t_^=+a. 

Since ( + a) x ( — J) = — aJ, therefore ^^^^ = + a. 

— b 

Since (— a) x(4-6)=— aJ, therefore I^^=— a. 
Since (— a) x(— 6)= +^^9 therefore ^^^-—=—a. 

— 

Hence, the law of signs for division is : 

Like Bigna give + . Unlike signs give — • 

39. Divide 6*^ by 62. 

Q^TTT^r^vr 6^ 6.6.6.6-6 6-6.6 ^o 
Solution. - = —^ = -iTr=^- 

Example 2. Divide a^ by a?. 

Solution, fl' = i££Ai^ == fLl££ = «*. 

a^ aaa 1 

Hence, to divide a power of a number by a power of the 
same number, write the number and for its exponent 
write the exponent of the dividend minus the exponent 
of the divisor. This is the Index Law for Division. Ex- 
pressed in symbols this law is, «*"-«-«" = a"*"**. 
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EXERCISE 32 

Express each of the following indicated quotients as a 
single power : 

1 38 ^ lie „ a2 ^ a» 

1. — • 8. • 15. — • 22. — • 

3 11" a a« 

2. —• 9. — • 16. — • 23. — -• 

4 8* a x8 

3. — 10. — • 17. — • 24. — • 

52 6* a2 a:'^ 

*• ™* 11' :n' 18. — s^- 29. ^• 

72 8* oS y3 

5- :;:• 12. — • 19. — • 26. — -• 

3* 96 J6 m8 

6- ■^„' 13- r^* 20. — • 27. — 7' 

38 13« c* n* 

- 57 ,^ 178 c9 ^ n" 

5* 17* c^ n* 

40. Example 1. Divide 14 x 36 x 86 by 9 x 7 x 5. 

.274 
Solution. ^4 x gg xgg^2 x 7 x4 gg^ 

^xJTx^ 1x1x1 
111 

JExample 2. Divide 21 aj^y^ by 3 ir*^. 

Solution. ^} f ^^ = 7 a^^y. 

3a:*y2 ^ 

Here the principle of cancellation is made use of. 3 is 
contained in 21, 7 times, 2^ is contained in x*^ ofi times ; y^ 
is contained in y^, y times. The answer is 7 2?y. 
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Example 3. Divide 40 7^7? by 8 xt?. 
Solution. ^^ = 5 a;8. 

8 is contained in 40, 5 times ; x is contained in a^, ofi 
times; 2* is contained in 2^, 1 time. The answer is 
5 X a:^ X 1, or simply 5 7?. 

EXERCISE 33 

Perform the following indicated divisions : 

1. — r— 9. -r 17. ■ ^ ^ ' 25. — • 

12 a: — ac 

2. • 10. • 18. ^» 26. • 

3. . 11, . 19, £__. 27. • 

4. . 12. • 20. • 28. • 

48a366 34. 

5. -^^^- 13. . . ' 21. — ^-^- 29. -. 

— 8 a^6* x 

-90(?%2 ajZa 

6. • 14. r-: — ::• 22. — ^^ ^ % * 30. • 

7. — TTT* 15. — , ^ « 23. — ^^ ^ ^ . 31. r« 

8. • 16' :: :• 24. — — • 32. 



3 


15 X 


3 


24 a 


8 


40 J 


-5' 


-60 c 


15 


-72 c" 


9 


54 n^ 


-18 


14 a^ 



9. 


18 a^ 
Qx 


TO 


2^1* 


XV. 


-6ar« 


11. 


-25c8 


5c 


12. 


30 «» 
5 w 


13. 


-40n* 


4w2 


14. 


22 a8 


-lla* 


15. 


-18a6 


6a8 


lA. 


27ni6 



7 a: -9 m* Sac* x^^ 

41. Example 1. Divide 18^^ by 3. 
Solution. 3 )18^ Divide 18 by 3. Next divide 

^A A ^y ^' ^^® required quotient 



is 6^. 
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Example 2. Divide 18 a — 6 6 by 3. 

Solution. 3 )18 a- 6 6 Divide 18 a by 3. Next 

6 a- 2 6 divide -6 6 by 3. Write 
the quotients. The answer 
is 6 a — 2 6. 

To divide a polynomial by a monomial, divide each term of 

the polynomial by the monomial and ^ivrite the quotients in 

succession. 

EXERCISE 34 

Divide : 

1. 5 a -f 5 by 6. IZ. a/^ + ah — ac by a. 

2. 4 a: 4-8 by 2. 14. a^ + a^— 2a by a. 

3. 10 x + 15 by 5. 15. 4 o^ + 8 a2 4- 4 a by 4 a. 

4. 30a;-12by6. 16. %x^y^-\2xyhy Axy. 

5. 40 a; - 8 by 8. 17. 16 a%^ - 24 alfi by 8 ah, 

6. 42 a; - 18 by 6. 18. \^7?y^-^2l2?y^ hy o^^y^, 

7. 32a-246by8. 19. 24 a:* - 32 a^s by 8 a;2, 

8. 24a-726byl2. 20. 36 a:^ - 48 a:* by 12 a?. ' 

9. 60a-846by6. 21. 14a*6a-21 aW by 7a2j2^ 
10. 44a2-52J2by4. 22. 22 a:^ ~ 33 a:* by 11 a^. 
U. 12aa-16jaby4. 23. 12 a^- 13a8 by a^. 

12. 21a:8-24ar2-12a;by3a?. 24. 30 a^ - 40 a^ by 10 a:*. 



CHAPTER III 

FACTORS. FRACTIONS 

FACTORS 

42. When the factors of an integer are sought, it is 
understood that only the integral factors are required. 

The factors of an integer are then its exact integral 
divisors. 

43. An algebraic expression is integral with respect to 

a letter when that letter does not occur in the denominator 

of a term. Thus, 

o 1 1 x^ X 

o o a b 

* 

are integral with respect to x. 

. 44. An expression is rational with respect to a letter 
when it does not contain the square root or any other root 
of the letter. 

45. The factors of a rational and integral expression 
are the rational and integral expressions which multiplied 
produce it. 

46. Example 1. Multiply 25^ — 2 by a;. The product 
is a:^ — 2 a:. 

Consider next the inverse problem. What are the 
factors of a:^ — 2 a: ? 

62 
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By inspection it is seen that 2; is a factor of 2? and also 
of '-2x. Dividing by x and indicating the product of 
divisor and quotient, we have 

Example 2. Factor 5a^ + 5ab. 

By inspection it is seen that 5 is a factor of each of the 
terms, and also a is a factor of each of the terms. Hence, 
5 a is a factor of both terms, and hence of the expression 
5 a* + 6 ab. Hence, 

5 a^ + 5 a6 = 5 a(a + 6). 

5 a is called the monomial factor, and a + b the binomial 
factor, oi 5a^+ 5ab. 



Factor : 




EXERCISE 35 






1. 5 re + 5. 


10. 


y2-2y. 


19. 


lOa^-lOa?. 


2. 7 a:- 14. 


u. 


a?— 4a;. 


20. 


2?y - xy^. 


3. 6a- 12. 


12. 


23?-X. 


21. 


xA • 

100 


4. 8a + Sb. 

5. 9a? — 9y. 


13. 
14. 


4 a? — a:y . 

5 a^ — 15 ab. 


22. 


X 

X • 

50 


6. 11 a; -38. 


15. 


7 aa; — 14 ay. 


23. 


X 
X • 

40 


7. 12 a; -60. 


16. 


9a2-l8a. 


24. 


Ix + l. 


8. a^ + a. 


17. 


4a8-8a. 


25. 


Ix + ^y + ^z. 


9. nfl + m. 


18. 


6a«-12aa. 


26. 


Ibc + ^bd. 



27. ^br + ^cr-^-^dr+^er. 

28. ah + bh + ch'{- dh. 

29. a(/n + n) + 6(/n + w) — <?(m4-n). 
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FRACTIONS 

47. A fraction Is an Indicated quotient. 

I is a symbol indicating that 3 is to be divided by 4. 
^ is a symbol indicating that a is to be divided by b. 



Such symbols are called fraotions. The number written 
^ above the horizontal line is called the numerator, and the 
number written below the horizontal line is called the 
denominator. 

The numerator and the denominator are called the terma 
of a fraction. 

48. The most important property of a fraction is that 
its value remains unchanged when its terms are multiplied 
by the same number. 

This may be shown in a particular instance as follows : 



I ' ' — ■ — I I I — I — I i I — I— I — I — I.-J I I I 1.^ 

A C B 

Take a line AB equal to 5 units, and let OB be equal to 
2 units. Then, CB = f of AB. Next subdivide the unit 
into, say, 4 equal parts. 

Then, AB = 4x5 new units, and OB = 4x2 new units. 

Hence, OB^P^oiAB. 

4x5 

But CB = I of AB. 

Therefore, | of AB = P^ of AB, 

^ 4x5 

2 4x2 

or — = =• 

6 4x6 
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49. Example l. Multiply | by |. 
Let X = the product. 

Then, 2;=Jx|. 

a 

Multiply these equals by 8 times 4. 

« 

Then, (8 x 4) x a:=:(8 x 4) x (^ x|) = (8 x|) x (4 x|). 
Therefore, (8 x 4) x a; = 7 x 3. Associative Law. 

Dividing by 8 x 4, a: = p^. 

Hence, the product of two fractions is a fraction whose 
numerator is the product of the numerators of the frac- 
tions, and whose denominator is the product of the denomi- 
nators of the fractions. 

Example 2. Multiply --^ by — • 

X a 
3a? aa_3a:2.^2 3^3. 



2a X 2a > X 2 

1.1 



EXERCISE 36 

Perform the indicated operations : 



1. 


2f X 9. 
3 


2. 


5 


3. 


^xl^ 


4. 


T - ^- 



5. ^ X 24. 

6. If x2i. 

7. ffx2i. 

8. ^ X 3J. 
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13. 5C • 18. "^ X • • 

X ^14aa 28aa6 9ir8y 

30 a^6 98 rr^ya 36^Vl s, IJ^o^. 

' 49a^y 15a*ja ' liga^js^ 54a?y4 

26 a^6 68 a^yg 38wm 92^^ 

' 51a:8y2 39a4ja' ' 69 aja 57mw«' 

50. Example i. Multiply |(a; — 2) by 16. 
|(a;- 2) X 16 = I X 16 X (a;- 2)= 12(a?- 2) = 12a?- 24. 

Example 2. Multiply — by 18. 

_ 2x-b X 18 = - 18(2 a; -5) ^ _ 3(2 a? -5) 
6 6 1 

= - 3(2a?- 5)= - 6a; + 16. 

Check. Take a: = 1. 

_2£zi5xl8 = -=l2xl8 (-9). 

D D 

-6a; + 15 = -6 + 15=:9. 

The horizontal line in fractional notation has the force 
of a parenthesis. 
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EXERCISE 37 

Multiply : 

1. K^ - 1) by 6. 3 3X-10 , 100 

20 '' 

2. |(x-4)byl6. 

3. J^(a-J)by50 ^- i2~^y^^- 

4. ^T^Cm - w) by 88. ^^ ^^ + ^ bvl2 

14 -^ 



5. ^1^(2 a; - 9) by 46. 

6. 11 (8 a: - 7) by 54. 



U. -9--3£^y4g 



7. £=L8byl2. 12. -i^by-18. 



6 



DIVISION 



51. Two numbers are reciprocals when their product 
is 1. Thus, 9 and ^ are reciprocals. ^ and |- are re- 
ciprocals. 

Example 1. Divide f by J. 

Let rr = the quotient. 

Then, J of a; = |. 

Multiply these equals by |. 

Hence, ^ x^i of a^ = fxf. 

*xi = l. 
Therefore, rc=fxf = |f 

Hence, to cUyide by a fraotion, multiply by its reciprocal 
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EXERCISE 38 

Divide : 

1. _ by 6. 7. — by _. 

2. If by 18. 8. ^ by la. 

3. If by 2|. 9. i^ by 2|*. 
*• iY by ^. 6mn« , »m_ 

15 U. ^^ by i mn«. 

21 ^ ^' 12. |a6« by ^a^ja. 

52. Example l. Express a: + 1 as a fraction. 

Solution, x = — • 

o 

TT , X Sx , X 9z 

Hence, x + - = - + g = -g-. 

Example 2. Express as a fraction a; ^^* 

Solution, a; = -=-• 
Hence, 

a;- 2 ^7 a; a;-2 ^ 7a;-(a:-2) i^ 7a;--a;+2 ^ 6a;+2 

"^ 7 7 7 7 7 7 ' 

To reduce a mixed quantity to an equivalent fraction, 
multiply the denominator of the fractional part by the inte- 
gral part, and add the numerator if the fraction is preceded 
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by the plus sign; subtract the numerator if the fraction ia 
preceded by the minus sig;n. 

Write the result for the numerator of the required fraction, 
and for its denominator write the denominator of the given 
fraction. 

EXERCISE 39 

Express as a fraction : 

X l^ 

1. iP + H* 10. aH 

2 a 

2. a? + -— • U. a 

o a 

, . 2a-l 

3. a H — • 



4. 2aH — ' 



5. a • 

3 



a-1 
3 

3a-4 

7 

2a+5 
6 

2a-8 



7. 2 a 



8. 4 a 



9. 3 a 



53. Simplify the expression 



12. 


6a • 

a 


13. 


^ 4a2 + 6 

oa • 

a 


14. 


1+ ',• 

ic — 1 


15. 


2 'o- 
x-2 


16. 


3 'i- 


17. 


a + -— — 
a 


18. 


X+2+-1-. 
a:— 2 


a-1 


a-2 2a+l 
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TheL.O.M. of2,3, 4iBl2. 
g— 1 6a— 6 
2 ~ 12 



a - 2 _ 4(a - 2-) 4a-8 

"3 12 " 12 ■ 



Hence, 
1-1 a-2 2a + l _ 6a-6-4a+8+6a+3 .8g+5 
2 3 4 12 12 

Oheck. Tak.a=2, i^l-2z^ + i±i = 52<^. 

j-0 + lJ = lj. 

EXERCISE 40 
, a , a + 3 , a-4 



a. £ + i^ + 5i^. 
3 4 6 

3c-l 4e-2 llc + 1 . 

5 3 "^ 16 

2c-4 3g-5 4c + l 

6 9 "^ 18 ■ 



5g-8 2a-4 2a-5 
9 3 2 
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lla + 2 9a + 7 2a-5 
12 18 ■*■ 9 



^ 3a-5 2a-8 a-2 
8. 



10 15 6 

^ 6^-2 3<? + 9 , (?-2 

^- "10 i— ^"T' 

,^ 4a-ll a-lO 2a + 6 

10. 1 T7 — ' 

9 5 15 

4_m-|-5 3w — 2 ?» + 4 



12. 



13. 



14 28 7 

7n-8 271-7 n-3 

21 14 7 ' 

3a-5ft 2a^b a-Sb 

3 5 12 ' 



2a;-7y a^ + Hg^ , a^-2y 
4 9 ■*■ 12 

__ Sm — 2n m — n 12 m — In 

15. _ — ^ "~ — 



16. 



3 5 16 

4a-5b 2a-8b 2a + 2b 



45 



a + 6 . 36-20a 
18. 2; 



19. 



X— y X— 2y 
3 4 ' 



^ 2aa + 262 aa^.j2 ^2^_ja 
~- 3" 2 6-' 



CHAPTER IV 
THE EQUATION. PROBLEMS 

54. The following is an equation: 

3a;~4=23. 

If this equation is solved, it will be found that re = 9. 
For no other value of x will 3 re — 4 = 23. 

In the equation a::^ ^ 14 — 9 2;^ 
X has two values, 2 and 7 ; for 

22 + 14 = 9.2, 
and 72 + 14 = 9 . 7. 

An equation is a statement of equality which is true for 
a particular value or values of the letter or letters con- 
tained therein. 

55. a;H-7 = 7+a;is not an equation, for in this state- 
ment X may have any value and the equality holds good. 
An expression of this character is called an identity. 

56. The letter whose value is sought in an equation is 
called the unknown quantity in the equation. 

57. The process of finding the value of the unknown 
quantity in an equation is called solving the equation. 

68. A value of the unknown quantity in an equation is 
called a root of the equation, and is said to satisfy the 
equation. 

72 
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59. In solving equations, use is made of certain simple 
statements assumed to be true. These statements are 
called aziomB. 

An axiom is a statement whose truth is taken for 
granted. 

Axiom 1. Quantities which are equal to the same quan- 
tity are equal to each other. 

Illustration. 






Fio. 1. Fio. 2. Fio. 3. 

Suppose Fig. 1 equals Fig. 3 in area, and suppose 
Fig. 2 equals Fig. 8 in area, then Fig. 1 equals Fig. 2 in 
area. 

Axiom 2. If equals he added to equals^ the sums are 
equal. 

Illustration. 

Suppose j1 = JB in area, 

and (7= 2) in area ; 

then, A+C=^B + D. 



B 





• Axiom 3. If equals he taken from equals^ the remainders 
are equal. 
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Illustbation. 



If the line AB = the line 0X>, 

and the line GS = the line JffZV, 

then, AB-an=CI>- MN. 

Axiom 4. If equalt he multiplied hy the tame nttm£«r, 
tTie products are equal. 
Illustration. 





If the triangle J.B(7 equals the triangle DEF, then twice 

the triangle ABO equals twice the triangle DBF, then 

i:)irpf> timoa t.he triangle ABQ equals three times the tri- 

hen four times the triangle ABO equala four 

ngle DBF, etc. 

If equals be divided by the tame number 
' as a divisor'), the quotients are equtd. 
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If angle A equals angle B^ then half of angle A equals 
half of angle B^ one third of angle A equals one third of 
angle 5, etc. 

60. Solve: 7a?-3 = 4a? + 12. 

Subtract 4 x from each member ; then, by Axiom 8, 

(1) 7ic-4a;-3 = 12. 
Add 8 to each member ; then, by Axiom 2, 

(2) 7a;-4a; = 12 + 3. 

Uniting like terms, (8) 3 a? = 15, 

(4) a? = 6. Axiom 6. 

From this solution it appears that a term may be trans- 
posed from one member of an equation to the other 
member by changing its sign. This process is called 
transpoBltion. Accordingly, the above . solution may be 
shortened as follows : 

7a?-3 = 4a; + 12. 

Transposing, 7aj — 4aj=5l2 + 3. 

Uniting terms, 3 a? = 16, 

a; = 6. Axiom 6. 

Oheeh 7.6-3 = 4-6 + 12. 

EXERCISE 41 

Solve : 

1. 3a; + 4 = a? + 14. 6. 9a?- 17 = 4a?+ 13. 

2. 6a;4-9 = 4a; + 26. 7. 4a;-ll = 59- 3a?. 

3. 7a;-3 = aj + 21. 8. 5a; + 14 = 42 - 2a:. 

4. 8a;-6 = a? + 30. 9. 8a;- 11 = 53- 3a;. 

5. 10a:-ll = 3aj-4. 10. 10a;- 15 = 7a; + 21. 



76 ELEMBNTABY ALGEBRA 

U. 12a: + 17:s=7a; + 37- 16. 10a;-25=s2a; + 16- 

12. 14a; + 19 = 8a: + 43. 17. 21a:- 11 = 11 a; + 79. 

13. 19a?-17 = 10a:-98. la 18a; + 14 = 8 a?+89. 

14. 16 re -15 = 11 a; -10. 19. 22a? + 13 = 3a:+108. 

15. 20aj + 40 = 13a; + 19. 20. 30a; + ll = 9a; + 221. 

Solve 3a;-7-3(7-a:) = 10(a:-4). 
Removing the parentheses, 

3a;-7-21 + 3a;=10a;-40. 
Transposing, 3 a; + 3 a; - 10 a; = 7 + 21 - 40. 
Combining, — 4 a; = — 12. 

Dividing by —4, a; = 3. 

Check. 3 X 3- 7 - 3(7 - 3)= 10(3- 4). 

Hence, 9 - 7 - 12 = - 10. 

-10 = -10. 

EXERCISE 42 
Solve : 

1. 5a? + (2a:-3)=3(a; + 3). 

2. 4a;-(a?-4) = 2(a; + 4). 

3. 5a;-(7-2a;)=2(3a;-l). 

4. 9a; + 3(a; + 5) = 5(2a: + 6). 

5. 7a;-3(a:-4)=a;+30. 

6. 2(a:+9)-3(5-a:) = 4(2a?-3). 

7. 5(a: + l)-6(a;-3) = 4(2a:-l). 

8. 7(a: + l)-4(a; + 2)=4(aj-2). 

9. 6(2a:-3) + 2(8-3a:)=4(a; + 4). 
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10. 9(a;-l)-7(a; + 4) = 62-7a!. 

11. 4(a;- 3) -2(2 a! -5) =2(3 a; -13). 

12. 8(3a; + 5) + 2(9-10a;) = 2(a;-6). 

13. 9(4a;-6)-7(5a!-l)=4(a;-23). 

14. 10a;-50-(6a!-67) = 3(a: + 12). 

15. 7(3 X- 2) -4(2 a; -9) =11(5 a; + 2). 

16. (3a!-4)-(17-4a;)=9(a!-3). 

17. a?'-3a;-(ar« + 2a;-15)=3(3a;-23). 

18. 2a?» + 7-(a^ + 2a; + 5)=ai2-(3a;-2). 

19. 2(4 a; - 9)-(3a; + 10)= 4(a; - 3)-(a; + 2). 

20. 3(9-a:)+2(3a;-8)=4(ar+3)-2x-l. 

EXERCISE 43 

1. What is the next odd number after 17 ? What is the 
next odd number after 99 ? 

2. Given an odd number, how is the next odd number 
obtained ? 

3. If n is an odd number, what is the next odd number ? 

4. What is the next even number after 36 ? After 88 ? 
After 112 ? 

5. If m is an even number, what is the next even 
number ? 

6. What is the even number next before m ? 

7. What is the number which exceeds a; by 1 ? By 10 ? 
By 24? 

8. 19 exceeds a number by 4. What is the number ? 
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9. X exceeds a number by 4. What is the number ? 

10. Write three consecutiye niunbers the least of which 
is 16. 

11. Write three consecutive numbers the least of which 
is n. 

12. Write three consecutive numbers the greatest of 
which is 14. 

13. Write three consecutive numbers the greatest of 
which is a?. 

14. Write four consecutive even numbers the least of 
which is 22. 

15. 2 a; is the least of four consecutive even numbers. 
Write the other three. 

16. Name the four consecutive odd numbers the least 
of which is 36. 

17. Name the four consecutive odd numbers the least of 
which is w. 

18. The sum of two numbers is 14, and one of tbe 
numbers is 6. Find the other number. 

19. The sum of two numbers is 40, and one of the num- 
bers is X. Find the other number. 

20. By how much does 24 exceed 12 ? 

21. By how much does 30 exceed 6 ? 

22. By how much does 36 exceed x ? 

23. By how much does 64 exceed x ? 

24. By how much does 38 exceed rr — 6 ? 

25. By how much does 34 exceed a? + 6 ? 
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26. One number exceeds another by 10, and the greater 
is X. Find the other number. 

27. Diminish 26 by 7. Diminish x by 9. 

28. How much must be added to 11 to make 29 ? 

29. How much must be added to x to make 50 ? 

30. A boy is n years old. How old will he be in 5 years ? 

31. A boy is 13 years old. How old will he be in m 
years ? How old was he m years ago ? 

Example 1. The sum of the ages of a father and his son 
is 80 years. Twice th6 son's age exceeds the father's age 
by 10 years. Find their ages. 

Let x = the son's age in years. 

Then, 2 a: — 10 = father's age in years. 

And, a? + 2 a: — 10 = the sum of their ages. 

Therefore, a; + 2 a; - 10 = 80. 

Transposing, a; + 2 a; = 80 + 10. 

Combining, 3 a; = 90. 

X = 30, son's age. 

2 a? — 10 s= 60, father's age. 

Chech. 60 + 30 s 80. 

Another SoLUTioiar. 

Let X =s son's age in years. 

Then, 80 — a; = father's age in years. 

2 a; = twice the son's age. 
Therefore, 2 a; - (80 - a;) = 10. 
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Removing parenthesis, 2 a; — 80 +.z =10. 
Transposing, 2 a? + a? = 10 + 80. 

Combining, 8 a; = 90. 

X = 80, son's age. 
80 — a; =s 50, father's age. 
Check. 2 • 30 - 60 = 10. 

EXERCISE 44. 

1. Divide 90 cents between two boys, giving one of the 
boys 15 cents more than twice the share of the other boy. 

2. The sum of the ages of a father and his son is 94 
years, and three times the age of the son exceeds the 
father's age by 2 years. Find their ages. 

3. In a family there are three boys, Henry, Thomas, 
and John. Henry is 2 years older than Thomas, and 7 
years older than John. The sum of their ages is 42 years. 
Find the age of each. 

4. In a certain class in a high school there are 40 pupils. 
The number of girls exceeds twice the number of boys by 

^ 1. Find the number of boys and the number of girls in 
this class. 

5. In an election there were 3521 votes cast for two 
candidates. The successful candidate received 1066 votes 
less than twice the number cast for the other candidate. 
Find the number of votes each received. 

6. Divide a line 90 inches long into two parts so that 
the greater part may be 10 inches longer than three times 
the smaller part. 
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7. In 1903 there were in Illinois 1227 banks. There 
were 18 more national banks than state banks, and the num- 
ber of private banks was 35 more than the sum of the 
other two. Find the number of banks of each kind. 

8. In an election there were three candidates, C, F, 
and H. C received 20 votes more than three times the 
number of votes H received, and F received 119 votes 
more than C and H together. The total number of votes 
cast was 936. Find the number of votes each received. 

9. The annual salaries of two officials, A and B, amount 
to $ 12,600. Twice B's salary exceeds A's salary by 1 1000. 
Find A's and B's salary. 

10. Three government officials. A, B, and C, receive 
yearly salaries amounting to $22,500. B receives $500 
more than C, and A $ 600 more than B. Find each person's 
salary. 

11. A basket contains 50 apples and pears. The sum of 
three times the number of apples and twice the number of 
pears is 120. How many apples and how many pears are in 
the basket ? 

12. A field containing 40 acres is planted in corn and 
wheat. Four times the number of acres planted in corn 
added to three times the number of acres planted in wheat 
make 135. How many acres are planted in each ? 

13. A jobber buys 17 horses and mules, paying for the 
horses $ 80 apiece and for the mules f 60 apiece. He pays 
in all $ 1220. How many of each does he buy ? 

14. A man buys two farms containing 130 acres. For 
one he pays at the rate of $ 35 an acre, and for the other $ 40 
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an acre. If he pays 9 4800 for the two farms, how many 
acres does each contain ? 

15. The perimeter of a rectangle is 260 yards and its 
length is 30 yards longer than its width. Find its 
dimensions. 

16. The length of a rectangle exceeds its width by 50 
yards, and three times the length exceeds five times the 
width by 70 yards. Find its dimensions. 

17. A boy has 55 cents in nickels and dimes, and he has 8 
coins in all. How many nickels and how many dimes has 
he? 

18. A girl has $1.70 in dimes and quarters. She has 
three more dimes than quarters. How many of each has 
she? 

19. A man has $ 115 in f 5 and 1 10 bills. He has 5 
more $ 5 bills than $ 10 bills. How many of each has he ? 

20. The sum of two consecutive odd numbers is 100. 
Find them, 

21. The sum of three consecutive numbers is 99. Find 
them. 

22. The sum of three consecutive even numbers is 108. 
Find them. 

23. Find two consecutive numbers such that five times 
the greater is 21 more than four times the less. 

24. Two numbers differ by 5, and three times the less 
added to twice the greater is 65. Find them. 

25. The sum of four numbers is 80, and each number 
after the first is 4 greater than the one before it. Find 
the numbers. 
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26. A man bought a hat, a pair of shoes, and a suit of 
clothes for $29. He paid $1 more for the hat than for 
the pair of shoes, and the suit of clothes cost four times 
as much as the hat. Find the cost of each. 

27. Two trains start at the same time from two stations 
486 miles apart and travel toward each other at the rates 
of 24 and 30 miles per hour. In how many hours will 
they meet ? 

28. Two stations, A and B, are 380 miles apart. A 
train leaves A for B at 10 o'clock a.m. and travels at the 
rate of 18 miles an hour. Two hours later a train leaves 
B and travels toward A at the rate of 25 miles an hour. 
When will they meet ? 

29. A boy has $4 in quarters, 10-cent, and 6-cent pieces. 
He has three times as many 10-cent pieces as quarters and 
three times as many 6-cent pieces as 10-cent pieces. How 
many of each has he ? 

30. The length of a garden exceeds its width by 30 
yards. If the length is increased by 15 yards, the area 
of the garden would be increased by 600 square yards. 
Find the dimensions of the garden. 

Example 1. Solve 5 + 1 = 14. 

Multiply both members of the equation by 10, the 
L. C. M. of 2 and 5. 

Therefore, 6 a? -f 2 a; = 140. 

Combining, 7 a: = 140. 

a? =20. 
Check. -^^ + ¥ == 14. 
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Example 2. Solve \(x - 2) - f(a; - 4) = 1}. 

Solution. Multiply both members of the equation by 
12, the L. C. M. of the denominators. 

12 X |(a? - 2) = 9(a; - 2) = 9 a? - 18. (1) 

12 X - f (a; - 4) = - 8(a; - 4) = - 8a; + 32. (2) 

12f X If = 20. (3) 

Therefore, 9 a: - 18 - 8 a; + 32 = 20. 

Transposing, 9 a? - 8 a: = 20 + 18 - 32. 

a?s= 6. 

Chech. 1(6 - 2) - 1(6 - 4) = If. 

3-H = if. 

A little practice will enable one to perform the indicated 
operations, (1), (2), (3), mentally. 

61. To solve an equation containing fractions : 

(1} Clear of fractions by multiplying botii members of tiie 
equation by tiie least common multiple of the denominators 
of the fractions. 

(2) Transpose the unknown quantities to the first member 
of the equation and the known quantities to the second 
member of the equation. 

(3) Combine like terms. 

(4} Divide by the coefficient of the unknown quantity. 

EXERCISE 45 
Solve : 

a. | + a;-l = ll. 4. 1 + 1=21. 



i 
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5. -3-5=10. 15. 3 + -5-=2|. 

- a; , a; ^c .,- 2a: , 3a: /,-• 

6. 5 + g=15. 16. -3- + -5- = 6i. 

7 i£_£-3 17 a, + ?_5_7 
'• 4 2" ^2 3" • 

8. ^-^=2. 18. x-f-|=5J. 
4 3 4 5^ 

-3a;,a;_qi 19. J(a; + 1) + a; = 11. 

^ ^" ao. |(x + 2)+a; = 14. 
,„ 4a: 3a;_^« 

• T " 10 - ^"- 21. K^- 1) + 1 = 9f 

""T"^!"^' 22. K2x-l) + |=3f 

-^ 3a? , 3a; ^T ^ 

12. _ + _ = 4J. 23, K^-5)-| 2^. 

13. ^-|=1J. 24. |(2.-7)-f=li. 



9a: a: 



" lJ-|=^i- ^' K3^-2)-| = 2i. 

26. K^'' - 1) - K^ - 4) = 3|. 

27. f(2a: + 4)-Tij(a;-l)=5f 

28. |(3a;-4)-^(5a;-l) = l^. 

29. |(5a;-6)-|(2a; + 8) = 8f 

30. K2«-3)-Ka'-6) = 3^. 

». T^(4a:-7)-|-l = 4{i. 
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X 



. ,l^(a; - 8) - 1 - 2 = If. 



33. |(l+a:)-|-3| = 0. 

34. ^(3 + ») - Ka; + 6) = 3|. 

35. a:-|-K^-2) = 7J. 

Example 1. If ^ of a field is planted in wheat, \ in 
barley, and the remainder, amounting to 25 acres, is planted 
in corn, how many acres are in the field ? 

Let X = number of acres in the field. 

Then, - = number of acres of wheat. 

•T = number of acres of barley. 

25 = number of acres of com. 

Therefore, ^ + - + 25 = number of acres of wheat, 

corn, and barley. 

Hence, a; = ? + |H-25. 

Clearing of fractions, 12a:=4a; + 3a; + 300, 
Combining, 5 a; = 800. 

a; =60. 

Chech. lyi + f^a + 25 = 60. 

EXERCISE 46 

1. Find the cost of a book if the sum of \ of the cost 
and \ of the cost is 50 cents. 
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2. The sum of ^ and ^ of the cost of a horse is $70. 
What is the cost of the horse ? 

3. The sum of ^, ^, and ^ of a number is 85. Find 
the number. 

4. A man travels from Norfolk, Va., to New York 
City in three days. The first day he travels ^ of the dis- 
tance, the second day he travels ^ of the distance, and the 
third day he travels 120 miles. Find the distance from 
Norfolk, Va., to New York City. 

5. If J, ^, and J of the distance from Pittsburg, Pa., 
to New York is 407 miles, find how far it is from Pitts- 
burg to New York. 

6. After f and ^ of a barrel of sugar are sold, 89 
pounds remain. How many pounds of sugar did the 
barrel originally contain? 

7. The sum of ^ and f of a man's age exceeds § of his 
age by 11 years. How old is he ? 

8. A man's monthly salary was increased at one time 
by J, and at another by 110. If his salary was then $150, 
what was it before it was increased ? 

9. A corporation decides to increase its capital stock 
by ^ of itself. If the stock is then $120,000, how much 
was it before it was increased ? 

10. A farmer sold to one merchant | of his apple crop, 
to another ^ of it, to a third ^ of it, and had then re- 
maining 75 barrels. How many barrels did he have at 

first? 

11. A farmer sold J of the number of bushels of corn 
he raised to one merchant, and ^ of the number of bushels 
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he raised to another merchant. If he sold 75 bushels more 
to the former than to the latter, how many bushels did he 
raise ? 

12. In going a certain journey a man travels J the 
entire distance by rail, ^ by boat, and the remainder, a 
distance of 8 miles, by carriage. How many miles did he 
travel in all? 

13. If ^ of a certain number is diminished by 10, the 
remainder is 10 more than ^ of the number. Find the 
number. 

14. If I of a man's yearly income increased by $60 
equals ^ of his income diminished by $164, find his 
income. 

15. In a certain school the number of girls is 40 more 
than ^ of the number enrolled, and the number of boys is 
10 more than ^ of the number enrolled. Find the number 
enrolled. 

Example 1. The sum of two numbers is 84, and their 
difference is equal to ^ of the greater number. Find 
them. 

Let X = the smaller number. 

Then, 84 — a; = the greater number. 

(84 ''x')'-x = the difference of the numbers. 

^(84 — a;) = J of the greater number. 

Therefore, (84 - a;) - a; = J(84 - a:) . 

Multiplying by 4, 336 — 4a; — 4a;=84 — a;. 

Transposing, --4a? — 4a: + a:=84-- 336. 

Combining, — 7 a; = — 262. 



THE EQUATION. PROBLEMS 89 

Dividing by - 7, a? = 36. 

84-rr=48. 
Chech. 48 - 36 = J of 48. 

EXERCISE 47 

% 

1. Divide 120 into two parts, so that ^ of one part 
equals \ of the other part. 

2. The difference of two numbers is 30, and \ of the 
smaller number equals \ of the larger number. Find the 
numbers. 

3. Find two numbers differing by 4, such that 5 added 
to \ of the smaller number is 7 less than \ of the larger 
number. 

4. Two farms together contain 180 acres. }^ of the 
number of acres in the larger farm exceeds \ of the 
number of acres in the smaller farm by 45. Find 
the number of acres in each. 

5. Divide 150 into two parts, so that one part is equal 
to I of the other part. 

6. Divide 35 cents between two boys, giving one boy 
I as many cents as the other boy. 

7. A rectangle is 20 yards longer than it is wide, and 
\ of the width added to \ of the length is equal to 40 
yards. Find its dimensions. 

8. The length of a rectangle is 2J times the width, 
and the difference of the length and width is 750 yards. 
Find its dimensions. 

9. Divide $110 between A and B so that J of A's 
share may be $5 more than twice B's share. 
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10. In 6 years A will be half as old as B was 10 years 
ago. B is four times as old as A. Find their ages. 

11. The sum of the ages of a husband and wife is 70 
years. Ten years ago the husband's age was IJ times 
the age of his wife. Find their ages. 

12. A ticket agent sells 6 single tickets and 5 return 
tickets for $21.70. A return ticket cost 30 cents less 
than twice the cost of a single ticket. Find the cost of 
each. 

13. A boy has 21 coins consisting of quarters and 
dimes, and the value of all the quarters is equal to the 
value of all the dimes. Find the number of each. 

14. A man is hired to work for 36 days on condition 
that for every day he works he receives $2, and for every 
day he is absent he pays $1. If he receives all together 
$48, how many days did he work ? 

15. A man left his estate to his wife and four children. 
The wife's share was ^ of the estate, and the children 
received equal portions. If the wife received $850 more 
than the share of a child, find the value of the estate. 

16. Surrounding a rectangle whose length is twice its 
width, is a walk 5 feet wide. The area of the walk is 
3700 square feet. Find the dimensions of the rectangle. 

17. Mary is twice as old as Ann. 10 years ago she was 
2J times as old as Ann. Find their ages. 

18. A father is 5 times as old as his son. In 3 years he 
will be four times as old as his son. Find their ages. 

19. B has 136 more than A. If A gave B $16, A 
would have ^ as much as B. Find A's and B's money. 
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20. A man buys 5 horses and 12 cows for $975. A 
horse costs $26 more than a cow. Find the price of each. 

21. A woman buys a number of pounds of tea at 60 
cents a pound, and f as many pounds at 75 cents a pound. 
If the tea costs all together $10.50, how many pounds of 
each does she buy ? 

22. A farmer has two lots planted in wheat, the second 
lot containing J as many acres as the first. The first lot 
yields 18 bushels to the acre, and the second lot 20 bushels 
to the acre. The two lots yield 990 bushels. How many 
acres are in each lot ? 

23. Divide $420 among A, B, and C, giving A one 
half as much as B, and one third as much as C. 

Example 1. Solve -^ ^ 1 J = 4^ — a:. 

Multiply both members of the equation by 12. 
4a.-- 28 -3a; + 6 -18 = 51 -12 a;. 

« 

Transposing, 4a;-3a: + 12a; = 51 + 28-6 + 18. 
Combining, 13 a; = 91. 

a; = 7. 

Cheek. I^-Izl2_1j = 4^.7. 

0-li-li = -2f. 

^j 2 

In this example the multiplication of — by 12 

may puzzle sopae beginners. To make this clear, indi^ 
cate the work as follows: 

a:-2 .g^ 12(a;-2) ^ 3(a;--2^ 
"4 4 1 

= _3(a;-2)=-3a; + 6. 
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^ , EXERCISE 48 

. Solve: 



1. -^ + ^-=2J. 3. —— + -—^^x + i 

6 3 

6. —- — =X— 6. 

7 14 

„ 4a: + ll 2rr + 15 

7. z = a?. 



8. 5^-^ = a:-i. 
4 6^ 

^ 9a?-13 3a; + l a:H-19 
8 16 8 

10. ^£±2 + j(3a,_20)=2»-6. 

„ 4a;-l 3a;-12 1 
10 6 2 

12. i£±M_2(a;-3)=7*-l. 

14. 8£-3 3a: + 12^g^_7£j:2, 
7 ^ 14 2 

__ 2a; + 5 , ll-g 5 + 7 ,„ 
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Example 1. A vagrant leaves a town, traveling at the 
rate of 4 miles an hour. Three hours later an officer fol- 
lows him, traveling at the rate of 7 miles an hour. In 
how many hours will the officer overtake the vagrant ? 

In 3 hours the vagrant travels 12 miles. Hence, the 
vagrant has a start of 12 miles. 

4X 

12 , *^ V 



-^ 

7X 

Let X = the number of hours. 

Then, 7 a; = the distance traveled by the officer. 

4 a; = the distance traveled by the vagrant in 
X hours. 

4 2; + 12 = the entire distance traveled by the 

vagrant. 

Hence, 7 a; = 4 a; + 12. 

3a? = 12. 

a; = 4. An9. 4 hours. 

Chech. 7x4 = 12 + 4x4. 

EXERCISE 49 

1. A freight train leaves a station, traveling at the 
rate of 20 miles an hour. Three hours later a passenger 
train leaves the same station, traveling at the rate of 
32 miles an hour. In how many hours will the latter 
overtake the former? 

2. A ship leaves a port and travels at the rate of 
15 miles an hour. Nine hours later a second ship follows 
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her at the rate of 20 miles an hour. After how many 
hours will the ships have gone the same distance ? 

3. A and B start with the same capital. A saves $500 
a year and B $900 a year. Within a year A receives a 
legacy of $2000. After how many years will B be worth 
as much as A ? 

4. Two trains leave at the same time two stations 
325 miles apart and travel in opposite directions. If their 
rates are 32 and 33 miles an hour, in how many hours 
will they meet? 

5. A train leaves a station P at 4 o'clock a.m. and 
travels toward G at the rate of 28 miles an hour. Four 
hours later a train leaves G and travels toward P at the 
rate of 30 miles an hour. When will they meet, if P is 
618 miles from G ? 



Solve : 



EXERCISE 50 



1- ^+^=6J- 



_ x — l , x-{- 7 



^ 2a; — 5 ir — 1 « « 



4. 



5x 



l-2^ = 2a:-ll. 



6 3 



5. — -^ ^ = 24 — a?. 

7 2 

^ 3x4-8 2a;-l 7a;-6 

D« -^^— — ^— — — — — ^ ss: t 

4 5 10 
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8. 12£;il_?^ = 4x-2. 



^ 4a?-l , 2a? + 4 3a;-8 

9' h — 



10. 



9 3 2 

7a; + l a; + 2 ^ 26a?-7 
6 3 15 " 



11. i£±2__^__5^^__9 

5 4 

12. 22?-^^-i(2a;-l)-a: = 0. 

13. a:-J(a:+l)~K^ + 6)-4 = 0. 

14. 6rr + ^-^^~^ + 3 = 0. 

15. ^(a:~l)+^(a: + 9)-a: + 12 = 0. 

16. A train traveling at the rate of 24 miles per hour 
takes 3 hours less time to go a certain distance than a 
train traveling 20 miles an hour. Find the distance. 

17. A passenger train travels 1^ times as fast as a 
freight train, and goes in 5 hours 60 miles farther than 
the freight train goes in 4J hours. Find their rates. 

18. If a train increases its rate by one fourth, it would 
go 160 miles in one hour less time than it formerly took. 
Find its rate per hour. 

19. The cost of a suit of clothes is 3J times the cost of 
a pair of shoes, and the cost of 4 suits of clothes is $7 
more than the cost of 12 pairs of shoes. Find the cost of 
a pair of shoes and of a suit of clothes. 



CHAPTER V 
PERCENTAGE. INTEREST 

62. Computation on the basis of 100 is called percentage. 

Per cent means "on the hundred," or by the hundred. 
By rate per cent is meant a rate on a basis of 100. 

Thus, if a man buys a house and afterwards sells it, 
making a profit of $6 on every $100 invested in the 
house, his rate per cent of gain is 6, and his rate of gain is 
•^^. Rate and ratio are allied terms. A rate may be 
based on any quantity whatever. When the basis is 100 
the rate is called a rate per cent. 

Example l. Find 7% of 250. 

7 X f fg, or 3^ X 260 = 17.5. 

Uxample 2. 8% of a number is 54. Find the number. 
Let X = the number. 

Q Q „ 

Then, — r of a?, or t^= 8% of the number. 

Therefore, T^^^*' 

Clearing of fractions, 82: = 5400. 

X = 675. 

Check. 675 X yI^ = 54. 

96 
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EXERCISE 51 

1. 7% of a man's salary is $91. Find his salary. 

2. An agent charges a commission of 4% for selling 
land. If his commission is $225, find the amount of his 
sales. 

3. A certain copper ore contains 6% of copper. If 
the copper obtained from a piece of this ore weighs 6.75 
pounds, find the weight of the piece of ore. 

4. 1250 persons in a certain city can neither read nor 
write. If this number is 4% of the population, find the 
population. 

5. A certain stock yields a dividend at the rate of 5%. 
If each share of stock yields a dividend of $4, find the 
price of a share of stock. 

6. 85% of a farm consists of arable land. If the num- 
ber of acres of arable land in the farm is 77.35, how many 
acres does the farm contain ? 

7. 81 pupils in a school failed to be promoted. This 
number is 18% of the number of pupils in the school. 
Find the number of pupils in the school. 

8. The length of the Orinoco is 60% of the length of 
the La Plata. The Orinoco is 1500 miles long. How long 
is the La Plata ? 

9. 9% of a man's age is 3.78 years. Find the man's 
age. 

10. A man's income from an investment yielding 4|% 
is 1684. Find the sum invested. 
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Example 1. The cost of insuring a building valued at 
$15470 is $136.75. Find the rate per cent of insurance. 

Let X = the rate per cent. 

Then, 6470 x ^^^ = number of dollars changed 

for insurance. 

6470 x-^ = ^^. 
100 10 

Therefore, ^^ = 136.75. 

' 10 

Clearing of fractions, 547 x = 1367.5. 

a; = 2.5. Aub. 2^%. 

Check. 2\% of 15470 = $136.75. 

EoMLmple 2. Find what per cent of 19 is 1.52. 
Let X = required per cent. 

Then, 19x-^ = 1.52. 

Clearing of fractions, 19 a? = 152. 

a; =8. An9. 8%. 

Check. 8% of 19 = 1.52. 

EXERCISE 52 

1. What per cent of 1 mile is 132 feet ? 

2. What per cent of a square mile is 80 acres ? 

3. In a school of 350 pupils 280 are promoted. What 
per cent of the entire number is promoted ? 

4. When a share of stock sells for $90 and pays a 
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dividend of $4.60, what. per cent does money invested 
in such stock bring? 

5. A bankrupt's liabilities amount to $4800, and his 
assets amount to $4000. What per cent of his debts is 
he able to piay ? 

6. When a life insurance policy for $4600 costs the 
assured $112.60, find the rate per cent charged by the 
insui'ance company. 

7. An agent sells a tract of land for $6600, and 
charges a commission of $292.60. Find the rate of 
commission. 

8. The area of Maine is 33,040 square miles. The 
water surface of Maine is 3146 square miles. What per 
cent of Maine is covered with water ? 

9. The total income of a college is $264,000. The 
income from tuition fees is $114,300. What per cent of 
the income is derived from tuition fees ? 

10. A clothier sells for $18.60 a suit of clothes which 
cost him $12.60. Find his gain per cent. 

JExample 1. An organ is sold for $900 at a profit of 
12^%. Find the cost of the organ. 

Let X = the number of dollars in the cost. 

^ OT -= the number of dollars profit. 

/tit 
a? + - = the number of dollars in the selling 
o 

price. 

Therefore, a; + |=900. 

o 
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8a: + a;=7200. 
9x== 7200. 
X = 800. 

Check. $; 800 + 12 J % of 1 800 = 1 900. 

EXERCISE 53 

1. A trader sells a horse for $144 and makes thereby 
a profit of 80%. Find the cost of the horse. 

2. By selling a box of oranges for $2.75 a dealer 
makes a profit of 25%. How much does the dealer pay 
for the oranges ? 

3. A piano is sold for $2l5, at a profit of 7^%. Find 
its cost. 

4. A watch is sold for $25.50, at a loss of 15%. Find 
the cost price of the watch. 

5. An agent charges 4% commission for selling land. 
If the agent remits to his principal $9216, find the amount 
of his sales. 

6. A tree is broken in a storm. The part left stand- 
ing is 96 feet in height. If 36% of the height of the tree 
was broken off, how high was the tree ? 

7. The price of a suit of clothes after receiving a dis- 
count of 15% from the marked price was $16.15. What 
was the marked price ? 

8. Goods are sold at a discount of 6% for cash. If 
the cash value of a bill of goods is $741, find the amount 
of the bill. 
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9. The value of the cotton crop of the United States 
in the year 1902-1903 was $480,000,000. This was 6f % 
more than the value of the cotton crop in the United 
States the previous year. Find the value of the crop in 
the year 1901-1902. 

10. The number of ounces of gold coined by the mints 
of the world in the year 1902 was 12,002,000. This Was 
30.1% less than the number of ounces coined in 1901. 
Find the number of ounces coined in 1901. 

SIMPLE INTEREST 

63. Money paid for the use of money is called interest. 
The sum lent is called the principal. 

The interest of a principal for one year is obtained by 
multiplying the principal by the rate of interest. 

64. To calculate the interest of a sum of money for a 
number of years, find first the interest of the sum for one 
year, and then multiply this result by the number of 
years. Hence, 

Interest £= principal X rate X time (in years). 

Example 1. The interest of 1579 at 7% is 164.04. 
Find the time. 

Let X = the number of years. 

Then, |679 x j^ X a; = the interest, i.e. $64.04. 

Hence, 519^7x^=54.04. 

100 

Clearing of fractions, 

679 X 7 X a: = 6404.' 
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^_ 5404 _^, 

An8, IJ years, or 1 year 4 months. 
Check. $579 X .07 X I = 154.04. 

EXERCISE 54 

In what time will : 

1. *885 produce *63.10 at 6% ? 

2. $728 produce $54.60 interest at 5% ? 

3. $670 produce $70.35 interest at 7% ? 

4. $1260 produce $126 interest at 8% ? 

5. $386 produce $32.34 interest at 7% ? 

6. $2750 produce $137.50 interest at 3% ? 

7. $3345 produce $267.60 interest at 6% ? 

8. $783 produce $34.80 interest at 4% ? 

9. $597 produce $41.79 interest at 5% ? 
10. $3000 produce $56 interest at 7% ? 

Example 1. At what rate per cent will $975 produce 
$23.40 interest in 7 months 6 days ? 

Let X = rate % or rate on $100. 

Then, j^ = rate. 

7 months 6 days = 216 days = |^^ year = | year. 
$975 X -^ X I = interest, i.e. $23.40. 

QT'^vlv ^ _ 195 X 3 X a; 

®^^''*''ioo 100 — 



i 
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Therefore, 1?^A|2<£== 23.40. 

195 X 3 X a; = 2340 

2340 . . .^ 
"=195ir3 = '' ^^•*^^' 

Chech. $976 x .04 x f = 123.40. 

EXERCISE 55 

At what per cent will : 

1. $786 produce $39.26 interest in 1 year? 

2. $680 produce $47.60 interest in 1 year ? 

3. $960 produce $86.40 interest in 1 year? 

4. $1260 produce $25 interest in 4 months? 

5. $4500 produce $126 interest in 4 months 24 days ? 

6. $5100 produce $306 interest in 9 months ? 

7. $548 produce $6.85 interest in 3 months? 

8. $940 produce $37.60 interest in 1 year 4 months ? 

9. $1800 produce $9 interest in 1 month 15 days ? 
10. $2100 produce $231 interest in 2 years 9 months ? 

Example 1. What principal will produce $18.10 in- 
terest in 3 months 25 days at 4% ? 

Let X = number dollars in the principal. 

8 months 25 days = 115 days = J^^ year = ^| year. 

4 23 23a: u j n 

^ ^ TKK ^T^^ T^KK = number dollars interest. 
lUU IZ loUU 
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Therefore, H^ = 18.10. 



1800 

^^1800x18^0^1416.52. 

Ans. $1416.52. 

EXERCISE 56 

What principal will produce : 

1. $30.48 interest in 1 year at 4% ? 

2. $36.90 interest in 1 year at 6% ? 

3. $61.84 interest in 1 year at 8% ? 

4. $35.40 interest in 1 year 6 months at 4% ? 

5. $102.75 interest in 1 year 6 months at 6% ? 

6. $118.40 interest in 1 year 4 months at 6% ? 

7. $97.92 interest in 1 year 6 months at 4% ? 

8. $52.80 interest in 1 year 2 months 12 days at 5% ? 

9. $57.42 interest in 1 year 1 month 15 days at 8% ? 
10. $23.60 interest in 3 months 28 days at 6% ? 

Example 1. What principal will amount to $792 in 9 
months 18 days at 7% ? 

Let X = number of dollars in principal. 

9 months 18 days = 288 days = |||^ year = | year. 

_7_ y 4 _ 28a; __ number of dollars in- 
^ 100 6 500 terest. 

28 a; 
* + 600 = '^""^^^^ '^°^*™ ''' '^' ^°'^*- 

Therefore, « + ^ = 792. . 
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600 a: + 28 a: = 396000. 
528 a: = 396000. 

a; =750. An8. 1750. 
Check. $750 x .07 x | = $42. $750 + $42 = $792. 

EXERCISE 57 

What principal will amount to : 

1. $756 in 1 year at 5% ? 

2. $1605 in 1 year at 7% ? 

3. $2014 in 1 year at 6% ? 

4. $523.80 in 1 year at 8% ? 

5. $483.36 in 1 year 6 months at 4% ? 

6. $1896.25 in 6 months at 5% ? 

7. $1684 in 9 months at 7% ? 

8. $1221 in 1 year 4 months 15 days at 8% ? 

9. $429.40 in 2 years 1 month at 6% ? 

10. $626.75 in 1 year 9 months 18 days at 5% ? 

EXERCISE 58 

1. In what time will $100 produce $20 interest at 
5%? at 6%? at8%? 

2. In what time will $100 produce $50 interest at 
4%? at6%? at 10%? 

3. In what time will $100 amount to $140 at 5% 
simple interest ? 
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4. In what time will $100 amount to 1200 at 6%? at 

8%? at7%? 

5. At what rate per cent will $100 amount to $135 in 
7 years ? 

6. At what rate per cent will $100 double itself in 20 
years ? in 26 years ? in 12| years ? 

7. At what rate per cent will $100 amount to $ 124 in 
4 years ? 

8. Find the time in which a sum of money amounts to 
1 J times itself at 5% ? at 6 % ? at 8 % ? 

9. The cost price of an article is $ (7 and the profit is 
r%. Find the selling price. 

10. Find the selling price if the cost price of an article 
is $ (7 and it was sold at a loss of r ^. 



CHAPTER VI 
SIMULTANEOUS EQUATIONS 

65. In solving problems requiring two answers, it is 
generally, best to use two letters to represent the unknown 
quantities, and then from the conditions of the problem to 
form two equations and find from these equations the 
values of the unknown quantities. 

As an illustration take the following problem : 

Example 1. The sum of two numbers is 30 and their 
difference is 6. Find the numbers. 

Let X = the greater number. 

y = the less number. 

Then, rr + y = the sum of the two numbers. 

a; — y = the difference of the two numbers. 
Hence, a; + y = 30. (1) 

a:-y = 6. (2) 

Adding the first members, and also the second members, 
of the equations (1) and (2), the result in one case is 2 a; 
and in the other case 36. 

Hence, 2 a; = 36. (8) 

a; = 18. 

Substitute in equation (1) 18 for x^ 

18 + y= 30. 

107 
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Transposing, y = 12. 

The numbers are 18 and 12. 
Check. 18 - 12 = 6. 

66. An equation involving two unknown quantities, 
such as a; + y =s 30, has no definite solution. For if a? = 1, 
then y = 29. If a; = 2, then y = 28. If a; = 5, then y = 25. 

The equation, a? + y = 30, states in algebraic language 
that the sum of two numbers is 30. Nothing more is 
known about the two numbers until another condition 
is given. When that other condition is given, then, and 
not before, can the numbers be determined. 

Equations containing two or more letters, the same 
letters representing the same numbers in each equation, 
are called simultaneouB equations (Latin, simul, at the 
same time, and teneo^ I hold). 

Simultaneous equations, then, express different condi- 
tions of the same problem and are so called because the 
same letter has the same value in each of the equations. 

Example 2. The difference of two numbers is 15 and 
the greater number exceeds twice the less by 1. Find 
the numbers. 

Let X = the greater number. 

y = the less number. 

Then, a; - y = 15. (1) 

a; - 2 y = 1. (2) 

Subtract the members of equation (2) from those of 
equation (1) and get y __ \^^ (^\ 
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Substitute 14 for y in equation (1), 

a; -14 = 15. (4) 

Transposing, x = 29. 

Chech. 29 - 14 5= 15. 

29-2x14 = 1. 

Example 3. 2 a? + 5 y = 27. (1) 

7a;+3y = 22. (2) 

Step 1. Multiply the members of equation (1) by 3 and 
the members of equation (2) by 5, 

6a: + 15y = 81. (3) 

85 a; + 15 y = 110. (4) 

Step 2. Subtract the members of equation (4) from 
those of equation (3), and get by axiom 3, 

-29a;=-29. (5) 

a?= 1. 

Step 8. Substitute in either of the original equations 1 
for X, Substituting 1 for x in equation (1), the result is 

2 + 5y=27. 
Transposing, 5 y = 25. 

y = 5. 

Check by substituting the values of x and y in equa- 
tion (2), 7 + 3 X 5 = 22. 

Example 4. 5 a; — 4 y = — 4. (1) 

3a;+2y = 24. (2) 
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Step 1. Make the coefficients of y in both equations 
equal in absolute value. This is done by multiplying the 
members of equation (2) by 2, 

6a; + 4y = 48. (3) 

6a; — 4y= — 4. * (1) 

Step 2. Add the members of (3) and (1), 

11 a; = 44. (4) 

a: =4. 

Step 8. Substitute in equation (1) 4 for a:, 

20-4y = -4. (5) 

Transposing, — 4 y = — 24. 

y = 6. 

Check. 3x4 + 2x6 = 24. 

Note. Since equations are not numbers or quantities, it is in- 
correct to say add, subtract, multiply, or divide equations. The 
members of equations are quantities, hence they can be added, 
subtracted, multiplied, or divided. 

67. To solve two simultaneous equations : 

(1) Make the coefficients of the same letter in both 
equations equal in absolute value. 

(2) Add if the coefficients of this letter in the two equa 
tions have unlike signs, subtract if they have like signs. 

(3) Solve the resulting equation. 

(4) Substitute the value of the letter thus found in either 
of the original equations. 
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Solve : 


EXERCISE 59 




1. 


a; + y = 18, 


13. 


5 a? — y = 44, 




a: - y = 8. 




3 a; + 4 y = 31. 


2. 


a: + y = 10, 


14. 


7 a? - 6 y = 0, 




a; - y = 2. 




x+ y = 13. 


3. 


a; + y = 15, 


15. 


3 a; + 8 y = 40, 




a: - y = 7. 




a; - y = 6. 


4. 


a; + y = 19, 


16. 


4a:-9y = 21, 




a; - y = 3. 




a; -f- 3 y = 0. 


5. 


2 a; - y = 16, 


17. 


5 x + 8 y = 54, 




a? + y = 11. 




3 a? - 2 y = 12. 


6. 


2a: + y = 17, 


18. 


lla;-4y = 48, 




a; - y = 1, 




2a; + y = 7. 


7. 


3 a; - 2 y = 4, 


19. 


2a;+3y = 16, 




a; + 2 y = 20. 




7 a; + 2 y = 89: 


8. 


4a;-y = 18, 


20. 


4a: + 3y=6, 




a: + y = 7. 




9 a; + 4 y = 19. 


9. 


a: + 3y = 34. 


21. 


5a; + 7y = 14, 




- a? + 4 y = 43. 




2a; + 5y = -1. 


10. 


5 a; - 4 y = 9, 


22. 


8a: + 9y = -4, 




a; + 4 y = 21. 




5 a; + 3 y = 8. 


11. 


2 a: - 3 y = 6, 


23. 


7ar+lly=21, 




x+ y = 5. 




8x+ 2 y = 9. 


12. 


2a: + y = 24, 


24. 


8 a; - 5 y = 0, 




3a;- 2y=22. 




3a;-2y = -l. 
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25. Sx+ 7 y = 10, 28. 11 aJ - 16 y = 43, 

5 a; + 14 y = 19. 5 a: - 8 y -= 21. 

26. 9 a; - 4 y = 10, 29. 13 a: - 10 y = 56, 
3 a; - 2 y = 2. 5 a; - 2 y =. 16. 

27. 4 a; - 15 y = 23, 30. 15 a: - 11 y = 89, 
7a;-5y = 19. 3a;+2y = l. 

68. Solve: 

1-4=1+3. (1) 

—2— = 2. (2) 

/Step 1. Clear equation (1) of fractions, and then 
transpose. 

Multiplying by 6, 

3 a; - 24 = 2 y + 18. 

Transposing, 3 a; — 2 y = 42. (3) 

Step 2. Clear equation (2) of fractions and then 
transpose. 

Multiplying by y + 1, a: = 2 y + 2. 

Transposing, a; — 2 y = 2. (4) 

Step 3. Solve equations (3) and (4), 

3 a; - 2 y = 42 (3) 

a:-2y = 2 (4) 



2x 


= 40 


X 


= 20. 


Substituting in (4), 


i/ = 9. 


Check. -2^ - 


-4 = 1 + 3. 
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EXERCISE 60 

Solve : 

1. 5 + 2^=6, ^' 3a:-Jy = 17, 

A (5 



2 a; - y = 10. 
a:= 2y- 1. 



8. Ja; + 3y = 16, 

a: + y a^ + y 

a; = 8y. 

10 a; + y o 

10. — ^^ = 9, 

a; -f. y = 9. 

11. _^=3. 

y + 1 

|a:+Jy=4. 

12. 5+LlI=li, 

y 

3a;=2y-l. 

69. Example l. The sum of the digits of a number 
of two figures is 11, and if 45 is subtracted from the num- 
ber, the digits will be interchanged. 

Let x = the digit in the tens' place. 

y = the digit in the units' place. 

Then, a; + y = 11. (1) 



%** 


5 ' 4 "■^' 




5 X = 3 y. 


4. 


«+3 y-l_i 
4 6 




x-y-2. 


5. 


^ -1 


y + 3 '' 




3 a; = 4 y + 4. 


6. 


2-2, 

y-4 




-2iL=6. 
a; — 5 
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The value of a digit in the tens' place is ten times the 
value of the same digit in the units' place. 

Hence, 10 a? + y = the number whose digits are x and y. 

If the digits are interchanged, the resulting number is y 
tens plus a:, Le. 10 y + a?. 

Therefore, 10 a; + y - 45 = 10 y + a?. * (2) 

Transposing, 9 a? — 9 y = 45. (3) 

Dividing by 9, a: — y = 5. (4) 

But, a; + y = 11. (1) 

Adding, 2 a. = 16. 

a; =8. 

y = 3. The number is 83. 

Check. 83 - 45 = 38. 

Example 2. A bill of $1.15 is paid with 16 coins con- 
sisting of dimes and 5-cent pieces. Find the number of 
each. 

Let X = the number of dimes. 

y = the number of 5-cent pieces. 

Then, 10 a? = the value in cents of all the dimes. 

5 y = the value in cents of all the 5-cent pieces. 

115 cents = the amount of the bill. 

Hence, 

10 a; + 5 y = 116. (1) 

a: + y = 16. (2) 

Dividing (1) by 5, 

2 a; + y = 23. (3) 
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Subtracting, 

a: = 7. 

y = 9. 

Check. 7 dimes = 70 cents. 

9 5-cent pieces = 45 cents. 
70 cents + 45 cents = $ 1.15. 

EXERCISE 61 

1. The sum of two numbers is 59 and their difference 
is 11. Find them. 

2. The sum of two numbers is 80 and the greater 
exceeds twice the less by 8. Find them. 

3. Find two numbers differing by 10, such that twice 
the greater exceeds five times the less by 5. 

4. Two cords of oak wood and 3 cords of pine wood 
together cost $22, and 3 cords of oak wood and 2 cords of 
pine wood together cost $23. Find the cost of a cord of 
each. 

5. The daily wages of 5 bricklayers and 4 car- 
penters amounts to $37, and the daily wages of 3 brick- 
layers and 7 carpenters amounts to $36. Find the daily 
wages of a bricklayer and a carpenter. 

6. The monthly salaries of a bookkeeper and a clerk 
amount to $140, and five times the salary of the book- 
keeper equals nine times the salary of the clerk. Find 
the salary of each. 

7. The price of 7 arithmetics and 5 grammars is 
.35, and the price of 4 of those arithmetics and 3 of 
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the grammars is $3.70. Find the price of an arithmetic 
and a grammar. 

8. The sum of the digits of a number of two figures 
is 11, and if 27 be subtracted from the number, the digits 
will be interchanged. Find the number. 

9. The sum of the digits of a number of two figures 
is 9, and if 63 be added to the number, the digits will be 
interchanged. Find the number. 

10. A number is expressed by two digits. The units' 
digit equals three times the tens' digit. The number 
exceeds three times the sum of its digits by 2. Find the 
number. 

11. A number expressed by two digits is equal to seven 
times the sum of its digits. The tens' digit is 4 less than 
three times the units' digit. Find the number. 

12. A man pays a debt of 1100 with 17 bills, part $5 
bills and part $10 bills. How many of each did he use? 

13. A man pays a bill of $85 with 12 coins composed 
of half -eagles and eagles. How many of each did he use ? 

14. A donkey and a mule journeyed together, each 
bearing a heavy burden. " Why dost thou sigh ? " said 
the mule. "Give me one measure of thy burden and 
mine shall be double thine." "No," said the donkey; 
"give me one of thine and our burdens shall be equal." 
How many measures did each carry ? 

15. A says to B, " Give me ^ of your money and I shall 
have $110." " No," said B ; " but give me J of yours, and 
I shall have $100." How many dollars has each ? 
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16. A has f as much money as B. If B gives A #10, 
he will then have | as much money as A. How much 
money has each ? 

17. Divide $120 between A and B so that five times 
A's money shall be equal to seven times B's money. 

18. A man has #8000 at interest, part at 4% and part 
at 5%. If he receives f 350 from both investments, how 
many dollars has he in each ? 

19. Two trains start at the same time from two sta- 
tions 540 miles apart and travel toward each other. One 
train travels as far in 4 hours as the other does in 5 hours. 
If they meet in 10 hours, find the rate of each. 

20. Find the price per pound of ham and of breakfast 
bacon when the cost of a pound of ham and half a pound 
of breakfast bacon is 24 cents, and the cost of 3 pounds of 
ham and 5 pounds of breakfast bacon is $1.35. 

21. A merchant finds that a mixture of 3 bushels of 
oats and 7 bushels of corn can be sold without gain or loss 
at 42 cents per bushel, and a mixture of 2 bushels of oats 
and 8 bushels of corn can be sold at 41 cents per bushel. 
Find the price of oats and corn. 

22. A merchant mixes two kinds of tea. If he mixes 
2 pounds of good tea and 3 pounds of inferior tea, he 
can sell the mixture at 71 cents per pound. If he mixes 
8 pounds of good tea and 7 pounds of inferior tea, he can 
sell the mixture at 73 cents per pound. Find the price of 
each kind per pound. 

23. A oertain fraction is equal to -f, and its denomi- 
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nator exceeds its numerator by 16. Find the numerator 
and denominator. 

24. A has twice as many dollars as half dollars, and B, 
who has as many coins as A, has twice as many half 
dollars as dollars. Together they have $18. How many 
dollars and half dollars has A ? 

25. A father is three times as old as his son. Six years 
ago he was four times as old as his son. Find their ages 
now. 

26. Two trains start at the same time from two stations 
288 miles apart. They meet in 6 hours. The rate of 
one train is f that of the other. Find their rates. 

27. The daily wages of A and B is $5.60. A earns as 
much in 3 days as B does in 4 days. Find A's and B's 
daily wages. 

28. The sum of two angles is 90®, and ^ of the number 
of degrees in one angle equals ^ of the number of degrees 
in the other angle. How many degrees are in each angle ? 

29. In a right triangle one acute angle is equal to J of 
the other acute angle. Find the number of degrees in 
each angle of the triangle. 

30. One third of the width of a rectangular garden 
equals J of its Jength. If the length was diminished by 
8 yards and the width increased by 2 yards, the garden 
would then be a square. Find its dimensions. 

70. If three simultaneous equations of the first degree, 
involving three unknown quantities, are given, the values 
of the unknown quantities may be determined as follows : 
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(1^ Eliminate one of • the letters from a pair of the 
equations. 

(2) Eliminate the same letter from another pair of the 
equations. 

(3} Solve the resulting equations. 

(4} Substitute the values of the two unkno'wn quantities 
thus found in any one of the three original equations, and 
then solve the resulting simple equation to get the value of 
the remaining letter. 

Example 1. Solve the simultaneous equations : ' 

4a;-^-22 = 2. (1) 

8a;-4y + 32 = 13. (2) 

5a;--.3y-42 = -7. (3) 

Step 1. Eliminate z between (1) and (2) by multiply- 
ing (1) by 3 and (2) by 2, and adding. 

12a?- 3y-6«= .6 

6a:- 8y + 62 = 26 
Ux-lly ^ (4) 

Step 2. Eliminate z between (1) and (3) by multiply- 
ing (1) by 2 and subtracting. 

Sx — 2y — 42=3 4 

5a; — 3y — 42=— 7 

3a:-h 'y = 11 (5) 

Step 3. Solving (4) and (5), we find 

ic = 3. 

y = 2. 



120 BLBMBNTAEY ALGEBRA 

Step 4. Substituting these values of x and y in (1), 
we have 12 — 2 — 22 = 2. 

Transposing, — 2 2 = — 8, 

2 = 4. 

Check by substituting these values of a?, y, 2, in equation 
(2) or (3). 

EXERCISE 62 

Solve the simultaneous equations: 

1. x+ 1/+ «=6, 7. 4a; + 5y = 0, 
32! + 2y + 3a = 16, 3y + 42=-4, 
4a; + 3y + 2z = 16. 5a; + 3y=13. 

2. x+2y- z = B, 8- ^+ y = ^' 

/> n c nn 7 2! — 4 W = 46, 

2a!-3y-5a = -20, ^ 



4 a;.— y — 2 = 6. 



9y-4a = -l. 



3. 8a;-2^^-53 = -2, '• 2 3 4~ ' 
4a;-3^^-2z=ll, 2a; + 2y + a = 28, 
5a,_4y-7«=0. 5a;-4y-3=-12. 

4. 5a;-3y-4z = 8, 10. | + y + 2« = 23, 

4.-3y-2. = 10, 3^_2_ ^^_2^ 

3a;-2y-32=2. 2 

4 a; -f y + 2 = 24. 



5. 7a;-4y-42 = 29, 
22; — 2y— 2 = 6, 



U. 2a;-f 5y=60, 
3y-22 =26, 
Zx+ y+ 2 = 26. 7a;-32=73. 

6. 5ic- y- 2 = -l, 12. \x+ly=-Q\, 

6a; + 4y-72 = -14, 2y-3 2 = 24, 

7a?-3y-32 = -ll. 42- a; = -18. 



SIMULTANEOUS EQUATIONS 121 

PROBLEMS 

Example 1. A number consists of three digits whose 
sum is 18. If 396 be added to the number, the digits in 
the hundreds' and the units' places will be interchanged. 
The units' digit falls short of the sum of the other two 
by 2. Find the number. 

Let X = digit in hundreds' place. 

y = digit in tens' place. 

z = digit in units' place. 
From the first condition, 

a: + y + « = 18. (1) 

From the second condition, 

100a: + 10y + 2 + 396 = 100« + 10y + a;. (2) 

From the third condition, 

2=ic-f-y-2. (3) 

Transposing and combining terms in equation (2), we 

^*^^ 99a:- 992 = -396. 

Dividing by 99, a; — 2 = — 4. (4) 

Transposing x and y in equation (3), we have 

-a;-y + 2 = -2. • (5) 

We have then to solve the following system of simul- 
taneous equations : 

x + y^z = n. (1) 

a:-2 = -4. (2) 

-a;-y + 2 = -2. (3) 
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Adding the first and third, 2z = 16. 

2 = 8. 

Substituting 8 for z in the second, 

Substituting 4 for x and 8 for z in the firsti 
The number is 468. 

EXERCISE 63 

1. A number consists of three digits whose sum is 18. 
The first digit is ^ of the number formed by the other 
two, and the units' digit is also J of the number formed 
by the first two. Find the number. 

2. A number consists of three digits whose sum is 12. 
If 495 be added to the number, the digits will be reversed. 
The tens' digit is J the sum of the other two. Find the 
number. 

3. A number composed of three digits whose sum is 8 
is equal to five times the number composed of the tens' 
and units' digits. Also the tens' digit is 4 less than the 
sum of the other two. Find the number. 

4. Divide 90 into three parts so that twice the first part 
exceeds the sum of the other two by 21 ; also three times 
the second part exceeds the sum of the other two by 26. 

5. Divide 80 into three parts so that when the first 

* 

part is divided by the second the quotient is 2, and when 
three times the second is divided by the third the quo- 
tient is 2 and the remainder is 2. 

6. A and B together earn $7 a day, B and C $10 a day, 
afid A and C $9 a day. Find the daily wages of each. 
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7. A boy has 11 coins consisting of dollars, half dollars, 
and quarters, and he has $5 in all. Four times the num- 
ber of half dollars exceeds the number of quarters by 6. 
Find the number of each coin. 

8. Three numbers are in the ratio of 2 : 3 :4. The sum 
of twice the first, three times the second, and four times 
the third is 174. Find the numbers. 

9. A boy buys 3 apples and 2 pears for 13 cents, 
2 apples and 3 oranges for 18 cents, and 5 pears and 
2 oranges for 18 cents. Find the cost of an apple, a pear, 
and an orange. 

10. A man has $3420 invested partly in 3^ stock at 
72, 5^ stock at 90, and 6^ stock at 120. His total 
income is f 164. The amount of money invested in the 
first stock is $540 less than in both the other stocks. 
Find the amount of money invested in each stock. 

GRAPHS OF FUNCTIONS 

71. Pupils in grammar grades are familiar with the 
method of locating places on the earth's surface. The 
position of every point on the globe is given with refer- 
ence to two imaginary lines called the equator and the 
prime meridian. For example, take New Orleans; the 
latitude of New Orleans is 30° N. ; its longitude is 90° W. 
These two quantities, 90° W. and 30° N., serve to ♦defi- 
nitely locate the city of New Orleans. 

The representation of numerical results by means of 
two lines of reference serves to convey a clear, accurate, 
and comprehensive idea of the quantities under considera- 
tion. As an illustration, construct a mental representa 
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tion of the following natural phenomena : The mean 
monthly temperatures of the city of St. Louis are as 
follows : 

January, 30°. July, 79^ 

February, 35*». August, 77°. 

March, 43°. September, 69°. 

April, 56°. October, 58°. 

May, 66°. November, 44°. 

June, 75°. December, 36°. 

To represent these graphically, take two lines at right 
angles to each other, one being horizontal and the other 
vertical. Take any convenient unit and mark the hori- 
zontal line 1, 2, 3, 4, etc., to represent the months in suc- 
cession. Mark in a similar manner the vertical line. 
From the marks 1, 2, 3, 4, etc., measure upward 30% 35% 
43®, etc., taking 10** as unit and mark these results with. 
dots. Draw a line through the dots in succession, begin- 
ning with the first. Such a line is called a curve of tem- 
perature, and is also known as a graph. 

Below is the curve of temperature of St. Louis. 
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EXERCISE 64 

Draw the curve of temperature from the subjoined data 
for each of the following cities : 





m 

< 

23° 


24° 


< 
32° 


,3 

< 
46° 


> 
59° 


M 

69° 


u 

72° 


• 

o 

b 

< 

70° 


s 

OQ 

63° 


o 
51° 


• 

1 

39° 


* 

8 


Albany, N.Y. 


29° 


Boston, Mass. 


27 


28 


34 


45 


56 


66 


71 


69 


62 


52 


41 


31 


Chicago, 111. 


23 


27 


34 


46 


56 


67 


72 


71 


64 


52 


38 


29 


Fort Smith, Ark. 


36 


42 


50 


62 


68 


76 


80 


78 


72 


61 


49 


48 


Indianapolis, Ind. 


28 


32 


40 


53 


63 


72 


76 


74 


66 


54 


41 


33 


Marquette, Mich. 


16 


17 


23 


37 


49 


59 


65 


64 


57 


45 


31 


23 


New Orleans, La. 


54 


58 


62 


69 


75 


80 


82 


82 


78 


70 


61 


56 


Raleigh, N.C. 


41 


44 


48 


59 


68 


76 


77 


76 


70 


58 


50 


44 


Willi8ton,N.Dak. 


4 


8 


24 


43 


53 


63 


68 


66 


66 


43 


25 


13 


St. Paul, Minn. 


11 


16 


28 


45 


58 


67 


72 


69 


60 


47 


30 


19 



72. The mean monthly rainfall for the city of Nash- 
ville, Tenn., is given in inches as follows : 

Jak. Feb. Mar. April May Junk July Auo. Skft. Oct. Not. Dbo. 

5.09 5.29 5.2 4.8 8.6 4.3 4.8 3.4 4.1 2.6 8.8 8.7 

The following is a graphical representation of the rain- 
fall in Nashville, Tenn. 
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EXERCISE 65 

From the subjoined data (expressed in inches) dranv 
the curve for rainfall in the following cities: 





• 

< 
3.3 


• 
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En 

3.5 


• 
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4.1 


•J 

M 
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< 

3.4 


< 
3.8 


is 
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>> 
4.7 


• 
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< 
4. 


£ 

OQ 

3.9 


• 

3 


> 
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Baltimore, Md. 


3.2 


Charleston, S.C. 


4 


3.3 


3.9 


3.6 


4 


3.6 


7.6 


7.6 


6.6 


4.2 


3 


3.4 


Key West, Fla. 


2.1 


1.6 


1.2 


1.2 


3.2 


4 


3.8 


4.8 


7.4 


5.2 


2.3 


1.6 


Meridian, Miss. 


5.2 


5.8 


5.5 


4.4 


4.8 


6.2 


5.4 


4.5 


2.8 


1.6 


3.1 


5.3 


Neahbay, Wash. 


15.3 


10.3 


10.5 


8.5 


5.3 


4.8 


2.3 


2.3 


7.3 


10.4 


13.9 


16.3 


Tatoosh Island, 


























Wash. 


12.7 


8.5 


9.1 


7.4 


4.6 


4 


2.1 


2.4 


6.6 


8.5 


12.2 


14.4 


San Antonio, Tex. 


1.7 


2 


2 


3 


3.2 


2.7 


2.2 


3.8 


3.4 


1.7 


2.1 


1.9 


Springfield, Mo. 


2.5 


3.2 


3.7 


3.8 


6 


4.5 


4.3 


3.6 


3.8 


3.1 


3.1 


2.6 



73. It has been found by experiment that the pressure 
of aqueous vapor at 100° Centigrade is equal to 1 atmos- 
phere; at 120°, 1.96 atmospheres; at 140% 3.57 atmos- 
pheres; at 160% 6.1 atmospheres; at 180% 9.9 atmospheres; 
at 200% 15.4 atmospheres. (One atmosphere is 14.7 lb. 
to the square inch.) 
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Take the equation y = 2 a: — 3. 

If a; = 0, y = -35 

if ir=l, y=-l; 

if a? = 2, y = l; 

if a;=-l, y = -5; 

if ir=-2, y = -7- 

The value of y in this equation evidently depends upon 
the value of x. 

74. A number or magnitude which may assume in any 
given process any number of values is called a variable. 
In the equation y = 2a; — 3, a?isa variable and also y is a 
variable. A number which retains the same value in any 
given process is called a oonstant. In the above equation 
— 3 is a constant and so also is 2. 

75. A variable which depends upon another variable 
for its value is called a funotion of that variable. In the 
equation y = 2ir — 3, yisa function of x. The area of a 
circle is a function of its radius. 

In the above illustration the pressure of aqueous vapor 
is a function of the temperature. 

76. Equations may be graphically represented. 

Take two straight lines in a plane, XX' and TT\ 
Fig. 1, at right angles to each other. These lines are 
called respectively the x-axiB and the y-axis. Their inter- 
section, 0, is called the origin. 

Take any point P in the plane and draw PM perpen- 
dicular to XX'^ and PN perpendicular to FJT'. The 
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distance of the point P from the line JTJT', i.e. PIST^ or 
its equal OM^ is denoted by a;, and the distance of the 
point P from XX' ^ i.e. PM^ is denoted by y. No 
other point in the plane is at the same distances from the 
two axes YT' and XX' . 

X is positive if measured in the direction OX, and nega- 
tive if measured in the direction OX' . y is positive if 
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Fig. 1. 

measured in the direction OP", and negative if measured 
in the direction OY' . In other words, distances measured 
to the right are positive, and distances measured to the 
left are negative. Distances measured upwards from the 
a;-axis are positive, and distances measured downwards 
from the a;-axis are negative. 

77. The four parts into which the plane is divided by 
the axes are called quadrants. These are marked I, II, 
III, IV, as shown in the figure. 
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78. To every point in the plane corresponds one value 
of X and one value of y. These values of x and y are 
called the ooordinates of the point. If the coordinates of 
a point are known, the position of the point is uniquely 
determined. Suppose, for example, the point a; = — 5, 
y = — 3 is sought. In order to mark it, measure 5 units 
on the a^axis to the left of the origin 0. Next, measure 
3 units downwards from the point — 5 on the a:-axis. 
The point jK", Fig. 1, is the point sought. K is obviously 
5 units to the left of YT^ and 8 units below XX^. 

Marking the position of a point when its coordinates 
are given is called plotting the point. 

79. Trace the graphs of 8 y = 2 a; — 8. 
In this equation, if a: = 0, then y = — 1 ; 

if a; = 1, then y = — J ; 

if a: = 2, then y = J ; 

if a; = 3, then y = 1 ; 

if a? = 4, then y = 1 J ; 

if a: = — 1, then y = — 1| ; 

if a: = — 2, then y = — 2 J ; 

if a: = — 3, then y = — 3. 

For shortness, these results may be tabulated as follows: 

a:= 0, 1, 2, 8, 4, ~ 1, - 2, -3. 
y=~l, -i, J, 1, If, -If, -2J, -8. 

To trace the curve, measure from the points 0, 1, 2, 8, 
etc., on the a?-axis — 1, — J, J, 1, etc., respectively, and 
mark in each case with a dot. Next draw a line through 
the dots (see Fig. 1). 
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It will be observed that the line is a straight line. In 
fact, every equation of the first degree represents a straight 
line. For this reason first degree equations are often called 
linear equations. 

The coordinates of every point on the line are values 
of X and y which satisfy the equation. 

Draw now the graph of another equation, 

a: + 2y = 12. 

Notice these two graphs intersect in a point. The co- 
ordinates of the point of intersection satisfy both equations 
and are consequently a solution of the system of linear 

equations, 

3y = 2a?-3. 

a; + 2y=12. 

80. Notation. The point (a, 5) means the point 
whose coordinates are 

2; = a, y = 6. 

EXERCISE 65 (a) 

Plot the points : 

1. (2,3); (4,1 J); (3^,1^). 

2. (-1,2); (-2,4); (-3, -4). 

3. (4, -3); (1.5,-5); (1, -2J). 
4.(0,4); (0,-2); (-2,0); (-5,0). 
Trace the graphs of : 

5. y — x\ y = a:+l; y = a; — 1; y = a; + 2; y = rr— 2c 

6. y = 2a;;y=2a; — l;^=2a: + l;y=2aj — 3. 

7. y = 4;y= — 3;a;=2;a? = — 3. 

8. a?=0; y = 0. 
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9. Draw the graphs of the simultaneous equations 
in Exercise 59, and determine in each case their point 
of intersection. 

10. Determine graphically the integral values of x and 
y which satisfy the equation, 

2a: + 3y = 18. 

11. A square whose side is 9 units is constructed so that 
two of its sides are parallel to the rr-axis and the other 
two sides are parallel to the ^-axis, and the intersection of 
its diagonals coincides with the origin. Determine the 
coordinates of its four vertices. 

12. Draw a straight line through the points (1, — 3) 
and (-3,2). 
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MULTIPLICATION. DIYISION. SYMBOLS OF AGGREGATION 

81. Example 1. Multiply a; + 6 by a: + 4. 

(1) Multiply a; + 6 by a;. 

(2) Multiply a; + 6 by 4. 

(3) Add the two results for the re- 
quired prodiict. 



a: 4-6 
a; 4-4 
^-{•Qx 
+ 4a; + 24 



ar2 4-10a; + 24 

Check, Take a? = 1. Then, 

(x + 6) times (a; + 4) = 7 x 5 = 35. 

aJ2 + 10a;4- 24 = 1 + 10 + 24 = 35. 

Qeometric Proof, 

Let AB = X. 

B0=6. 

Upon AC construct a rectangle ACBE so that CD=^ 
a: + 4. Make DE=4t and draw the lines BK^ HQ- at 
right angles to AO and CD respectively. 



C 



K 



t 




u 

X 


6 



B 
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Then, 
AODE = 


■ ix- 


f6)(a: 




+ 4). 
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ACHa = 


■■ x(x 


+ 6). 






aHI)E = 


.^(x 


+ 6). 






ABLa = 


a?. 








BCHL = 


Qx, 








aLKE = 


4x. 
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LHDK= 


4x 


6. 
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Also, ACDE^ACHa+aHDE 

= <^ABI/} ^BCHL) + (GLKE-^rLHDKy 

Hence, 

(a: + 6)(a; + 4) = a? + 6a; + 4a; + 24 = a:2 + iOa; + 24. 

Example 2. Multiply a: — 5 by a; — a. 
x — a (1) Multiply a; — a by a?. 

-T^^^ — , (2) Multiply a: — a by — 6. 

ar — aa; 

— 6a; 4- aJ (^) -^^^ ^^® ^^^ results for the re- 

x^-^ax-'hx^-ah quired product. 

Geometric Proof. 
Let -A-B = X. 

BC^a. 

Upon ^5 construct a square. Make LK= h and draw 
the lines KE^ CR at right angles to BL and J.-B re- 
spectively. 



Then, 
ACDE^(x-^a)(x--}>). 
ACEa = x(x-a). 
EDHa = h(x - a). 
^5iG^ = a?. 
BCEL = ax. 
LKEa = Sar. 
LHDK=ah. 

Also, ^ aZ>i? = ^ OH a - Jri> JSTG^ 

^(^ABLa-BCHL) 

^ABLa-BOHL 



H 



D 




x-a 


a 



6 



k; 



B 



(1) 



(2) 



(3) 
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Therefore, (a; — a) (a? — 5) = x^ — oa: — 5a; + a5. 

Note. The steps in the geometric proof exactly correspond with 
the steps in the algebraic process of multiplication. The geometric 
proof furnishes a justification of the Law of Signs in multiplication. 
For lines marked (1), (2), (3) represent, respectively, the following 
lines (4), (5), (6). 

(x — a) (ar — 6) = x (x — a) — 6 (x — a), (4) 

= (x^ — ax) — (bx — aft), (5) 

= x^ — ax — 6x 4- aft. (6) 

Note the signs of the products x by x, x by — a, — ft by x, — ft by 
— a. Note further the multiplication of x — a by — ft is performed 
by multiplying x — a by ft and then changing the signs of the terms 
of the product. Compare with definition of multiplication by a neg- 
ative quantity. 

EXERCISE 66 

Multiply : 

1. a; + 1 by a: + 2. 15. 5 a — 65 by 6 a- 5 6. 

2. a; + 3 by a: + 5. 16. 3 a— 4 (? by 3 a+7 c. 

3. a; + 2 by a; + 8. 17. 2 a — 5 c by 2 a + 5 c. 

4. a: + 12 by a: + 9. 18. 8 a + 5 (? by 8 a— 5 <?. 

5. a: + 6 by a? + 5. 19. 4 w + 6 »by 4 m— 8?i. 

6. a; + 7 by a; + 9. 20. 9 w— 4 why 3 w— 5n. 

7. a:-4bya;+2. 21. 7 <?-2 c? by 8 (?-3d. 

8. a;-8bya; + 3. 22. 4 5-5 c? by 5 6-8 d. 

9. a; — 9 by a;— 2. 23. 9 a— 2a? by 8a— 7a;. 

10. a; - 1 by a; - 6. 24. a^ + 6? by a^ + 2 ft2. 

11. a:-3bya;-8. 25. 4a2+562by6a24-362. 

12. a;-5bya;-5. 26. 7c2 + 4 by 7 c^— 4. 

13. 2 a - 4 by 2 a - 5. 27. 9 a^ + a; by 8 a? - a?. 

14. 3a-2by4a4-3. 28. 7a?^+3a; by Ga^-Sa:. 
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29. Ila?+^a;by5a?-4a;. 35. a^s + y^ by a^S-/. 

30. 6r^ + 3^by6a?-y2. 35. 2a?'-3fhy2a^+8i/^. 

31. 4a2-962by4a2+962. 37. rr^ + ya by 2:2^^2. 

32. Sa?-n^hy2 2?+Sn\ 38. a^-lbyrc* + l. 

33. ic* + 1 by a; + 1. 39. a^ + y* by a^ - y*. 

34. a^ — a by a — 1. 40. a' — a by a^ + 1. 

82. Multiply nfl + xt/^ — a^^y — y^ by a: + y. 

afi — ^y + xy^ — y^ 

g + y 

a^ — a;®y + a^^y^ — x\^ 

+ g^y — a^y^ + xj^-'j^ 
a^ — y* 

(1) Arrange the terms according to the descending 
power of the leading letter a:, Le. write first the term con- 
taining the highest exponent of a:, then the term contain- 
ing the next highest exponent of a;, and so on. 

(2) Multiply the multiplicand by x. 

(3) Multiply the multiplicand by y. 

(4) Add the partial products. 

EXERCISE 67 

Multiply : 

1. a? -h a; -f- 1 by a; - 1. 5. a:^ ^ 3. _ 2 by a? — 2. 

2. a;2_a.^_iby a;-f-l. 6. a:2_ 2 a;- 3 by a:-f- 3. 

3. a^ + xy + y^hjx — y. 7. 2 ar^ 4- 5 a; -1-2 by 2 a; — 1. 

4. a? — a;y -f-y^ by a;-l-y. 8. 3 a?— 7 a; -f H by 3 a;— 2. 

9. 4 a?^ - 6 a;y 4- 9 y2 by a; -f- 2 y. 
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10. aj* + a? + lbya?-l. 14. a^+Sa^ + 2hj a^+S. 

11. ai^-x^ + lhy 3^+1. 15. 3fi + 2a^ + 5xhyx-'5. 

12. a*+a2624.J4bya2-62, 15. a?-4a:y+4y2by a:~2y. 

13. a*-a2i24. J4bya2+62. 17. rra-4ajy+4y2by a:+2y. 

18. ar^-6a?y+9y2bya:+3y. 

19. 4a:2_i2a;y4.9^by 2a:-3y. 
ao. 9a?-6a;-lby 3a:-.2. 

Simplify : 

21. (l-a;)(l+a:)(l+a;a). 22. (a-J)(a+J)(a2+6^. 

23. (2a;-l)(2a:+l)(4a? + l). 

24. (3a; + y)(3a:-y)(9r2 + y2). 

25. (3^ + t/^ + xy'-z + t/ + l)(x-'f/ + iy 

83. Division of integral expressions. 

Mcample 1. Divide 7a;— 7a? + 15 + aj*byrr— 8. 

a? — 4a; — 6 
a;_3)a^-7a« + 7a; + 15 
a;8-3a? 



-4a:2+ 7^ 



-5a; + 15 
-5a;+15 

A^iCejt? 1. Arrange the terms of the dividend and divisor 
according to the descending powers of x. 

Step 2. Divide the first terra of the divisor, a:, into tlie 
first term of the dividend, a?^ and write the result, x^^ as 
the first term of the quotient ; multiply the divisor by a;2 
and subtract the product from the dividend. 
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Step 3. Take down the next term, 7 x. 

Step 4. Divide a:, the first term of the divisor, into 
— 4 a?, write the result, — 4 a;, in the quotient, multiply 
the divisor by — 4 a; and subtract. 

Step 5. Divide x into ■— 5 a: and proceed as before. 

Example 2. Divide a:^ — Sy^bya: — 2y. 

a? + 2 a:y + 4 y2 
a:-2y)a:»-8y» 

afi— 2a^y 

2xhf 

2 x^y — 4 xy^ 

4 a;y2 — 8 y'^ 
4 xy^ — 8 y^ 

EXERCISE 68 

Perform the following indicated divisions : 
^ a;a-3a;4- 2 ^ a;g + 3a;y- 18y» , 

^ ,. .,. . ^ . 12 gg ~ 17 a5 + 6 ftg 

^- "^ ^* 3a-26 

6a2_23a6 + 20J2 





x-1 


a? 


— 4x + 4 




x-2 


a?- 


-5x + 6 




x-8 


flS 


-7a6 + 6J« 




a-b 


€?■ 


-8ai + 15J« 




a-36 


a»- 


-5a5-146a 




a + 2i 


(»- 


-7crf-8(P 



3. .^ ' 10. 



11. 



5. ^^^ ^^^=^^^:V-^^ 12. 



6. ^ ^. ^- 13. 



8a-46 

20ag-7a5-6y 
5a + 2b 

21ag+29a6--10 6g 
7a-26 

9^-4^^ 
3a-26 * 



7- PT-^; • !*• -1 ^' 

c— 8a 4a; + y 



5a!- 


1 


cfi — a 


^ 


a-1 




4aJ»- 


X 



16. ?. 29. 
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15. —z T-' 28. • 

iC — 5 

2J-2 

17. — • 30. — r-» 

2a;+l a — 1 

18. ; —-I . 31. '-—rr* 

4a;-3 a;-2 

,^ 6a:8-f2a?-20a: ,^ a^-^il 

X9. _ ■ ■ 32. _ -• 

2x + 4: X + Z 

2a;-f3 a + h 

^, 12a8-9aa6-80aja ^, 8a^-125y8 

21. ; rrr; • 34. — -r ^ - ^ • 

4a + 56 2a;— oy 

22. ' • 35. • 

5 m — 2 n 3 a — 4 6 

^3 a^-5x-^2^ ^ 125^ + 211. 

5x + i/ 
«. - " — «« 216a^-348y« 

24. • 37. ^* 

bX" 7 y 

25. 7^ • 38. z • 

a — (? 

Qfi + Qfl — X— 1 

x + 1 
^„ ^-^^^^ ^ a:8-f 3g 8-9a;-27 

27. • 40. 

X'\-4t a?-9 





x-2 


a*- 


-4a;-16 




x-Z 


a»- 


- 7 a + 36 




a + 4 


cfi 


-lla-6 




a + 3 


a?- 


-a; 4- 60 



26. r: -• 39. 



DIVISION 139 

Divide l + 8y8byl + 2y. 

l-2y + 4ya 
l + 2y)l + 8y8 

i-h2y 

~2y 

4yg4-8y8 

The terms are here arranged according to the ascending 
powers of y. If the terms were arranged according to the 
descending powers of y, the quotient would be the same. 

EXERCISE 69 

Divide : 

1. l-a:8byl-a?. 5. 27 + 6»by8 + 6. 

2. l+ofihyl+x. 6. 16 -a* by 2 -a. 

3. 1 — a^ by 1 — ic. 7. 81 — a?* by 3 — a;. 

4. 8-a8by2-a. 8. 8-f4a;- 2a:8 by 2-a;. 

9. 21 + 20a;-3a:8by 3-2:. 

10. 16-20a; + a:8by4-a?. 

11. 1 + a2 4- a* by 1 — a + a'. 

12. l + 2a24-9a*by l + 2a + 3aa. 

84. Symbols of aggregation. 

Parentheses have already been used to denote that the 
quantities enclosed by them have to be taken as a whole. 
For example, a — 2(6 — c) implies that twice the difference 
between h and e is to be taken from a. 
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There are other symbols to denote that expressions 
have to be considered as a whole. These are the square 
brackets [ ], the braces { }, and a horizontal line drawn 
above an expression. The last is used most frequently in 
connection with the radical sign. For example, V^ « 
means that a is to be multiplied by the square root of 5. 
\/6a means the square root of 5 times a. ^a -f h means 
h is to be added to the square root of a. s/a + h means h 
is to be added to a and the square root of the sum then 
t^ken. 

Example 1. Simplify 5a— {2a — (a — 4)}. 

Here the quantity within the brace is to be taken from 
5 a. The quantity within the brace is the remainder 
obtained by subtracting a — 4 from 2 a. 

Hence, 6a — {2 a — (a — 4)} = 6a — f2 a — a4-4| 

= 6a — 2a + a — 4 
= 4a-4. 

In this solution the inner symbol is first removed and 
then the outer one. The outer symbol might be first 
removed and then the inner one. 

Two quantities are to be subtracted from 5 a. One of 
these is 2 a and the other is — (a — 4). Hence, according 
to the rule for subtraction, 

5a-{2a-(a-4)} = 5a-2a+(a-4) 

= 6 a— 2a-ha — 4 

= 4a-4. 

The latter method is the shorter. 
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EXERCISE 70 

Simplify by i:emoving symbols of aggregation : 

1. 11 -(9 -3). 

2. 13-(9-4)-(6-8). 

3. 15 -(11 -7) + (7 -12). 

4. 20 -(16 + 6) + (12 -3); 

5. 18- {19 -(6 -4)}. 

6. 27-{144-(9-3)-(2-.7)}. 

7. 32 + {(8-5)-(15-28)J. 

8. 2 a- 6 -{a -(6 -2 a)}. 

9. 4a + 6-{2La — (a — 6){. 

10. 7c + d4-{4<?-(6<? + rf)}. 

11. (a + 6)-{(2a4-6)-(a-2J){. 

12. ic + y-{3a;-y + (x + 2y)}. 

13. (w4-n) + {(2w + 3w)-(3w-4w)|. 

14. (4w + w)-{4 7w— 3(m-n)|. 

15. 2(m4-4w)-{67n4-3(w-m)|. 

16. 4(5-y)-{2(y-a:)-3(a;-2y)}. 

85. Parentheses written in succession without connect- 
ing signs indicate multiplication. Thus, 

(a+6)(t? + (f)(w-(?) 

means the continued product of a 4- J, c + d^ and m-^c. 

(— a)2 means minus a multiplied by minus a. 

(a -f by means (a + 6) times (a + 6), or the square of 
(« + 6). 
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86. In a series of indicated operations involving addition, 
subtraction, multiplication, and division, the multiplicatioius 
and divisions are performed first and then the remaining 
operations. 

Example 1. Find the value of 

74.4-3x5 + 16-1-8. 

Performing the multiplication and division, we have 

7 + 4-16 + 2. 

Combining these, the result is — 2. 

Example 2. If a = 2, 6 = 3, find the value of 
- ^2 + (_ j)2 _ (_ ^)(_ 6) + 2 a5. 

Substituting 2 for a and 3 for J, the expression becomes 
_22 + (-3)a-(-2)(-3) + 2x2x3 = 

« 

-.4 + 9_6 + 12 = ll. 

EXERCISE 71 

Perform indicated operations : 

1. (_l)(-2)(-3)(-4). 11. (-a«)». 

2. (_2)(-3)(-6). 12. (-jac)«. 

3. a2 + (-«)». 13. (-aV)«. 

4. a«-(-^a)«. 14. (-3a8J2)8. 

5. (-a)a-a». 15. (a-J)«. 

6. ( - a)«+ aK 16. (a - 2 tf)«. 

7. (_a)8_a«. 17. (a _}_<.)«. 

a (_a2)(-a)«. 18. (pfi-x-lf. 

9. (-a)8(--a)8. 19. (a2_2a + l)a. 

10. (-a) (-«)"(-«)». 20. C^-fy. 



21 



24 
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If a = 3, 6 = 2, find the value of : 

(a4-J)(a — J). 30. a2 — (a4-J)(a — 5). 

(2 a- 3 6)2. 31. h^-Qa-bXa + b)' 

(a -2 6)2. 32, a8_(«_.J)8. 

^(^ + *)^- 33. (a2 + 62)(a2-J2). 

3(3 6-a)2. ^ (^a^ -{• abXa"" - aby 



27 



(a2-J2)(«_j). 

a2 + 62 

a^^t^' 37. a% — al^. 



35. aJ(a — 6). 

36. a6(a + 6). 



(aJ + 6)(a6-6). 38. ab\a^-b^). 

Selecting arbitrary values of a and 6, show that : 

39. (a + J)2=a2+2a6 + J2, 

40. (a-6)2 = a2_2a6 + 62. 

41. a2-62=(^4.5)(^_5), 

42. a8-J8^(a-J)(a2-faJ+J2). 

43. a8 4-6^=(a + S)(a2-a6 + 62). 

44. a2_|.j2=(^ + 5)2_2ai. 

45. a2 + 62 = (a-6)2H-2a6. 

46. (a-6)8 = a8-&3-3a6(a-6). 

47. (a4-&)^ = a® + J»4-3aJ(a + J). 

48. a^ + a^'^ + b^=(ia^ + ab + bl^){a^-'ab + h^). 

49. a2 ^ J2 = J(^ 4. J)2 + J(^ _ 5)2. 
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IMPORTANT IDENTITIES 

87. Multiply a + b hy a + b. 
a + b 

a + b The required product is the sum of 

a^ + ab a(a + 6) and b(a + 6). 

+ ab^l^ 



a^ + 2ab + V^ 
Hence, (a + by^a^ + 2ab + V^. 

Hence, The square of the sum of two numbers is equal to 
the square of the first number plus twice the product of the 
first number and the second number plus the square of the 
second number. (I^ 

Q-eometric Proof. 

Let AB^ a. 

BC^b. 

Upon AC construct a square ACDE^ Fig. 1. Make 
J)Gf' = b and draw the lines BK^ G-H at right angles to 
£j K ^^ AO djidi CD respectively. 

h Then, A ODE = (a + by. 

Hi tA \^\ AOCrE=a(a + b^. 

E:ai>E=: b(a + 6). 







M 
a 


& 



' a 



B 
Fio. 1. 



ABMH= a«. 
MGI>K= J2. 
HMKE=ah. 
BCaM= ab. 



Also, 



A ODE = A OaH+ SaDE 
= <iABMH+ B CaM-) 4- (HMKE + MaBET). 
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Hence, (a -h J)^ « a« + ai + a4 + ja « a^ + 2 aJ + ja. 

Point out the correspondence between the steps in the 
geometric proof and the steps in the algebraic process of 
multiplication. 

88. Multiply a — 6 by a — 6. 
a — h 



cfl — ab 
a2-2aJ + 62 



The required product is the differ- 
ence of a(a — 6) and 6 (a — 6). 



Hence, The square of the difference of two numbem is 
equal to the square of the first number minus twice the prod- 
uct of the first number and the second number plus the 
square of the second number. C-^-^^ 

Geometric Proof, 

Let AB = a. 

BG^h. 

Describe a square upon AB and also upon AO^ Fig. 2. 
Prolong OH, FH. ^ K ^ 

Then, A(7ffP=(a-6)a. 

ABaF=a(a-l)). pi i \ ^^ 

CBaS^bQa^b). 

ABDE^aK 

CBDK^ab. 

FaDE^ab. Fig. 2. 







H 

a- 6 


h 



B 



a-6 
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Also, ACHF^ ABGF^ CSaH 

= {ABDE - FaDJE) - ( CBDK- HaDK^ 
= ABLE ~ FaDE - GBBK^ HaBK. 

Hence, (a - 6)2 = a2 - aJ - ai + 6^ = a^ -2 aJ 4- J^. 

Note. The steps in the geometric proof exactly correspond with 
the steps in the algebraic process of multiplying a — hhj a — h. This 
proof illustrates the truth of the Law of Signs in multiplication. 

89. Multiply a + 6 by a — J. 
a + h 

a — b The required product is the differ- 

a^ + ah ence between a(a + 6) and h(a + 6), 

a^ -62 

Hence, The product of the sum and difference of t'wo 
numbers ia equal to the difference of the squares of the 
numbers. C^-'^-^^ 

Q-eometric Proof. Let AB = a, 

BO^b. 

Upon AB describe the square ABKE^ Fig. 3. Make 
Ed = 6. Draw &H, OB at right angles to AE and AO 
respectively ; prolong EK. 

Then, AGHQ = (a + 6) (a - 5) . 



K 













L 






a 


h 



0-6 



B 
Fig. 3. 



ACBE^a(a + h^. 
aHBE^b(a + b^. 
ABKE=a\ 
BGBK^ab. . 
aLKE^ab, 
LHBK^ 62. 
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Alao, AOna = ACBE - aHDE . 

= (JLBKE + BCDK) - ( aLKE + LHDK^ 
= ABKE+ BCDK- QLKE- LHDK. 

Hence, (a + i)(a- 6)= «« + aft - aJ - J^ = a*- ja. 

Example 1. Expand by statement (I) 83^. 
Soi^UTiON. 83» = (8.0 + 3)» = 802 + 2(80 x 3) + 8« 

= 6400 + 480 + 9 = 6889. 

Example 2. * Expand by statement (II) 67*. 
67« = (70 - 3)» = 70» - 2(3 X 70) + 8« 
= 4900 - 420 + 9 = 4489. 

Example 3. Multiply 43 by 37. 
48 X 37 = (40 + 3) (40 - 8) = 40" - S^ = 1600 - 9 = 1691. 







EXERCISE 72 








Expand by 


statement (I): 






1. 


322. 


8. 932. 


15. 


(2 a? + 3 6)2. 


2. 


43a. 


^9. (a:-f4)2. 


16. 


(5 a; + 4 J)2. 


3. 


532. 


10. (2:4-10)2. 


17. 


(a^ + a:)2. 


4. 


622. 


11. (2x'\-iy. 


18. 


(2a? + a;)2. 


5. 


742. 


12. (3 a; + 2)2. 


19. 


(3z2 + y2)a. 


6. 


822. 


13. (a; + 2a)2. 


20. 


(4a« + 3J2)«. 


7. 


912. 


14. (2; + 4a)2. 
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Expand by statement (II): 

21. 18«. 28. SIK 35. (5 a; -2)2. 

22. 29a. 29. 992. 36. (l-2a6)2. 

23. 37a. 30. 972. 37. (l-a?)2. 

24. 482. 31. (a: -1)2. 38. (6 - y2)2. 

25. 59a. 32. (a;-3)2. 39. (5 a; -2 2^2)2. 

26. 662. 33. (2 a: -1)2. 40. (6a:y-a:)2. 

27. 782. 34. (8 a; -2)2. 

Expand by statement (III) : 

41. 18 X 22. 47. 191 X 209. 

42. 28 X 32. 48. (x + a)(a; - a). 

43. 39x41. ^49. (a; + 4y)(a; — 4y), 

44. 79x8L 50. (9a: + ll)(92:-ll). 

45. 88 X 92. 51. (xt/ + x) (xy — a;) . 

46. 189x211. 52. (3a?+7a:)(3a?-7a;). 

For other important identities, see page 143, examples 
42 to 50 inclusive* 



CHAPTER VIII 

FACTORS. FRACTIONS 
EXERCISE 73 

Factor : 

1. <fi + 2a. 7. a^ — J^-— A?. 

2. a:^ — a?. 8. a? — -• 

3. ax-\-hx* 9. m^ — Jw. 

4. aa^4-«i5*. 10. ^cm—^cn. 

5. a!? — a^ — x. 11. 3a;^--6a^. 

6. a:y + iC2 — a?w. 12. 12a^— 18«^. 

90. The square of a sum. 

Since (a + 6)^ =: a* + 2 oJ + 6^» hence, any trinomial 
expression consisting of the sum of the squares of two 
quantities plus twice their product can be resolved into 
two equal factors, each of which is the sum of the two 
quantities. 

Example l. Factor 9 a? + 30 a:y 4- 25 j^. 

9a? = (8a;)a. 
25y2 = (5y)». 

80a;y = 2(3a;x6y). 

Therefore, 9 a? + 30 a;y + 25 y^ = (3 a; + 5 y)^. 

149 
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EXERCISE 74 

Factor : 

1. a:a + 2a; + l, 11. 49a^ + 14tab + l^. 

2. s^ + ^x + i. 12. 64a2 + 48a6 + 962. 

3. a? + 10a; + 26, 13. 81 a^ + 86 ab+^V^. 

4. a2 + 14a + 49. 14. 100 a^ + 140 a6 + 49 J^. 

5. a2 + 20a + 100. 15. €fi + 2a^ + l. 

6. 4a? + 42;y + ^. 16. 2^ + 2 a^y^ '\- 1/^. 

7. ds^ + Qxy-htf^. 17. 9a^+6a?y2 + y4. 

8. 16a? + 24a;y + 9ya. 18. l&a^ + 8a? + l. 

9. 25a? + 20a;y + 4y2. 19. 4 + 28a2 + 49flt*. 
10. 25a:a + 40ary + 16y8. 20. a:^ + 4a? + 4. 

91. The square of a difference. 

Since (a — 6)^= a^— 2 aJ + 6^, a trinomial consisting of 
the sum of the squares of two quantities diminished by 
twice their product can be resolved into two factors, each 
of which is the difference of the two quantities. 

Example 1. Factor 16 a^ - 24 x^t/^ 4- 9 y*. 

16 a^ = (4 2^y. 
9/ = (3y2)2. 

- 24a?y2= -2(4a? x 3y2). 
Therefore, 16 a^ - 24 a?i/2 + 9 ^^ = (4 a? - 3 y2)2, 

EXERCISE 75 

Factor : 

1. 4a::2__4^^.1, 3. a? — 2 ajy + y^. 

2. 9a?-6a; + l. 4. 16a:2_ 8a;y 4 y^. 
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5. 25a?-80a?y + 93/*. 9. a^-4a?y^ + 4y*- 

6. 81a2-90ai + 2562. lo. afi-^a^ + d. 

7. 100aa^60a4 + 962. u. 121 a^ - 182 <iJ + 86 J^. 

& 144w2-168ww + 49»a. 12. 169 tf* - 180 a^J^ + 25 6*. 

92. Difference of two squares. 

Since (a + 6)(a — 6) = a^ — 6^ hence, the difference of 
the squares of any two quantities equals the product of 
the sum and the difference of the two quantities. 

Example l. Factor 81 a? — y*. 

81a:a = (9a;)a. 

Hence, 81 a? — y* is the difference of the squares of the 
quantities 9 x and y^, and consequently 

81a?-y* = (9ic4-J^(9a:-y«). 

^ EXERCISE 76 

Factor : 

1. a?-l, 11. 64ya-9a^. 

2. a2-4. 12. 100a:»-l. 

3. 62-9. 13. 144y2-25i^. 

4. aa-36. 14. a2J2-49A 

5. a2-64. 15. a?*-25y8. 

6. wa-100. 16. 6* -121 A 

7. 4a:a-25. 17. 25(?*-16#. 
a 9a:a-49. M. 169tf*-ft*. 
9. 16 a? -81. 19. 400 -a?*. 

10. 25 a?- 86 y". 20. 900 -<K*. 
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21. 1600 -ar^. 24. 4aj2-f 

'^1 26. a? --5. 

23. a? - J. a? 

Find the value of : 

27. 43»-37». 

438 _ 37« = (43 + 37) (43 - 37) = 80 x 6 = 480. 

28. 67«-53». 33. 852 -5». 

29. 82a-18«. 34. 95a -5». 

30. 79»-2ia. 35. 73»-27a. 

31. 942 -86«. 36. 91»-9»., 

32. 75a -5». 

93. Trinomials. 

Multiply (x + 8) by (x + 8). 

a? + , 8 
« + 3 



«a+ 8a; 

3a; + 24 

a;3 + 11 X + 24 

Multiply (a; - 8) by (a; - 3). 

a; — 8 
a; - 3 

a?- 8a; 

- 3 a; + 24 
a? -11 a; + 24 

Hence, a? + 11 a; + 24 = (a; + 8)(a; + 3). 
3? - 11a; + 24 = (a; - 8)(a; - 3). 
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The product of two binomials having a oommon term equals 
the square of the oommon term, the algebraic sum of the other 
two terms Into the oommon term, and the product of the other 
two terms. 

Mcample 1. Factor 2;^ + 12 rr + 32. 

The first term of each of the two factors is x^ the other 
terms are the factors of 32 whose sum is 12. By trial these 
factors are found to be 8 and 4. 

Hence, a? + 12 rr + 32 = (re + 8)(rr + 4). 

Example 2. Factor a? — 10 a; + 9. 

The first term of each factor is x. The other terms are 
the factors of 9 whose sum is — 10. Since the sum of the 
factors of 9 is negative and their product is positive, both 
must be negative. By inspection these factors are found 
to be — 9, and — 1. 

Hence, a?-10a; + 9=(a;- 9)(a; - 1). 

EXERCISE 77 

Factor : 

1. a?-|-3rr+ 2. 9. ai^ + 9 a; + 20. 

2. a? + 5 a; -I- 6. 10. a? + 11 a; + 30. 

3. a? -I- 7 a; + 12. IX. x^ ■{- 11 x -^ 19^. 

4. a? + 8 a; + 12. 12. a:" + 11 a; + 28. 

5. a:" + 13 a; + 12. 13. a? - 6 a; + 6. 

6. a? + 15 a; f 66. 14. a? - 7 a; -I- 10. 

7. a? +6 a; -I- 9. 15. a:" - 10 a: -|- 25. 
a 2? + 8 a; + 16. 16. a:" - 12 a; + 36. 
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17. a^- 18a; + 42. 26. 0*+ 16«2 + 86<P. 

18. 2? - 28 rr + 42. 27. m* - 16 mn + 48 n*. 

19. a? - 27 a; + 60. 28. m* - 18 mn + 72n*. 

20. a?- 28a; +52. 29. «« - 21 aft + 90 8*. 

21. a? -19a; + 60. 30. ;?2 _ 21;?j + 983^. 

22. a?-22a; + 72. 31. J3+29fttf + 204A 

23. aa-25a + 24. 32. J3 « 82 6(? + 240 A 

24. aa-33a + 90. 33. J3 _ 27 5(? + 182 A 

25. aa + 14aft + 24J3. 34. a;^ _ 29 ay + 210 j/S. 

94. Multiply (a;+8) by (a;- 8), also (a:- 8) by (a;+8). 

a; + 8 a: — 8 

X -8 X +8 

a? + 8a: a^-8a; 

- 3 a; - 24 + 3 a; - 24 

a;2 + 6a;-24 a?-6a;-24 

Hence, the product of two binomials liavlng a oonunon term 
equals the square of the common term, the algebraic sum of 
the other two terms multiplied by the common term, and the 
product of the other two terms. 

Example 1. Factor a? — a; — 72. 

The first term of each of the two factors is a;. The other 
terms are the factors of — 72 whose algebraic sum is — 1. 
These are found by trial to be — 9 and + 8. 

Hence, a^ - a? - 72 = (a; - 9)(a; + 8), 
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EXERCISE 78 

Factor : 

1. a? + 2 a; - 16. 13. re* 4. ^j - 42. 

2. ix^ + Sx^2S. 14. afl + x-90. 

3. rc2-8rr-28. 15. 2?-llaJ-12. 

4. rc24.4a._6. 16. a? + 11 a; -12. 

5. aj^ + 4 a: - 12. 17. a? - 10a: - 24! 

6. a!^ - 4 a; - 12. 18. a? + 4 a; - 117. 

7. a? + 6 a: - 86. 19. a? - 6 a; - 84. 

8. a? -6 a: -60. 20. a:* + 7 a: - 60. 

9. a? - 6 a: - 7. m. a? - 10 a: - 96. 

10. a? + 7 a: - 18. 22. a? - 9 a: - 90. 

11. a;? - 7 a: - 18. 23. a? - 6 a: - 135. 

12. a? - a: - 80. 24. a* + 5 a - 104. 

95. Example 1. Factor 12 a? -28 a; + 10. 

12a?-28a:+10 = ^(12a?-23a: + 10) (1) 

(12 a:y- 28(12x^+120 ,on 

12 ^^ 



(12a;-8)(12a;-15) 
12 



(8) 



^ 4(8a:-2)>3(4a:-6) ,.. 

12 ^^ 

= (8a:-2)(4a:-5). 

Check by multiplying the factors, or by assuming any 
value for x. 

Multiply the terms of the expression by the coefficient 
of Q^ and divide by the same coefficient. Doing so, we 
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have line (2), which is of the form «* — 23 8 + 120, whose 
factojM are (« — 8), (« — 16). Hence, we have line (S). 
Tke remaining steps are obvious. 

Sample 2. Factor 8a?-10a;-8. 

8a?-10»-8 = f(82:a-10a:-8) 

_ (8rg)2~10(8a:)-24 

8 * 

(8a;-12)(8a;-f 2) 
"" 8 

^ 4(2a;-3)'2(4a; + l) 

8 

= (2a;-8)(4a: + l). 
Check. 8(2a)-10(2)-3=(2x2-3)(4x2 + l) 

82-20-3 = 1x9. 

EXERCISE 79 

Factor : 

1. 8a? + 17a; + 20. 9. Ga^-^-Sx-G. 

2. 2a? + 5x + 2. 10. 12a!2-a;-6. 

3. 2a:2 + iia.^6, 21. 14 a? + 69 re - 18. 

4. 2a:2^i5a. + i8. 12. 4a:2 + 23a;-36. 

5. Sa^-^lSx + d. 13. 2a!2 + 16a:-8. 

6. 6a?-17rc + 6. 14. 4a?-17a; + 4. 

7. 12a?-19a; + 4. 15. 2a? + 13rc-7. 

8. 10a?-29a: + 10. 16. Sa^-^Ux-lS. 

96. Lowest common multiple. 

By a oommon multiple of two or more expressions is 
meant an expression that contains each of them exactly. 
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The lowest oommon multiple of two or more expressions 
is the expression of lowest degree that is a multiple of 
each of them. 

Lowest common multiple is denoted by the letters 
L. C. M. 

■ 

Example 1. What is the L. C. M. of 12, 18, 60 ? 
Resolve the numbers into their prime factors. 

12 = 22x3. 

18 = 2x32. 

50 = 2 xSa. 

The L. C. M. must contain every one of the factors of 
the numbers, each factor affected with the highest expo- 
nent which it has in any of the numbers. Hence, the 
L. C. M. of 12, 18, 60 is 

22 X 32 X 6*, or 900. 

Example 2. Find the L. C. M. of (fiV^^ a% affix. 

Here the different factors ar^ a, 6, x. The highest 
exponent of a is 3, of i is 3, and of x is 1. Hence, the 
L. C. M. is cfilfix. 

Example 3. Find the L. C. M. of Ga^t/^ Sxy, 12a^y«. 

The L. C. M. of 6, 8, 12, is 24. 

The L. C. M. of cfit/^^ xy^ a^y^, is a^y*. 

Hence, the required L. C. M. is 24a^y*. 

EXERCISE 80 

Find the L. C. M. of : 

1. aft, a2(j, (Jlfie. 3. ^y^^ ofl^^ afiy^. 

2; ofly^ xy^^ sfi. 4. 2a?y, Sxy^. 
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m 

5. 9x, 12xy, 6a^. 9. 12a?, 18ay, 24!cy». 

6. 8a!*, 7y«, 14ay. la 14a»J», 21fflJ«, 7a*. 

7. Sx, 9a!», 12 «y. 01. 8 a?/, 10aV» 20 y*. 

8. 10*a, 16 J», 6 aft. la. 4aJ», 6a*J, 8««». 

97. Example i. Find the L. C. M. of a?- 1, 2?- 3 a; + 2. 

3?-l = (a; + l)(a!-l). 

a?-3a! + 2=(«-2)(a;-l). 

Hence, L. C. M. is (x - 2) (a: - 1) ix + 1). 

To find the L. C. M. of two or more polynomial ezpras- 
sions, first, factor the ezpreaaions ; aeoond, take the produot 
of every one of the different faotora, each factor being 
affected with the highest exponent it has in any of the given 
ezpreaaiona. 

EXERCISE 81 

Find the L. C. M. of : 

1. a?, rr + 8. 9. a? — 4 a?, a:^. 

2. 3a;, a; + 2. 10. a?- 7a; + 10, a?-6a; + 5. 

3. 2a;, a;— 1. U. a? — y^, nfi—bxy + ^r^. 

4. 8a:, a;-8. 12. a?-4y^ a? + bxy + %j^. 

5. a? — 1, a? — aj. 13. 1 — a?, a; — a?. 

6. a? + 2a;, a? + 8a; + 2. 14. l-4a;2^ (l-2a:)«. 

7. a? + 3a?, a? + 4a; + 8. 15. 9a!^-l, (3a;-l)2. 

8. a;^-2a;, a?. 16. a;^-16j^, a?-8a:y + 16ya. 
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FRACTIONS 

98. Reduction of mixed quantities to fractions. 
Example 1. Express as a fraction 5 — |. 

5^5x4^20 



Hence, 6-§=.?5«§= 20-3 = 11. 
'444 4 4 

<% 

Example 2. Express as a fraction a — 6-1 — ' — r* 

a + 6 

a + b 

m 

Hence, a-i + -^= <^-^)<f + ^) + -^ 

a + 6 a + 6 a + 6 

a+6 a+6 

a; + 1 
Example 3. Express as a fraction 1 — « 



Hence, 





1= 










1- 


«" + ! 










« 




a? + l- 


-«-! 


a*- 


-a? 



rc^ + i a:2 + i 

To sabtract two fraotioiui haviag the same denominator, 
■ubtraot their nnmeraton and write the result over the oom- 
mon denominator. Henoe, in an ezeroise like Example 3 
above, when a minus sign precedes a fraction, the signs of 
terms of the numerator must be changed. 
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EXERCISE 82 

Express as a fraction : 



1.1- 



.^a^ + ja 



x+1 a+ b 



2. l^ejzl 10. 2^ + x + l^ ^ 



a + b a?— 1 

3. a-\ =• 11. 4 — —' 

a + b a + b 

4. x-1 1-. 12. -1 + ^^. 

X + 1 x + iy 

5. a — 6 — • 13. wi — 4 + 



a — 6 m + 8 

6. a!^-rr + l + -^^ 14.-2+ * 



x + 1 2-a 

7. m — 2 n H ;r— • 15* a? — 6 — 



m + 2n a; — 5 



. a? — a^vH ^* 16. — a: + 6 — 



36 



x + f/ 6 — a? 

99. Addition and subtraction. 

To add two or more fraotiona, firat, reduoe the frabtiona to 
equivalent fraotiona having the aame denominator ; aeoond, 
add the numerators and write the sum over the oommon 

» 

denominator. 

To aubtraot one fraction from another fraction, first, reduoe 
them to the same denomination ; aecond, aubtraot the numera- 
tor of the subtrahend from the numerator of the minuend, 
and write the reault over the oommon denominator. 
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Example 1. Simplify — ^"" » 

X flJ+ o 

The L. C. M. of a: and a: + 3 is jr(jr + 8). 

a? x(jc + 8) 

a; - 2 _ a;(a; - 2) 
a;+8 a:(a; + 8y 

Hence, 

2 a;-2 ^ 2(a;4-8) a?(a;-2) ^ 2(a?+8)-a?Cg- 2) 
X a?+8 a;(a; + 3) a:(a; + 8)'^ a;(a; + 8) 

^ 2a; + 6-a;^+2a; _ 4a?-a;^ + 6 
^ a;(a: + 3) a;(a;+3) 

In actual practice the work is shortened as follows : 

2 X'-2 _ 2x + 6-x^ + 2x ^ ^x-Qfl + 6 ^ 
X x + S a;(a;+3) a;(a? + 8) 

X is contained in x(x + 8), a; + 3 times ; multiply a? + 8 
by 2 and write the product, 2a: + 6. a: + 3is contained 
in x(x + 8), X times ; multiply a; by a; — 2 and change signs 
of the terms of the product. Then combine like terms. 
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Simplify : 

^ 2a;-.l , 2a;-8 , 8 . ^^ , 8a; + 4 8a;-l 
'• -r- + -6-+10- •• ^^ + -6 8-' 

a o t-"" ■ v" — ^- « , Jg — 1 a!-2 
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X , a; — 4 ,^ a , 4a — 6 2a — 76 

7 14 6 56 86 

^5 10 6 36 26. 

8rr 2x 2a?-l rr+2 3-a; 2-rr 5 + 8a; 

• 2 6 10 16 * • a; 2x %x ' 

_. 8a;-2 2^-4 , 7a; + ll 



14. 



15. 



8rr 42; 6a; 

9a;-6 8a;-7 2a:4-8 

•OB^-i^^^Ma^B ^^ ^^BasnaaBa^ aa^ ^_^^— ^__^BBB. 

5 a; 6 a; 10 a; 

7a + 9 9a + 4 24a-12 
8a 8a 24a 



,^ a-6,6c-6« ,^ 8a;-6y 9y-7a; 
16. h • 18. — ^ ^ • 

a ac 2x Of/ 

17. ^^-SjzA. 19. 4a;-7y ^28a;-8y 

x y 8y 12 a; 

ao. a? + a ^ y + 6 2a;y + a3^ + 6a? 
X y xy 

^ a;-2 2-y a^ + y^ 
y X xy 

X— 8 _ a; + y __ 6a?— aa; 
a 6 a6 

26. i-- ^ 



a; a; + l 8a; 8a; + 7 

24. 1—1. 27. 5 ^. 5 



a;-l a; + l 2a; 2a; — 7 

25. £±l-£ia. 28. A- 2 



a;— 1 a; + l 4a; 4a; + 6 
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^ 7 7 * ^ a b, ab + l^ 

29. r • 32. ' h 



a: — 4aj a + b a a(^a + b') 

^9 9 „ a ^ b aa-8Ja 

30. 7 7» 33. r H r 5 rr— 

rc — 4 rr + 4 a— 6 a+6 a^—cr 

31. ^- 34. -H — - — -— 

x^i/ X X aj + 8 ar + ox 

100. Multiplication and division. 

Example 1. Multiply 1 -I- - by ^^• 

X ox 

(1) Reduce 1 +- to a fraction. 1 + 1«^±1. 

rr + 1 



(2) Multiply this fraction by 



3a: 



a; + l ^^ a;-f l ^ (a; + iy. 
a; 3a; Sai^ 

Example 2. Divide ^^^^ by "^^^^^^l * 
Solution. ^"^"-^0^= <^""^y ^?>- 

a?-a;-2 (a;-2)(a; + l) 

a^-8a? + 15 ^ (a;-3)(a;-5X 
aa_8a;~4 "^ (a;-4)(a; + l) 

Next, invert the terms of the divisor and then proceed as 
in multiplication. 

(a:-2)(a;-3) (;a:-4Xa; + l) ^ x-4 
(a:-2)(a; + l) (a;-3)(a;-5) x-5 

Remember that factors only can be canceled. Single 
terms in polynomial expressions can never be canceled. 
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EXERCISE 84 

ly Sx \ xj 

2. i^x|^. 12. (x^^^)x60. 

- 5 a; 10 a? ,• /^ ^^w^ ex 

4. -^X^. 14. fa-^)x2^. 

(x-2-f (x-Vf \ x + yj \ x) 

8. — ^ -!- 3- 18. (1 7 xK^+O- 

j^-y y-1 V a + Jy ^^ 

^ a?-l a;-l ,^ A^ J ^ A J\ 

9. -z 1-- r- 19. (iH 7 X(l )• 

10- ri--jxa;. ao. K^-3)xJof 



24 



21. K- + 2)xiof.^^^2^ 

«^ a?-7a: + 12 a?-3 
22. • 1 • 

'W y^j \» y) 



J 



CHAPTER IX 

SIMPLE EQUATIONS. RATIO AND PROPORTION. 

PROBLEMS 

101. If an equation contains fractions, it is generally 
best to clear of fractions by multiplying the members of 
the equation by the L. C. M. of the denominators of the 
fractions. 

Example l. Find the value of x in the equation 

8 2 ^ 2a;-7 . 

X x — l x(x — 1) 

The L. C, M. of the denominators is x(x — 1). 



I.e. 







X 1 


• 


X 


2^x-C--l) = _2.. 




2x- 
x(x- 


-7^x5^^ = 2x 7. 


Hence, 




dx-S-2x=2x-7. 


Transposing, 


Sx-2x-2x=8-7. 




. 


— a? = — 4. 






a: = 4. 


Cfheck. 




8 2 8-7 
4 4-1 4x8' 


* 




1-1 = ^- 

166 
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EXERCISE 85 

Solve : t, 

2x a;_ 4a? + 45 8a;+5 2a;+5 _ a;-10 

* 8 6 16 * "76 7 ' 

^ 6a:+2 rr+6_6a;-6 4a?-2 a;-4 _^ . 



9. 



8 6 12 18 26 

6rr+4 a?— 2 __ag 
16 10 ""4* 



^^ 11.^12^18^^g^^g^ 
8 4 

11. (x - l)(a; - 2) - (x - 8)(!f - 4) = a? -1. 

12. («-6X2«-l)-(2a!-3)(a! + l) + 8a! + 4 = 0. 

18. (2aj- 3)(2 a:- 1) - (4a;- 8)(a; + 2) = 19-15 x. 

14. (a;-4)(a!-ll) + (a; + 4)(a! + 7) = 2a!(a! + 6)+8. 

15. (8a!-2)»-(2a;-3)s = 6a?-a!-8. 

16. (a;-7)>-(a!-5)a = a;-ll. 

17. (x - 9)a - (a; - 8)« = 8 (3! - 11). 

18. (2aj + 5)» + (2a;+l)a=(8a:+l)(* + g) + 16. 

19. (8a! + l)' + (a; + 2)» = 10a;(ar + 2)-6. 

20. (ar - 6)> - (a: + 6)« = 6 - 21 as. 

21. («-24)»-(a;-26)> = 26-a!. 

2a! 8a! 3! • 
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1^ + A-1=*+I 

' X 2x X 8 



X 3x 8x ^ 



5 §_ I JL — JL 4. 24. 

a? 2a? 3a? Gx ' 



a; oa; 4 a? a; 12 

27, 



a? a? + 1 a? (a: + 1) 

«« 2 2 a:-8 

28. 



a; a:- 2 a;(^-2) 

^3 5 21-3a: 
29. = — — -• 

X x + S a?(a? + 3) 
30.1 + ^^ = 1+ 16 



a? x — B a? (a: — 5) 

31. ^+ 4 - 9- + 5 



a: 2a;-l a?(2a?-l) 

a;+2 a;+l ^ ^. g' + Gay + S, 
* a? 2a?+3 "*'a?(2a? + 8) 

^ 4-3a; 7-6a: a;-5 

33. - 



34. 



4 8 a? + 2 

2a;-l a? + 2 ^ 2a?-8 
3 a? + 5 3 



^. 5a?-3 , a;-l 10a; + l 

"*• -"T-+^i:2=— 8— 

^^8« 2a?-2 -, 11 -6a? 

36. -= 7- =1 r-r • 

6 a?4-l 10 
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Sx-1 a; + 6 ^ 6a; + 10 



39. 



40. 



2rr-7 10 

2a;-5 ^ 4a;-13 
Sx + 4: 6a:-h7* 

4ir — 5 6ir— 6 



2a?+7 3a:+13 



EATIO 

103. The ratio of one quantity to another quantity of 
the same kind is the quotient of the first quantity divided 

by the second quantity. Thus, the ratio of 2 feet to 3 feet 

2 
is the quotient of 2 feet divided by 3 feet, i.e. -• 

3 

Magnitudes of the same kind only can be compared. 

It would be incorrect to say. What is the ratio of 7 feet 

to $5? 

103. The first of the two numbers in a ratio is called 
the antecedent, the second is called the oonBequent. 

The symbol for a ratio is the colon between the antece- 
dent and the consequent. The ratio of 3 to 4 is written 
3:4. 

104. The inverse ratio of two numbers is the ratio of 
the second number to the first number. The inverse 
ratio of 5 to 3 is 3 : 5. 

105. Since a ratio is a quotient, its value remains un- 
changed when its terms are multiplied or divided by the 
same number. 
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EXERCISE 86 

The land and water areas of the states named are given 
in the following table : 

Land Bubfacs Watkr Sukfaob 

Squabb Miles Squabb Miles 

(a) California, 156,200 2,080 

(b) Delaware, 1,969 411 

(c) Illinois, 56,000 2,350 

(d) Louisiana, 45,400 4,227 

(e) Maryland, 9,875 2,422 
(/) Minnesota, 79,997 6,338 
(g) North Carolina, ' 48,972 3,702 
(A) Pennsylvania, 44,680 1,249 
(0 Wisconsin, 55,117 10,688 

1. Find the value of the ratio of the land surface of 
each state to the water surface. 

2. Find the value of the ratio in each case of the total 
surface to the land surface. 

3. A farm contains 180 acres. Find the value of the 
ratio of the area of this farm to 1 square mile. 

4. What is the ratio of 1 inch to 1 centimeter ? 

Example 1. Divide $70 between A and B in the ratio 
of 2 : 5. 

Let X = number of dollars B gets. 

Then, \olx^ number of dollars A gets. 

Therefore, a: + ^ = 70. 

5 

Multiplying by 5, 6 a; + 2 a? = 350. 

7 a; = 350. 
a? =50. 
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f of 50 = 20. 

A's sharey $20 ; B's share, f 50. 

Ohech. $20 + $50 = $70. 

Or, let X =5 number of dollars A gets. 

70 — a: = number of dollars B gets. 

Then, — 2_ = ?. 

Clearing of fractions, 5 x = 140 — 2 a?. 
Transposing, 7 a; = 140. 

a; = 20. 
70 - a? = 60. 

EXERCISE 87 

1. Divide 200 in the ratio of 3 : 6. 

2. Divide 280 in the ratio of 5 : 9. 

3. Divide 320 in the inverse ratio of 3 : 2. 

4. Two numbers in the ratio of 4 to 7 differ by 39. 
Find them. 

5. Two numbers are in the ratio of 4 to 6. If the 
consequent is diminished by 18, its ratio to the antecedent 
will be 3 to 4. Find the numbers. 

6. A's money is to B's in the ratio of 2 to 3, and if A 
gave B $ 10, the ratio of A's money to B's would be 1 to 2. 
Find A's money and B's money. 

?'. A is 24 years old and B is 36 years old. After hovr 
many years will the ratio of A's age to B's age be 6 : 7 ? 
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8. A is 50 years old and B is 30 years old. How 
many years has it been since the ratio of their ages was 
2:1? 

9. A and B are partners, A's capital in the concern 
being $ 2100, and B's being $ 2800. If they make a profit 
of $ 1400, how ought it to be divided ? 

10. If f of A's money is equal to -^ of B's, express in 
integers the ratio of A's money .to B's money. 

11. Common solder is an alloy of tin and lead, 7 parts 
tin to 1 part lead. How many pounds of tin and of 
lead are in 22 pounds of common solder ? 

12. Pewter is an alloy of 3 parts tin to 1 part lead. 
How many pounds of tin and of lead are in 34 pounds of 
pewter ? 

13. Dutch brass consists of 5 parts copper to 1 part 
zinc. How many ounces of each are in 27 ounces of Dutch 
brass? 

14. A 68-acre lot is planted in corn and wheat. If } 
the number of acres of corn equal f the number of acres of 
wheat, how many acres of corn and of wheat are there ? 

15. There are two numbers in the ratio of 2 : 3. If the 
lesser number is diminished by 2 and the greater increased 
by 3, the ratio of the two results will be 1 : 2. Find the 
numbers. 

16. The dimensions of the floor of a room are in the 
ratio of 4 : 3. If the width is increased by 16J% and the 
length diminished by 2 feet, the dimensions would be 
equal. Find the dimensions. 
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PROPOETION 

106. Four quantities are in proportion if the ratio of 
the first to the second equals the ratio of the third to the 
fourth. The numbers 2, 3, 6, 9, are in proportion, since 
the ratio 2 : 3 equals the ratio 6 : 9. The formal state- 
ment of this proportion is 2:3 = 6:9. This proportion 
is read, ^^ 2 is to 3 as 6 is to 9." This means 2 is as large 
compared with 3 as 6 is compared with 9. The above 
proportion may also be written f = f . 

107. In a proportion the first and fourth terms are 
called the extremes and the second and third terms are 
called the means of the proportion. 

108. Two quantities are directly proportional, or vary 
directly, if an increase in the one produces a correspond- 
ing increase in the other. For example, the cost of a 
quantity of apples varies with the quantity. The distance 
traveled at a given rate per hour varies with the time. If 
a certain distance is traveled in one hour at a given rate, 
twice the distance would be traveled in two hours, three 
times the distance in three hours, and so on. 

109. Two quantities are inversely proportional or vary 
inversely if an increase in the one produces a correspond- 
ing decrease in the other. For example, the time in which 
7 men do a piece of work is to the time in which 4 men 
can do the same work in the ratio 4 : 7. 

Also, the time consumed in going a given distance varies 
inversely as the rate: the greater the rate the less the 
time. 
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A third example is the number of articles which can be 
bought for a given sum of money. The greater the price 
of the articles, the fewer the number of articles that can be 
bought for the given sum of money. 

110. In a proportion the product of the means equals 
the product of the extremes. 
This may be shown as follows : 

Let the proportion he a:b = c: d^ 

Multiply by Ji, ad = be. 

Example 1. If 7 head of cattle cost $ 292, find the cost 
t)f 11 head of cattle. 

Let X = the number of dollars 11 head cost. 

Then, the cost of 11 head : the cost of 7 head s= 11 : 7. 

Hence, a? : 292 = 11 : 7, 

X 11 



or 



292 7 
Multiply by 292, x = ll.^<?92 ^ ^gg ^^^ ^ ^gg^ 



EXERCISE 88 

1. A train goes 244 miles in 8 hours. At the same 
rate, how far will it go in 10 hours ? 

2. If 8 horses cost $ 364, at this rate find the cost of 
7 horses. 

3. The earth revolves on its axis 15° in 1 hour. 
Through how many degrees does it revolve in 19 minutes? 
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4. When a dozen eggs bring 18 cents, how much will 
42 eggs bring at the same rate ? 

5. If 12 horses plow a field of 50 acres in 10 days, 
how many acres will 15 horses plow in the same time ? 

6. A pole 15 feet high casts a shadow 12 feet long. 
Find the length of the shadow cast by a flagstaff .70 feet 
high. 

?• The dimensions of a triangular tract of land are 784 
yards, 629 yards, 842 yards. A map of this tract is drawn 
to a scale of 1 inch to 125 yards. Find the dimensions of 
the tract on this map. 

8. Two towns are 40.5 miles distant from each other. 
On a map these towns are 2J inches apart. Find the 
scale of the map. 

9. On a certain map IJ inches corresponds to 21 
miles. To how many miles will 3J inches correspond on 
this map ? 

10. The height of Mount Everest is about 6.5 miles. 
On a globe this height is represented by J of an inch. 
Find the diameter of this globe. The diameter of the 
earth is 7920 miles. (6) Find the length of an arc of 1** 
on a great circle of the moon. The diameter of the moon 
is 2160 miles. 

11. Suppose the distance from the earth to the sun is 
represented by a line 10 inches long. Find how many 
inches will represent the distance of each of the other 
planets from the sun. 
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DiSTANOB FKOM THB 

Sun in Milks 

Mercury 36 million 

Venus 67.2 million 

Earth 92.9 million 

Mars 141.5 million 

Jupiter 483.3 million 

Saturn 886 million 

Uranus , 1782 million 

Neptune 2792 million 

12. A certain map of Great Britain is constructed on 
the scale 1 : 887,000, i.e. 1 inch represents 887,000 
inches. On this map Oxford is marked 4.26 inches 
from Greenwich; Cambridge, 3.65 inches from Green- 
wich; Liverpool, 5.62 inches from Birmingham; and 
Glasgow, 3.04 inches from Edinburgh. Find, correct 
to ^ of a mile, the distances between these cities. 

13. A stone is dropped from an elevation and strikes 
the earth 3|^ seconds later. Find the velocity; given, that 
the velocity at the end of each successive second is pro- 
portional to the time, and the velocity at the end of the 
first second is 32 feet. 

14. If 83% of a number is 124.6, find 115% of the 
number. 

15. If a ball 1 inch in diameter represents the earth, 
how large a ball would represent the sun? The sun's 
diameter is 866,000 miles. 

Eocample 1. If 6 horses eat a quantity of corn in 14 
days, how long would it take 8 horses to eat a quantity 
equally large ? 
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Let X = the number of days. 

It will take 8 horses less time to eat the oom. 

Hence, a? : 14 = 6 : 8, 

X 6 
or — = — • 

14 8 
Therefore, a;=aii^=10J. Ans. 10^ days. 

O 

EXERCISE 89 

1. If the interest on 1850 for 16 months is $68, what 
principal will produce the same interest in 12 months ? 

2. If $940 yields 128.20 interest in 219 days, what 
sum will yield the same interest in 146 days? 

3. A block of marble whose specific gravity is 2.7 con- 
tains 3 cubic feet. Find the volume of a piece of iron 
just as heavy. The specific gravity of iron is 7.2. 

4. How long would it take 18 men to pave a street 
which 15 men pave in 15 days ? 

5. Find a number whose ratio to 12 is equal to the 
inverse ratio of 4 to 5. 

6. If 5| tons of coal can be bought for a certain sum 
of money, how many tons can be bought for the same sum 
of money if the coal rises 15% in price? 

7. If 21J yards of carpet can be bought for a certain 
sum of money, how many yards can be bought for the 
same sum of money, when the price of carpet falls 15% ? 

8. A wheel 3J feet in diameter makes 480 revolutions 
in going 1 mile. How many revolutions will a wheel 
4 feet 8 inches in diameter make in going 1 mile? 
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9. The volume of a certain quantity of gas is 25 cubic 
inches when the pressure is 16 pounds to the square inch. 
Find the volume when the pressure is 20 pounds to the 
square inch. (The volume varies inversely as the press- 
ure.) 

10. 82,000 tons of rock are transported at the rate of 
90 cents per ton. How many tons could be transported 
for the same money, if the rate was f 1.20 per ton? 

PROBLEMS 

Example 1. Two numbers differ by 3 and the difference 
of their squares is 111. Find them. 

Let X = the less number. 

Then, a: + 3 = the greater number. 

Hence, (a; + 3)2 - a;2 = Ul^ 

or a^^-}-6rr + 9-ar^=lll. 

6 a; = 102. 
X = 17. 
a: + 3 = 20. 
Cheek. 202 _ 172 = m. 

EXERCISE 90 

1. The difference of the squares of two consecutive 
numbers is 71. Find the numbers. 

2. The difference of the squares of two consecutive odd 
numbers is 120. Find the numbers. 

3. Find two numbers differing by 6, the difference of 
whose squares is 275. 

N 
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4. Find two numbers dififering by 6, the square of 
whose sum exceeds 4 times the square of the less number 
by 616. 

5. Two numbers differ by 4, and the square of the 
greater number exceeds the product of the two numbers 
by 76. Find them. 

Example i. A rectangular garden is 10 yards longer 
than it is wide. If its length is diminished by 5 yards 
and its width by 4 yards, its area is diminished by 380 
square yards. Find its dimensions. 

Let X =5 the number of yards in its width. 

Then, a? + 10 = the number of yards in its length. 

x{x -H 10) = the number of square yards in its area. 

a? — 4 = the number of yards in width after it 
is diminished. 

a: + 5 = the number of yards in length after it 
is diminished. 

(a? — 4)(a; + 5) = the number of square yards in the area. 

Therefore, x(x + 10) - 380 = (a: - 4) (a: + 5) . 

a?+10aj-380 = a?^ + a:-20. 

9 a: = 360. 

a; =40. 
Width, 40 yards. 

a: + 10 = 50. 

Length, 50 yards. 




X-f-IO 



Check. 

60 x40-380=: 36x46. 
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EXERCISE 91 

1. A rectangle whose length exceeds its width by 6 
yards is increased in area by 190 square yards, if its length 
is increased by 6 yards and its width by 8 yards. Find 
its dimensions. 

2. The length of a rectangle exceeds its width by 10 
yards. If its dimensions are each diminished by 5 yards, 
its area is diminished by 325 square yards. Find its 
dimensions. 

3. The length of a rectangle exceeds its width by 4 
rods. If the length is increased by 3 rods and the width 
diminished by 2 rods, the area is diminished by 2 square 
rods. Find its dimensions. 

4. There is a square plot of ground such that if one 
side be increased by 12 yards and the other diminished 
by 9 yards, the area of the resulting rectangle will equal 
the square. Find the side of the square. 

5. The length of a rectangle is twice its breadth. If 
each side is diminished by 2 feet, its area is diminished 
by 68 square. feet. Find its dimensions. 

Example 1. A man invested $1280 partly in 4% stock 
at 80 and partly in 5% at 90. His income from both is 
168. How much did he invest in each stock? 

Let X = number of dollars in 4% stock. 

1280 — a: = number of dollars in 5% stock. 

^ of a; = number of dollars' income from 4% stock. 

■j^ of (1280 — a;) =5 number of dollars* income from 
stock. 
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Therefore, ^ + A (1280 - «) = 68. 

Multiplying by 180, 

9 a? + 12800 -10aj= 12240. 

- a? = - 560. 
X = 660, $660 in 4% stock. 
1280 -X- 720, $720 in 5% stock. 
Check. -^ of 560 + ^ of 720 = 68. 

EXERCISE 92 

1. A man has $50,000 invested, part at 4% and part 
at 5%. His income from both investments is $2140. 
How much has he invested at each rate? 

2. A man invests $6000, partly at 6% and partly at 
6%, and his income from both is $290. What sum is 
invested at each rate? 

3. A man invests $1980, part in 3% stock at 72 and 
part in 4% stock at 84. His dividend from the two 
stocks is $90. How much does he invest in each stock ? 

4. If I invest ^ my capital at 6% interest, ^ at 4% 
and the rest at 7%, my annual income is $600. Find my 
capital. 

5. By investing a sum of money at 5% interest $80 
more is made annually than would have been made if 
the sum was invested in 4% stock at 90. Find the sum. 

Mixtures 

Example 1. A piece of bronze weighing 16 pounds 
contains 80% of copper and 20% of tin. With how many 
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pounds of copper must this be melted so as to give an 
alloy containing 85% of copper? 

Let X =s number of pounds of copper. 

80% of 15=12, number of pounds of copper in the bronze 

12 + a; = number of pounds of copper in the alloy. 

16 + a; = number of pounds in the alloy. 

Hence, 12 -h a: = 85% of (15 + »), 

or 12 + a: = 3^(15 + ir). 

1200 + 100 a? = 1275 + 86 x. 

15 a; =76. 

x=5. Ans. 5 pounds. 

Check. 12 + 5 = 85% of (15 + 5). 

EXERCISE 93 

1. A piece of bronze weighing 20 pounds contains 70% 
of copper and 30% of tin. With how many pounds of 
copper must this be melted to make an alloy containing 
76% of copper? With how many of tin to make an alloy 
containing 44% tin? 

2. An alloy weighing 10 pounds contains 60% of lead 
and 40% of tin. How much lead must be added to it so 
that the new alloy may contain 80% of lead? How much 
tin so that the alloy may contain 64% of tin ? 

3. An alloy contains 60% of copper and 40% of zinc. 
A second alloy contains 30% of copper and 70% of zinc. 
How many pounds of the latter must be melted with 
5 pounds of the former to make an alloy half copper and 
half zinc ? 
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4. A certain mixture contains by volume 90% of alco* 
hoi and 10% of water. How many gallons of water must 
be added to 10 gallons of the mixture to make a mixture 
containing 72% of alcohol? How many gallons of water 
to make a mixture containing 81 % of alcohol ? 

5. The specific gravity of a mixture of milk and water 
is 1.024. The specific gravity of the milk is>1.03. How 
many parts of water and how many parts of milk are 
in the mixture? 

6. The specific gravity of Dead Sea water is 1.24. 

■ 

How many pounds of fresh water must be added to 
3 pounds of Dead Sea water to make the specific gravity 
of the mixture 1.048 ? 

7. A quart measure is filled with ice and butter. The 
specific gravity of ice is .92, and of butter .94. If the 
specific gravity of the ice and. butter is .938, determine 
what part by weight of the quart measure is ice and what 
butter. 

8. How much corn at 65 cents per bushel should be 
mixed with 11 bushels of oats at 48 cents per bushel to 
make a mixture worth 54 cents per bushel? 

9. How many pounds of tea at 63 cents per pound 
should be mixed with 10 pounds of tea at 40 cents per 
pound to make a mixture worth 53 cents per pound ? 

10. Gold coins consist of an alloy of gold and copper. 
The specific graVity of gold is 19.26, of copper, 8.95, and 
of the alloy is 18.229. In 10 ounces of the alloy, how 
many ounces are gold and how many are copper ? 

11. Silver coins consist of an alloy of silver and copper. 
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The specific gravity of silver is 10.47 and of silver coins 
is 10.318. How many ounces of silver and of copper are 
in a quantity of silver coins weighing 10 ounces ? 

Clocks, Circular Motion 

Example 1. At what time between 6 and 7 o'clock are 
the hands of a clock together ? 

Solution. They will be together when the minute 
hand gains on the hour hand the 80 minute spaces the 
hour hand is ahead. 

Let X = number of minute spaces 

the minute hand moves. 

Then, — = number of minute spaces 

the hour hand moves. 

Hence, a; = 30 + -— • 

12 

X = 32^^. Ans. 32-^ minutes past 6 o'clock. 

Example 2. At what time between 4 and 6 o'clock are 
the hands of a clock at right angles ? 

Solution. The hands are at right angles when they 

point to positions 15 minute spaces apart. At 4 o'clock 

they point 20 minute spaces apart. Hence, when the 

minute hand gains (20 — 15) minute spaces, they are at 

right angles. Also, when the minute hand gains (20 + 15) 

minute spaces, they are at right angles. Hence, as in 

Example 1 above, . x 

x= 6 + -. 

. = 35+^^. 
Solving these equations, the times are found. 
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EXERCISE 94 

1. At what time are the hands of a clock together 
(a) between 2 and 3 o'clock? (6) between 4 and 5 
o'clock? ((?) between 7 and 8 o'clock? (d) between 9 
and 10 o'clock? 

2. At what time are the hands of a clock at right 
angles (a) between 1 and 2 o'clock ? (J) between 3 and 
4 o'clock ? ((?) between 6 and 6 o'clock ? (d) between 11 
and 12 o'clock ? 

3. At what time do the hands of a clock point in oppo- 
site directions (a) between 1 and 2 o'clock ? (6) between 3 
and 4 o'clock ? (e) between 6 and 7 o'clock ? (d) between 
9 and 10 o'clock ? 

4. At what time after 4 o'clock is the hour hand for 
the first time ^ of a revolution ahead of the minute hand ? 
The minute hand |^ of a revolution ahead of the hour 
hand? 

5. A and B travel around a circular track in the same 
direction in 10 minutes and 7 minutes respectively. They 
start together. After how many minutes will B have 
made one more circuit than A ? If they travel in oppo- 
site directions, when will they meet ? 

Hint. Find the number of revolutions each makes in x minutea. 
In the former the difference is 1. In the latter the sum is 1. 

6. A and B travel around a circular track in 16 and 12 
minutes respectively. If they start at the same time and 
travel in the same direction, when will B be J of a revolu- 
tion ahead of A? If they travel in opposite directions, 
when will they together have made two circuits ? 
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Example 1. The sum of the digits of a number of two 
figures of which the tens' digit is the greater is 11. If 
the number be divided by the difference of its digits, the 
quotient is 24 and the remainder 2. Find the number. 

Let X =s the tens' digit. 

y = the units' digit. 

X tens + y, i.c. 10x + y =^ the number. 

Hence, a; + y = 11. (1) 

x-y 
Clearing (2) of fractions, 

10a; + 3^ - 2 = 24a: - 24y. 
Transposing, — 14 a: + 25 y = 2. 
Multiplying (1) by 14, 

14a; + 14y = 154. 
Adding, 89y = 156. 

y = 4. 
a? = 7. An9. 74. 

Cheek. JL.^2^. 

EXERCISE 95 

1. A number consists of two digits. If the number 
formed by inverting the digits be divided by the differ- 
ence of the digits, the quotient is 23. If 27 be taken 
from the number, the digits will be interchanged. Find 
the number. 
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2. A number consists of two digits, of which the first 
exceeds the second by 6. If the number be divided by 
the sum of the tens' digit and twice the units' digit, the 
quotient is 6 and the remainder is 6. Find the number. 

3. A number consists of two digits, of which the first 
exceeds the second by 3, and if the digits be reversed, a 
number is formed which is ^ of the former. Find it. 

4. Two numbers differ by 14, and the greater divided 
by the difference between the less number and unity gives 
2J for quotient. Find the numbers. 

5. A certain fraction is equal to \ when its denominator 
is diminished by 1, and equal to unity when its numerator 
is increased by 22. Find it. 

6. A certain fraction is equal to ^ when its terms are 
each diminished by 1, and equal to | when its terms are 
each increased by 3. Find it. 

7. Divide 100 into two parts so that the greater divided 
by the less gives 2 for quotient and 1 for remainder. 

8. Two numbers are in the ratio of 4 to*9. If the num- 
bers are each diminished by 9, the ratio of the remainders 
will be 3 to 8. Find them. 

Hxample 1. A boat is rowed down a stream at the rate 
of 7 miles an hour, and up the stream at the rate of 4 miles 
an hour. Find the rate of rowing in still water and the 
rate of the stream. 

Let X = rate of rowing per hour in still water. 

y = rate of the stream. 
Then, a? + y = rate of rowing per hour down stream, 
jp — y = rate of rowing per hour up stream. 
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Therefore, x + t/ = 7. 

a: — y = 4. 
Adding, 2x =s 11. 

a; = 5 J. 

Subtracting, 2^ = 3. 

The rate of rowing in still water is equal to half the suin 
of the rates with the stream and against the stream, and the 
rate of the stream equals half the difference of the same two 
numbers. 

Example 2. A boat is rowed a distance of 10 miles 
down a stream and back in 5 hours. The rates of rowing 
down and back are in the ratio of 3:2. Find the rate in 
still water and the rate of the stream. 

Solution. The simplest solution of the problem is an 
indirect one. Find first the time of rowing down and of 
rowing up. 

Since the rates down and up are in the ratio of 3 : 2, the 
times down and up will be in the inverse ratio of 3 : 2, 
i.e. 2:3. 

Let X = time down. 

y = time up. 
Then, x + y^b. (1) 

Clearing (2) of fractions, 

Zx = 2y. 
^x-2y = Q. 
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Multiplying (1) by 2, 

2a;4-2y = 10. 

. Adding, 6 a: = 10. 

a: =2. 

y = 3. 

The time of rowing down is 2 hours. Hence, the rate 
in miles per hour down is -^ i.e, 6. The time of rowing 
up is 3 hours, and hence the rate in miles per hour of 
rowing up is -^ = 3J. 

J (w — 3J) = rate in miles of the stream. 

EXERCISE 96 

1. A boat is rowed 15 miles down a stream and back in 
1^ hours. The rate down is twice the rate up. Find the 
rate of rowing in still water and the rate of the stream. 

2. A steamboat goes 20 miles down a stream and back 
in 3| hours. It goes 5 miles with the stream in the same 
time it goes 3 miles against the stream^ Find the rate of 
the stream and the rate of the boat in still water. 

3. How far can a person ride in a carriage which goes 
8 miles an hour so as to return at the rate of 3 miles an 
hour and be gone 2 hours 46 minutes ? 

4. A person travels a certain distance in 3 hours. If 
he increases his rate by ^, he would go 3 miles farther in 
the same time. Find his rate. 

5. A person rides on a bicycle a certain distance in 
2 hours. If he diminishes his rate by J, it would take 
him 2^ hours to go a distance of 1 mile less. Find the 
distance and the rate. 
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Miscellaneous Pboblems 
exercise 97 

1. A father is 4 times as old as his sod, and 4 years 
ago he was 6 times as old as his son. Find their ages. 

2. A mother is 3 times as old as her daughter, and 
6 years ago she was 4 times as old as her daughter. Find 
their ages. 

3. A says to B, " Give me $10 and I shall have twice 
as much money as you." "No," says B, "give me 810 
and I shall have as much money as you." How much 
money has each? 

4. The price of a suit of clothes after giving a dis- 
count of 10% from the marked price, is |i 13.50. Find 
the marked price. 

5. By investing half his capital at 5% and half at 4%, 
a person derives an annual income of $405 from his 

4 ' 

investment. Find his capital. 

6. The difference of the squares of two consecutive 
odd numbers is 48. Find the numbers. 

7. J, J, and J of a certain number together make 156. 
Find it. 

8. ^ of a number exceeds \ of it by 10|. Find the 
number. 

9. The perimeter of a rectangle is 54 * yards, and 
its length exceeds its breadth by 7 yards. Find its 
dimensions. 

10. The length of a rectangle exceeds its breadth by 
10 yards. If the length is diminished by 2 yards and 
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the breadth increased by 3 yards, the area is increased 
44 square yards. Find the dimensions of the rectangle. 

U. The length and breadth of a rectangle are respec- 
tively 14 yards longer and 10 yards shorter than the side 
of a square of equal area. Find the side of the square. 

12. A freight train leaves a station and travels at the 
rate of 18 miles per hour. Two hours later a passenger 
train leaves the same station and travels at the rate of 
27 miles per hour. In how many hours will the passenger 
train have gone 18 miles farther than the freight train ? 

13. The product of two numbers differing by 4 is 36 
more than the square of the less. Find them. 

14. A can walk around a rectangle in 10 minutes, and 
B can walk around it in 12 minutes. If they start at the 
same time, when will they be together ? (Two solutions.) 

15. A can walk around a circular track in 7 minutes, 
and B in 9 minutes. After how many minutes will they 
be together (a) if they go in the same direction? (J) if 
they go in opposite directions? 

16. Divide fl between two persons in the inverse ratio 
of 13 to 7. 

17. The area of the earth's surface is 197,000,000 square 
miles. The diameter of the earth is 7920 miles, and that 
of the moon is 2160 miles. Find the area of the surface 
of the mooin. (Similar surfaces are proportional to* the 
squares of their corresponding dimensions.) 

18. By investing $4680, partly in 4% stocks at 90 and 
partly in 3% stocks at 72, I derive an income of $200 a 
year. How much money is invested in each stock ? 
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19. A and B rent a pasture for $42. A puts in 10 head 
of cattle and B 14 head. How much rent should each 
pay? 

20. ^ of A's capital equals J of B's capital. What is 
the ratio of A's capital to B's ? 

21. A's money is equal to J of B's, and B's money is 
equal to | of C's. What part of C's money is A's money ? 

22. A and B are partners. ^ of A's capital is equal to 
^ of B's. Divide a profit of f 1800 between them. 

23. In a mile race A can give B 88 yards, and B can 
give C 80 yards. How many yards can A give C in 1 
mile? 

24. A crew can row 1 mi. down a stream in 10 min., 
and can row 1 mi. up the stream in 15 min. How far 
down stream can they go in order to return in 1 hour ? 

25. A woman brought a number of turkeys to market. 
To the first buyer she sold half the turkeys and half a 
turkey more. To the next she sold half the remainder 
and half a turkey more. To the next she sold half the 
number still remaining and half a turkey more. She had 
then none left. How many did she bring to market ? 

26. How should goods be marked so that a profit of 
25% may be made after giving a discount of 20% ? 

27. A suit of clothes is sold at a profit of 25%. Had 
the dealer bought it for $1 less and sold it for the same 
price, he would have made 33 J%. Find the cost. 

28. Gun metal consists of 90% copper and 10% zinc; 
English brass of 66^% copper and 33 J% zinc; Dutch 
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brass of 83J% copper and 16f % zinc. How many pounds 
of English brass must be melted with 5 lb. of gun metal 
to make Dutch brass ? 

Pboblbms in Commebcial Abithmetio 

exercise 98 

Commercial Discount 

1. A suit of clothes cost $17 after allowing a discount 
of 16% on the marked price. Find the marked price. 

2. A clothier buys silk at 80 cents per yard. How 
should he mark it so as to make a profit of 26% ? How 
would he mark it so as to make a profit of 25% after 
allowing a discount of 20% on the marked price? 

Hint, x - 20% of a; = 80 + 25% of 80. 

3. Shoes are bought at $1.68 a pair. How should 
they be marked so that the dealer may make 25% profit 
after allowing a discount of 16|% on the marked price ? 

4. How should a dealer mark a rug costing $18, so as 
to make a profit of 50% after allowing a discount of 10% 
on the marked price ? 

Commis9ion 

5. An agent sells 80 acres of land, charging 8 % com- 
mission. If his commission amounts to $144, how much 
per acre did the land sell for ? 

6. If a commission of $43.20 is paid for buying 80 
acres of land at $36 per acre, what is the rate per cent of 
commission ? 

7. An attorney charges 6% for collecting a debt. If 
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he remits to his principal $6890, what is the amount of 
the debt? 

8. A tax collector's commission at 2J% is $289. Find 
the amount of the taxes collected. 

9. A dealer sells 500 tons of anthracite coal and remits 
to his principal after deducting 8% commission, $3680. 
Find the selling price of the coal per ton. 

Stocks 

10. When a share of stock paying 4^% dividend is 
bought for $90, what rate of interest does money invested 
in this stock bring ? 

11. If stock paying a dividend of 7% gives an income 
at the rate of 5% on the money invested, what is the cost 
of one share of stock ? 

12. What should I pay for 5% stock so that I may get 
4% interest for my money? 

13. A company is able to pay 6% dividend on its 
entire stock, but $100,000 of its stock is preferred stock 
paying 6% dividend, and on this account the pompany 
pays on its common stock 6J% dividend. Find the 
amount of the common stock. 

14. A person invests equal sums in 8% stock at 80 and 
6% stock at 120* and thereby derives an annual income of 
$ 1900. How much money did he invest in each stock ? 

Taxes 

15. In a certain city the tax rate is 1|%, and on a house 
and lot the tax is $68. Find the assessed valuation of the 
house and lot. 

o 
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16. If 4% of the taxes of a certain town are spent in 
collection, find the tax levy so that $166,032 may be 
available for public purposes. 

17. In a certain city the tax for school purposes is 
3 mills on $1. If this tax amounts to $24,210, find the 
assessed valuation of taxable property. 

18. If $18,477.90 is raised by taxation at the rate of 
40 cents on $100, find the valuation of taxable property. 

19. Find the rate of taxation when $29.14 is paid on 
property assessed at $7285. 

United States Ctistoma Duties 

20. The cost of 10 opera glasses imported from Eng*- 
land after paying a duty of 46% ad valorem is $84.39. 
(a) Find the invoice price in United States currency. 
(J) Find the invoice price in British currency (£1 = 
$4.85). 

21. The duty on treble ingrain carpet is 22^ per square 
yard and 40% ad valorem. Suppose the invoice price is 
$1 per square yard, and the cost of a rug after the pay- 
ment of duty is $32.40. How many square yards are in 
the rug ? 

22. The duty on razors is $1.75 per dozen and 20% 
ad valorem. The cost to an importer of 6 dozen SheflBeld 
razors is $94.31. (a) Find the invoice price in United 
States currency. (J) Find the invoice price in Britisli 
currency (<£1 = $4.85). (<?) Find the selling price of a 
razor if the importer makes a profit of 20%. (rf) If the 
razors are sold at $2 apiece, what is the rate per cent of 
profit ? 
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23. A jeweler imports 6 microscopes which cost him 
after paying a duty of 46% ad valorem 1 290. (a) Find 
the amount of the invoice. (6) How should the micro- 
scopes be marked so as to make a profit of 40% after 
allowing a discount of 10% on the marked price? 

24. The duty on lead pencils is 46/^ per gross and 26% 
ad valorem, (a) Find the invoice price per gross of 
imported pencils which cost the importer $2.46 per gross. 
(6) If these pencils are sold at 3^ apiece, find the gain 
per cent. 

In9urance 

25. The annual premium on a life insurance policy of 
$2500 is 149.80. Find the rate on 11000 insurance. 

26. If the annual premium on a life insurance policy at 
the rate of $27.10 per $1000 is $130.08, find the amount 
of the policy. 

27. A residence is insured at the rate of $1.10 per $100. 
If the premium is $37.95, find the amount of the policy. 

28. A house is insured at the rate of $1.30 per $100. 
If the premium is $109.59 and the amount of the policy is 
I of the value of the house, find the value of the house, 

29. A man has a life insurance policy at the rate of 
$29.40 per $1000, and a policy for the same amount at 
$28.30 per $1000. He pays for both $201.96. Find the 
amount of each policy. 



CHAPTER X 
IITVOHrTION. SQUARE ROOT 

111. The process of raising a quantity to a power is 
called involution. 

112. Find the third power of a^. 

Hence, To find any po'wer of a letter affected with an 
exponent, write the letter, and for its exponent take the 
product of the exponent of the power by the exponent of 
the letter. 

113. Find the fourth power of ale. 

(ahc)^ = ahc • ahc • abc • ahc = aaaa • hhhh • cccc = a^b^d^. 

Associative Law. 

Hence, A power of a monomial expression is obtained by 
raising the factors of the expression to the required power 
and taking their product. 

114. Raise ^ to the fifth power. 



a\^_a a a a a__€fi 
"b' b' b' b' b^b^^ 

Hence, A power of a fraction equals the power of the 
numerator divided by the power of the denominator. 

196 
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115. Since 



A 



- a)2 = + a» 

-ay 
-ay 
-ay 
-ay 



+ «*, 



Even po'tvera of negattve quantities are positive. 
Odd powers of negative quantities are negative. 
All powers of positive quantities are positive. 



Expand : 

.1. (2 a)*. 

2. (Za^y. 

3. (4a8)«. 

4. Q^a^y. 

6. (-K)*- 

7. i-lxh/y. 
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8. (_\mr?y. 

9. i-^xyy- 



13 



/2a?Y 



■ u 



;• 






EVOLUTION 



16. (-^aSJS)^ 



116. In involution a quantity is given and a power of 
the quantity is sought. lu evolution a power of a quan- 
tity is given and the quantity is sought. 

Evolution is the process of finding a root of a quantity. 
The square root of a quantity is one of its two equal 
factors. The square root of 16 is 4, since 

16 = 4x4. 
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Similarly, the cube root of a quantity is one of its three 
equal factors. Thus, the cube root of 125 is 5, since 

126 = 6 X 6 X 6. 

What is the square root of 226 ? 

This problem may be solved by resolving 226 into its 

prime factors. 

225 = 3.3.5.6=(3.6)(8.5). 

Hence, V225 = 3 x 6 = 15. 

Since ( + 15) ( 4- 16) = 4- 225, 

and (- 15)(- 15)= + 226. 

Therefore, the square root of 225 is ± 15. 
The double sign ± is read plus or minus. 

117. Since an even power of a positive or negative 
quantity is positive, hence, inversely. 

An even root of a positive quantity is ± • 

Since an odd power of a positive quantity is positive, 

hence. 

An odd root of a positive quantity is positive. 

Also, since an odd power of a negative quantity is nega- 
tive, therefore. 

An odd root of a negative quantity is negative. 

118. An even root of a negative quantity gives rise to 
a new kind of number known as an imaginary. 

For example, V— 4. 

This is neither + 2 nor — 2. 

119. Since (3 a^^/)^ = 243 ir^OyW, 
therefore, ■v/243^0y2o ^ 3 ^^^ 
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Any root of a monomial expression is obtained by taking the 
required root of each of its factors and then multiplying these 
roots. 

EXERCISE 100 



Simplify : 
1. VT6^. 



3. V64a«. 



5. Vp8. 



2. V2Fy*. 

7. -v^IeSs. 

8. >/32^iyfi. 



4. y/\a^. 



6. ^h 



m^rfi. 



12. ■v/ai26ao^. 



13. V- 243^26. 



9. ■\/-a%^\ 



10. V-i^V. 



14. wyo. 

15. V-^lQa^y^. 

16. </81m%2*. 



120. The identity (a 4- J)^ = a^ + (2 a 4- 6)i enables one 
to extract the square root of arithmetic numbers and 
polynomial expressions. 



9:^ 

6xy + y^ 



Example 1, Extract the square root of Qa^ + 6xy + y'^. 

9 2^+6xy -{■ y\S x + y The first term of the root 

will be 3 X. Squaring 3 x and 
subtracting its square there is 
a remainder 6xy + y^. This 
remainder is twice the product 
of 3 a; and the second term plus the square of the second 
term. Hence, in order to get the next term of the root, 
take as trial divisor twice the part of the root found. 
Twice 3 ir is 6 a;. 6 a: is contained in 6 xy^ y times. Write 
y in the trial divisor and in the root. Multiply 6x + y 
by y. 
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Example 2. Extract the square root of 

a^-4a:8 + 6a?-4a; + l(aj2-2a: + l 



2a?-2a;)-4a:3 4-6a? 

— 42:^ + 42:2 



2a?-4a;4-l)2a^^-4a;4-l 

2a;g-4a; + l 

The first two terms of the root are obtained as in 
Example 1. To get the next term double the part of 
the root found for trial divisor and proceed as before. 

EXERCISE 101 

Extract the square root of each of the following 
expressions : 

1. a? + 4ir + 4. 7. x^^^x + '^. 

2. a^'^Qa^-\-9, „ ^ . 6a; , 9 

3. 4a:2 + 20a;y4-25y2. ^ ^^ 

4. a? + a; + f 9. 2? + ^ + l 

6. ^^lx-\-^, " -^-f 7 -^49 

11. a;*-8a:3 4.24a?-32a;+16. 

12. ic*- 122^3 4- 54 a? -108 a; + 81. 

13. a;* + 2a:8«a;a_2a; + l. 

14. a^ + 4:a^-\-2a?-4x + l. 

15. a:*-6a:3 4.5aJj + 122; + 4. 

16. a:*-2a;8-7ar2 4-8a: + 16. 
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17. a' + b'^ + e^-2ai'-2ac + 2be. 

18. a^ + il^ + 9<?-iab + 6ao-12bo. 

121. Beginners should memorize the following : 



ia= 1 
2»= 4 
32= 9 
43 = 16 
52 = 25 
62=36 
72 = 49 
82=64 
92 = 81 



102 

202 
302 
402 
502 
602 
702 
802 
902 



100 
400 
900 
1600 
2500 
3600 
4900 
6400 
8100 



(.1)2 

(.2)2 
(.3)2 
(.4)2 
(.5)2 
(.6)2 
(.7)2 
(.8)2 
(.9)2 



.01 

.04 
.09 
.16 
.25 
.36 
.49 
.64 
.81 



6776(70 + 6 
4900 



6(140 + 6)) 876 

876 



Example 1. Extract the square root of 5776. 

The square root of 5776 is 
more than 70 and less than 80. 
Hence, the tens' digit of the 
required root is 7. Square 70 
and subtract the result from 

5776. Double 70 for trial divisor. 140 is contained in 

876, 6 times. Write 6 in the root and in the trial divisor. 

Multiply 140 + 6, i.e. 146 by 6. 

The answer is 76. 

In practice the work is contracted 

as follows : 

The accompanying 
cut is a geometric 
illustration of the 
square root of 5776. 



5776(76 
49 



146)876 
876 



70 



o 



70 
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Example 2. Extract the square root of 136161. 

This number equals 1361 hundred +61. 

136161(369 Taking the square root of 1361 hun- 

9 dred, as in Example 1 above, we get 36 

66)461 tens with a remainder of 65 hundred. 

396 Take down 61, and for trial divisor 

729)6561 double 36 tens. Since 72 tens is con- 

6561 tained in 6561, 9 times, the next figure 

is 9. Write it in the root and in the 
divisor, and proceed as before. 

Example 3. Extract the square root of 2420.64. 

^2520^ ^ /IM ^ V24TO ^ 492 ^ 492^ 

^ 100 VlOO 10 

In actual practice we begin at the decimal point and 
point off the number in periods of two figures each. The 
work in its contracted form will then stand as follows : 

4 9 .2 
2420.64 
16 
89)820 

801 



982)1964 
1964 

122. To extract the Bquare root of a fraction whose dwionl- 
nator is not the sqnare of an integer, reduce the fraction to an 
equivalent decimal, and then take the root of this decimal to 
the required degree of approximation. 
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EXERCISE 102 

Extract the square root of : 

1. 6476. 4. 9604. 7. 927369. lo. 378.25. 

2. 6889. 5. 60516. 8. 3806.89. ii. 1245.3841. 

3. 7921. 6. 46656. 9. 734.41. 12. .81378441. 

Extract to four places of decimals the square roots of : 

13. .1. 15. .02687. 17. 1^. 19. 4f 21. If. 

14. .69. 16. 1.0625. 18. 2^. 20. 6|. 22. 82f^. 

Example l. The dimensions of a rectangle are in the 
ratio 25 : 8, and the area of the rectangle is 5 acres. Find 
the dimensions in yards. 

Let X = the number of yards in the width. 

25 a: 



8 
25 a? 



= the number of yards in the length. 



= the number of square yards in the area. 



8 
6 X 4840 = the number of square yards in the area. 

Hence, ^^ = 24,200. 

25ic2 = 24,200x8. 

^ ^ 24,200 X 8 _ 24,200 x 8 x 4 ^ ,.g^^ 
26 100 

ir = V7844 = 88. 
25a;^ 25x88 __o^g 
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The dimensions are 276 yards, 88 yards. 

Check. ?I^^=5. 
4840 

EXERCISE 103 

1. Find in yards the side of a square whose area is 
640 acres. 

2. A square garden contains ^ of an acre. Find in 
yards the length of its side. 

3. A dealer sold a suit of clothes at as many per cent 
profit as the suit cost dollars. If the profit was $4, find 
the prime cost of the suit of clothes. 

4. The width of a rectangle is f of its length, and its 
area is 15 acres. Find its dimensions in yards. 

5. Two numbers are in the ratio of 4:5, and their 
product is 1620. Find them. 

6. Two numbers are in the ratio of 8 : 15, and the 
sum of their squares is 7225. Find them. 

7. Two numbers are in the ratio of 5 : 13, and the 
difference of their squares is 5184. Find them. 

8. The area of a circle = 7rr^, ir being 8.1416, and r 
the radius of the circle. Calculate the radius of the 
circle whose area is (a) 1809.6, (6) 6647.6, (c) 24,885. 

9. The surface of a sphere = 4 ttA Calculate the 
radius of the sphere whose surface is (a) 5026.66 square 
inches, (V) 45,239 square inches, ((?) 101,788 square 
inches, (c?) 123,163 square inches. 

10. In the equation v2 = 2^», v stands for the velocity 
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in feet per second of a cannon ball, », the height in feet 
which the ball will ascend if discharged vertically upward, 
and ff = 82 feet. If the ball ascends 5 miles, calculate in 
feet per second the velocity of discharge. 

11. If a body is dropped from a height and falls verti- 
cally downward, the number of feet it falls in t seconds 
is given by the formula 8 = ^gfi (^^ = 32 feet). How far 
will a body fall in 8 seconds? How far will it fall in 
8 seconds? 

12. If a stone is dropped from the top of a tower 400 feet 
high, after how many seconds will it strike the earth ? 



CHAPTER XI 
QUADRATIC EQUATIONS 

123. A quadratic equation in one variable is an equa- 
tion of the form aa? 4- Ja; + ^ = 0, a, 6, and c being known 
numbers or constants, a not zero. 

A quadratic equation is also called an equation of the 
second degree. 

The following are examples of quadratic equations : 

a? = 20. 

124. A quadratic equation of the form aa? + <? = is 
called an incomplete quadratic. In English text-books 
this form of quadratic is known as a pure qnadratio. 

A quadratic equation of the form aa^ + bx + c=0, and 
b being different from zero, is called a complete quadratic. 
In English text-books a complete quadratic is generally 
known as an adfected quadratic. Some American texts 
use affected where English texxs use adfected. 

Example 1. Solve 

5(a<2-.3a:4.1)-3(2a?-5a:-h3) + 20=:0. 

Solution. Removing parentheses, 

5a?-15ir-h5-6a? + 15ir-9-h20=r0. 

Combining, — a? + 16 = 0. 

206 
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Transposing, — a^ = — 16. 

Dividing by — 1, ai* = 16. 

a; =±4. 
Check. 

5(4«-3 x4+l)-3(2x4a-5x4 + 8) + 20 = 0. 

„ , EXERCISE 104 

Solve : 

1. a?- 9 = 0. 12. (a; + 3)(a: + 4) = 7a; + 48. 

2. ar'-25 = 0. 13. (a: + 2) (a: -1) = a; + 23. 

3. a:2=121. !*• (3a; + 4)(4a; + 3) = 26a; + 24. 

4. ar» = 169. 15 1 ^-lA 

a^ 4a:2~ TiT- 

5. 4a:8-25 = 0. 

6. 9x8-1 = 0. 

7. 16 a? -49 = 0. 



16. (3a;-2)(a; + 3)=7(a; + 3). 

17. "(2 a; - 3)2 - (3 a: - 2)2 = 0. 

18. .(5a;-l)2-(a;-l)2=8(12-x). 



9 ^_^_3 ^ a; + 2^a;-2 „, 

10. ^+^=A. 21. i- 1 - ^+1 



4 5 20 ' X x + 5 x{x + 5) 

XI. ^-1 = 14. 22. §-- §- = ^^±5_. 

7 9 X x + 1 x{x + l) 

126. Solution of quadratics by factoring. 

Example 1. Find the roots of the equation 

0^24.40 = 133?. 
Solution. Transposing 13 a;, a:^ _ 13 3, ^ 4q _ 0. 
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Factoring, (2? — 8) (a; — 5) = 0. 

If either of these factors is equal to zero, the equation 
is satisfied. 

If ir — 5 = 0, then x = 5. 

If a:-8 = 0, then a:=8. 

The roots ofa^-lSx + ^0 are 6 and 8. 

Check. 52 + 40 = 13x5. 
82-h40 = 13x8. 

To solve a quadratic equation by factoring 

1. Bring all the terms to the first member of the equation. 

2. Factor* 

3. Make each factor equal to zero, 

4. Solve the resvlting simple eqitations. 

126. Since a quadratic expression can be resolved into 
two factors of the first degree, a quadratic equation has 
two and only two roots. 

EXERCISE 105 

Solve : 

1. aj2-7a:4-6 = 0. 9. 2^2 + 52.^36. 

2. r^- 7 a; 4- 12 = 0. 10. a^^ + 6a: = 91. 

3. a?--10x+9 = 0. 11. a^2 4- 12 a; = 13. 

4. 2^24.30 = 113;. 12. r^+9a; = 22. 

5. a:2+55 = i6a;. 13. 9ix?'^9x + 2z= 0. 

6. 2;2_81 = 0. 14. 4a?^- 17 a; 4- 4 = 0. 

7. 16a?-25 = 0. 15. 10a;2_ 193.4. 6 = 0. 

8. a? +3 a: = 10. 16. 6 a:* _ 7 3. ,=, 3. 
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17. 6 0^-7 x = 5. 21. 6 2^^-17 a; + 12 = 0. 

18. 16a^-'8x + l = 0. 22. 4a:2_5a._6 = 0. 

19. 4a:2_i2a; + 9 = 0. 23. lOa:^ ^ 23 a; - 5 = 0. 

20. 25 aj2- 40 a; 4- 16 = 0. 24. a:*- 5a:2 + 4 = 0. 

127. Solution by completing the square. 

Since (a; 4- a)^ = a:^ + 2 oa; 4- a^ 

and, (z — a)2 = a:^ _ 2 aa; 4- a^ 

it follows that the expressions a? -f 2 aa? and a:^ _ 2 aa; may 
each be made a perfect square by the addition of a^, i.e. 
the square of the half coefficient of x. 

Hence, in order to make an expression of the form 
(a:^ 4- 5a:) a perfect square, add the square of half the 00- 
efficient of Jr. 

JExample 1. Solve 

a:2-3a;-40 = 0. 
Transposing, x^-^^x=^ 40. 

Adding to each member the square of half the co- 
efficient of a;, we have 

a:2_3^4.| = 40 + | = l|JL. 

Extracting the square root, 

a:-| = ±i/. 
Transposing, a; = | ± -^8. = 8 or — 5. 

Check. 82 -3(8) -40 = 0. 

(_5)2-3(-5)-40 = 0. 
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Example 2. Solve 62:^-1-2; — 2 = 0. 

Transposing, 6 a? 4- a? = 2. 

Making the coefficient of oi? unity by dividing each 
member by 6, we have a^-\-\x=^^ 
adding (J of J)^, the square of half the coefficient of x^ 
we have 

Extracting the square root, 

^ = -tV±1^ = J or -f. 

The above examples illustrate the method of solving 
quadratics by completing the square. We should add 
one more example of a perfectly general character and 
from it derive a rule for the solution of quadratics. 

Example 3. Solve 

ax^ 4- ia: 4- f? = 0. 
Transposing, aofi 4- 6a; = — c. 

Dividing by a, a^ 4- -a? = • 

a a 



Adding (1 of ^y, 



a 4a2 a 4a2 ^cfi 
Extracting the square root, 

, I _^ V62 - 4 ac 
xA = ± • 

^2a 2a 



-S±V62~4a(? 
x= 

2a 
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128. The expression 6^ — 4 a<? is called the discriminant 
of the quadratic. Hence, we have the following rule for 
solving quadratic equations : 

(1) Reduce the equation to the form ax^ + 6jr + c = 0. 

(2) Then x is equal to its own ooefficient with an opposite 
sign ± the square root of the discriminant of the quadratic. 

(3} Divide the result of Step 2 by twice the coefficient 
of x\ 

Example 1. Solve 
a?-6a; + 6=:0. 

^ 5±V5»~4xlx6 
X 2 

= ^ = 3or2. 
2 

Example 2. Solve 
122?- 23 a;- 24 = 0. 



23 ±V23a-4(- 24X12) 
24 

«28±_41^8 S 

- 24 3 4* 

EXERCISE 106 

Solve : 

1. a?-6a;=-8. 7. a?-4a;-45=:0. 

2. a:2_8a; + 12 = 0. 8. a? + 6a;-27 = 0. 

3. a?-8a;4-15 = 0. 9. a? + 12a;-45 = 0. 

4. a?-9a: + 14«0. 10. a?- 10a;4- 25 = 0. 

5. a?-10a;-ll = 0. 11. a?~a: = 12. 

6. a?-15a; + 26 = 0. 12. 2:2_a. = 20. 



212 
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13. a? 4- a? = 30. 

14. ir2 + 3a; = 10. 

15. x^ + 5x = 14t. 

16. 2^2 + 90? = 22. 

17. a? + 8a?=40. 

18. sfl + 7x=18. 

19. 3a?-10a: = -3 

20. Sa?^18x = 5. 

21. 62?-31a; = -35. 

22. 2a?-5a?=3. 

23. 3a?-7a? = 20. 



24. a:^ + a? = 1. 

25. 5 a? — 4 a; = 11. 

26. 6a;?-7a;=17. 

27. 9a?-8a?=19. 

28. 4a?— 5a;=14. 

2a;-1 ^ 3a; + 3 
3a; + 2 7a;-l 

2a?-5 ^ a;4-2 
3a;-4 3a; + 4' 

4__3 

X 



29. 



30. 



31. - — 



a?-l 



= -1. 



32. 



X 



x-1 



+ 



X 



X 



-J- 



The perimeter of a rectangle is 286 yards and its area is 
1 acre. Find its dimensions. 

Since twice the length of the rectangle + twice its 
breadth = 286 yards, hence the length 4- the breadth of 
the rectangle = 143 yards. 

Let X = the number of yards in the length, 

143 — x=z the number of yards in the breadth. 

Then, a?(143 — a;) = the number 
of square yards in the area. 

4840 = the number of square 
yards in the area. 

Therefore, 

a;(143 - a:) = 4840. 

143 a: -a? = 4840. 
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Transposing and multiplying by —1, 
aj2- 148 a? + 4840 = 0. 

148 ±V1432- 4x4840 



I = IM^ = 88 or 55. 

I 2 



148 - :r = 148 - (88 or 55) = 55 or 88. 
The dimensions are 88 yards, 66 yards. 

Cfheck. 88 X 65 = 4840. 

EXERCISE 107 

1. The sum of two numbers is 30 and their product is 
209. Find them. 

2. The difference of two numbers is 5, and the sum of 
their squares is 697. Find them. 

3. The difference of the cubefs of two consecutive 
numbers is 469. Find them. 

4. The length of a rectangle exceeds its breadth by 7 
yards, and one diagonal is 17 yards. Find the dimensions. 
(The square on the diagonal equals the sum of the squares 
on the length and breadth.) 

5. Divide a line 10 inches long into two segments so 
that the rectangle contained by the whole line and one seg- 
ment equals the square upon the other segment. 

6. A square and a rectangle have the same area. The 
length of the rectangle exceeds its width by 33 yards. The 
side of the square is 28 yards. Find the dimensions of * 
the rectangle. 
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7. The length of a rectangular garden is 50 yards and its 
width is 40 yards. Around it is a path containing 475 
square yards. Find the width of the path. 

8. The height of a mirror is two feet greater than its 
width. The glass cost i 1 per square foot, and the frame 
cost 60/^ per linear foot inside measure. The cost of the 
mirror was $ 34. Find the dimensions of the mirror. 

9. A man buys a farm for $6400. ~^The number of 
dollars an acre cost is 25% of the number of acres bought. 
Find the cost of one acre. 

10. "Some bees were sitting on a tree. At one time 
the square root of half their number flew away, at another 
time I of the whole flew away. There were then 2 bees 
left. How many bees were there?" (Taken from the 
Bija Ganita, the second chapter of a Hindu work on 
astronomy.) 

Hint. 

Let 2 a;' = the number of bees. 

Example 1. A farmer bought a number of cattle for 
$480. If he had bought 4 less for the same money they 
would have cost $ 6 apiece more. How many did he buy ? 

Let X = the number of cattle bought. 

= the number of dollars each cost. 

X 

X — 4 = the number of cattle less 4. 

7 = the number of dollars each would 

X — 4 

have cost had he bought 4 less. 
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Therefore, 7 = h 6. 

a? — 4 X 

Dividing by 6, -r = h L 

Multiplying by x(x — 4), 

80 a; = 80 a? - 320 + a? - 4 a:. 
Transposing, 

a^-. 4a? -320 = 0. 



4±V16-hl280 
2 

= l%36^20or -16. 
2 

Here minus 16 is irrelevant. If the problem read "A 
number of cattle were sold for f 480. If 4 more were sold 
for the same money, the selling price would have been 
$6 apiece less. How many were sold ? " the answer would 
be 16. 

EXERCISE lbs 

1. Two numbers differ by 2 and the sum of their 
reciprocals is 2^. Find them. 

2. A number of men were paid f 112 for doing* a piece 
of work. If two more men had been employed, each 
man would have received $1 less. How many men 
were employed? 

3. The circumferences of two wheels differ by 1 foot, 
and the smaller wheel makes 40 revolutions more than the 
larger in going a distance of 1 mile. Find the circum- 
ference of each. 
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4. A man sold a mule for $ 16 at a loss of as many per 
cent as the mule cost him dollars. Find the cost. 

5. A crew can row 20 miles down a stream and back in 
6^ hours. The rate down the stream is 3 miles per hour 
more than the rate up. Find the rate down, the rate up, 
and the rate in still water. 

6. A and B working together do a piece of work in 7 J 
days. B alone takes 8 days longer than A alone to do the 
work. Find A's and B's time. 

7. A man bought a number of cattle for $ 2000. He 
sold all but 5 at an advance of $5 per head for $2025. 
How many cattle did he buy ? 

8. The sum of a number and its reciprocal is 2^. 
Find the number. 

9. A number consists of two digits of which the first 
exceeds the second by unity, and the number itself exceeds 
the sum of the squares of its digits by 4. Find the 
number. 

10. A sum of money amounts in 1 year to $262.50. 
The rate per cent of interest is ^ of the principal. 
Find the principal. 



CHAPTER XII 

RADICALS. THEORY OF EXPOITENTS. RADICAL 
EQUATIONS. GRAPHS OF FUNCTIONS 

129. The second of the four fundamental rules, namely 
subtraction, gave rise to the introduction of zero and the 
negative number. 

To illustrate, take the problem: What number added 
to b gives a for the sum ? The answer to this question is 
the root of the equation 

a? + 6 = a, 

i.e. X = a — 6. 

Now if a equals 6, a — 6 is zero. 

If b equals a + e^ c being a positive number, 
then a — J = a — (a+^) = — ^. 

Division gave rise to the introduction of the fraction. 
To illustrate, take the problem : What is the fifth part 
of 22? The answer is the root of the equation 

5x^ 22. 

130. The four fundamental rules, when applied to 
integers, give in every instance results known as rational 

numbers. The general type of a rational number is ± — , 

Til 

m and n being positive integers. 

131. Evolution gave rise to a new kind of number 
known as the irrational or surd number. 

What is the square root of 10 ? The answer is, the num- 
ber which being multiplied by itself gives 10 for product. 

217 
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Algebraically the square root of 10 is defined as a root of 

the equation 

^ a? = 10. 

All irrational numbers are not expressible by a finite 
number of figures. Their values, however, can be ex- 
pressed to any desired degree of approximation. 

Thus,VlO = 3.16228 correct to five decimal figures. In 
fact, 8.16228 differs from VlO by less than the hundred- 
thousandth part of one-fourth of a unit. 

Indicated roots of positive rational quantities which 
cannot be expressed by a finite number of terms are 
called ixrational or surd quantities. 

Inasmuch as irrational numbers occur in investigations, 
it is well to know the rules by which they are combined. 

Since V4xV9 = 2x8 = 6, 

and Vilcd = 2x3 = 6, 

therefore, V4 x V9 = V4 x 9. 

And since </Ti x^ = 3x2 = 6, 
and ^/WxTS = 8x2 = 6, 

therefore, -^ x <^ = ^27 x 8. 

Illustrations like the above lead one to suspect that 

V2xV8=V2^r3=V6, • 

And in general that 

I. ■>/« X Vb = Va6, 

a and b being real positive numbers, and n a positive 
integer.* 

* Real numbers include both rational and irrational. 
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132. The product of the nth roots of two arithmetic 
numbers is the nth root of the product of the two numbers. 

Proof. Let a; = Va x v^. 

Then oT = (Va)" x CVby = ah. 

Extracting the nth root, x = VoJ. 

Therefore, (Ax. 1), VaxVb = ^ab. 



Since' 

and since 

it appears that 
II. 




V25^5 
V49 7' 



m- 



V_27_^3 



t. 






133. The nth root of a quotient is the quotient of the 
^th roots of the dividend and divisor. 



Proof. Let x = — -z* 

Hence, af = y* 

Extracting the nth root of each membeiv 



'4 



Therefore, 




Since 


(28)8 = 26 = 64, 


and since 


(22)8=2«=64, 
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therefore, </M = -v^CVei), 

Expressed in ordinary language, the sixth root of a 
number may be obtained by extracting the square root 
of the number and then the cube root of this result, or by 
extracting the cube root of the number and then the 
square root of this result. In general. 



III. 'V^ = V(^) = V(V^). 

134. Any root of a number may be obtained by taking 
in succession the roots indicated by the integral factors 
of the original root index. 

135. A surd is in its simplest form when the number 
under the radical sign is integral and as small as possible, 
and when a radical does not occur in the denominator of 
a fraction. Thus, V32 is not in its simplest form, for 

V32 = vT6ir2 = Vl6xV2 = 4V2. 

Example 1. Multiply |V3 by ^V2. 

J V3 . J V2 = J . J . V3 . V2 = J V6. 

Example 2. Multiply 2V3 + 3V2 by 3V3 + V2. 

2 V3 + 3 V2 Multiply the multiplicand by 3 V3. 

3V3 + V2 Multiply the multiplicand by V2. Add the 
18 4- 9 Ve two results. 

2V6+6 
24+11V6 
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EXERCISE 109 
Simplify : 

X. V2xV3. 11. ViOxVlS. 

2. V3 X V3. 12. V8 X V50. 

3. VSxVS. 13. Vl2xVl8. 

4. 2V3x3V6. 14. V32-V8. 

5. 4V5x3V7. 15. (1 + V^)a. 

6. 3V2x2V3. 16. (V2 + V3)2. 

7. VTxVIi. 17. (V6 + V3)a. 

8. V6-V2. 18. (V4-V6)2. 

9. VlOxVS. 19. (V2 + 1)(V3 + 1). 
10. Vl0xVl5. 20. (V5+V2)(V5-V2). 

21. (V3-V2)(V3 + V2). 

22. (2V3-3V2)(2a/3 + 3V2). 

23. </^. 25. </8. 27. ^126. 29. V^. 

24. -v/lOO. 26. ^Z^. 28. ^/IQ. 

THEOBT OF EXPONENTS 

136. We have seen in Chapter 11 that the index of the 
product of two powers of the same quantity equals the 
sum of the indices of the multiplier and multiplicand. 

Thus, a2xa6 = a7, and generaUy 

^« y ^» _ ^m+H . ^ j^Q^ jj being positive integers. 
Now assume that this law always holds. 
Then, a^ X a' = a. 
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But, 

Hence, 

Also, 

And, 

Hence, 

Also, 

Hence, 

Similarly, 



Va X Va = a. Definition of square root, 
a* is Va. 
«••«■•«• = a. 
Va • Va • Va = a. Definition of cube root. 



137. Since, 



a* is Va. 

a» is -y/cfi. 
a* is VS. 
a^ is Va^. 



a» is Vo^. 
a* = 



It appears that 
Similarly, 
and finally 



a* = a* • o* • a* = (a*)» = (v'a)*. 



6 



a2 = 



a"*= ( va)"*. 



The processes of involution and evolution may be applied 
to the same quantity in any order, and the results are 
arithmeticaUy the same. 

138. The exponent of the quotient of a power of a 
quantity by a power of the same quantity is equal to the 
exponent of the dividend minus the exponent of the 
divisor. 
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Hence, 






But 






Hence, 




aP=l. 


Since, 


a' 


•» . a» = a-"+» = a<> = 1. 


Hence, 


cr^ and 


a* are reciprocals, or ( 



Any quantity affected with zero exponent equals unity. 

Any quantity affected with a negative exponent equals 
the reciprocal of the same quantity affected with a positive 
exponent of the same absolute value. 

The above are not proofs. They merely serve as a 
justification for the following definitions: 

Suppose a is a real positive quantity and m and n posi- 
tive integers, then. 



m 



I. a" l8 defined as '\/a'". 

II. a* iB defined as 1. 

III. a-" iB defined as — . 

a" 

The definitions give an additional meaning to the term 
power as hitherto used. 

Example l. Find the value of 8'. 

8^ = i 1 I. 

Example 2. Find the value of (|4) • ' 
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Evaluate : 


EXERCISE no 






X. 100. 


7. 4*. 


13. 


G^)*- 


a. 10-1. 


8. 27* 


14. 


(^ir)*- 


3. 10-*. 


9. 125* 


15. 


(tIt)*- 


4. 10-». 


10. 16*. 


16. 


(fi)-*- 


5. 10-*. 


IX. 8*. 


17. 


W*. 


6. 10-«. 


12. 49*. 


18. 


10*. 



139. All numbers can be expressed as powers of some 
other number different from zero and ± 1. Thus, 



100 
10» 

10« 

108 

10* 



1. 

10. 
100. 
1000. 
10000. 



1 

10 

1 

102 

1 

10» 

1 

10* 



io-i=i=.i. 



10-a=T^=.01. 



10-8 = -£- = .001. 



10-* = -4t = .0001. 



Since lO" = 1, and 10* = 10, it is natural to infer that 
the power to which 10 must be raised to equal any num- 
ber greater than 1 and less than 10 is more than and 
less than 1 ; i.e. it is some proper fraction. 

Example \. Given 10-«'i"=2; 10«^=3; lO"""*-!, 
find what power of 10 is 28. 

SOLtTTION. 28 = 22 X 7. 

ilenee, 28 = (lO"*"")* x lO-'^'^'s lO"*** x lO-**""* = 10'-**"*. 

Am. 1.447158. 
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Example 2. What power of 10 is 5 ? 

Solution. 6 = ~ = :r^ = lO"*^. Am. .69897. 



EXERCISE III 



Given 10»i"=2, lO^^^w^g^ 10««««=7, find what 
power of 10 is each of the following numbers : 



1. 


4. 


7. 


18. 


13. 


36. 


19. 


80. 


25. 


125. 


2. 


6. 


8. 


24. 


14. 


45. 


20. 


84. 


26. 


280. 


3. 


8. 


9. 


25. 


15. 


54. 


21. 


98. 


27. 


480. 


4. 


9. 


10. 


30. 


16. 


64. 


22. 


105. 


28. 


960. 


S. 


1^ 


11. 


32. 


17. 


72. 


23. 


112. 


29. 


784. 


6. 


16. 


12. 


35. 


18. 


75. 


24. 


120. 


30. 


1260. 



31. What power of 10 is 2.16 ? 

SOLTTTION. 2.16 = gig = g!U<J-' = ^^Q"">' .^ j^^^^*^)' 



k 


jyjuKj J.. 


L\J£%» A.. 


^" - 100 - 


lOa 


10« 






10« 


, 10»M«4, ^„,, 


.334454. 


32. 


H- 


41. 


2.5. 


50. 


24.3. 


58. 


8.75. 


33. 


If- 


42. 


2.25. 


51. 


1.6. 


59. 


1.68. 


34. 


If- 


43. 


1.44. 


52. 


13.5. 


60. 


7.35. 


35. 


2f 


44. 


2.94. 


53. 


40.5. 


61. 


V2. 


36. 


H. 


45. 


2.45. 


54. 


25.2. 


62. 


■Vl. 


37. 


3|. 


46. 


1.47. 


55. 


19.6. 


63. 


Vl.68. 


38. 


^. 


47. 


4.32. 


56. 


19.2. 


64. 


(1.05)6. 


39. 


l^. 


48. 


31.5. 


57. 


12.6. 


65. 


■v^ixVB. 


40. 


10^. 


49. 


28.8. 











226 BLBMSNTABT ALGEBRA 

RADICAL EQUATIONS 

140. An equation in which the unknown quantity is 
affected by the radical sign is called a radical equatdon. 

E.g. -Vofl -6a; + 4 = ic-l. 

Example 1. Solve Va? — 7 a; + 9 — a; = — 4. 

Making the radical occupy one side of the equation and 
the other terms the other side, we have 

Va?-7a; + 9 = a;-4. 
Squaring both members, a?— 7a; + 9 = a?— 8a: + 16. 
Transposing, a; = 7. 

Check. V72- 7x7 + 9 - 7 = - 4. 

EXERCISE 112 

Solve : 

, Vi 

2. V2a;-h5 = 6. ^ 

3. V3^+9 = 6. "• V27+4""4 



4. V5a? 4-4 = 7. ,^ V3a;-6 5 

13. =-' 

5. Va? + 2a; + ll = a: + 3. V6^ + 4 8 

V2a? + 2 ^4, 
Vx~+2 8 



6. Va?-6a: + ll-a;=2. !*• 



7. V5a: + 2 = 3. ,. 8 



15. V9^=8V2. 



8. V9^+8 = 5. 16. </l0^=2v^. 

• 



XO. v'«8 + 6i2 + 44-a;=2. W. Vl2 + V«+f=4. 
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141. Example 1. Solve Va; + 7 + Va? + 2=:6. 



Transposing Vap + 2, 



Va; + 7 = 5 - Va? + 2. 

Squaring both members, 

a; + 7 = 2 5 + X + 2 - 1 VxT2 . 
Making the radical one member of the equation, we have 

- 20 = - 10 V^T2. 

Dividing by - 10, 2 = V^+2. 
Squaring, 4 = ar + 2. 

a; = 2. 
Chech. V2+T + V2T2 = 5. 

When an equation contains two radical expressions in a;, 
let one of the radicals stand on one side of the equation 
and aU other terms on the other side. 



Solve : 



EXERCISE 113 

1. Va;-hlH-Va;-l = 6. 



2. Va? + 8-Va; 4-8 = 1. 

3. ViT3-Va;-13 = 2. 

4. Va; + 1 + Va; + 10 = 9. 

5. Va? — 4-Va; — 11 = 1. 



6. ■v^r^-Va;-17 = 2. 

7. V19-5a; + Vl6-6a;=8. 

8. V9^+T\/f+¥^ = 8 a; -- 2. 
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9. '^a^ + ^/l''^x + x^l. 



10. 



Vir-2 



+ Vic-2 = Va? + 7. 



GRAPHS OF FUNCTIONS 



142. Example 1. Trace the curve y = a;^— 2a;— 3. 

In this equation 



If x = 0, y = -8. 

If a: = 1, y = — 4. 

If a;=2, y=-3. 

If a?=3, y = 0. 



Ifa:=5, y = 12. 
If ic=-l, y = 0. 
If a;=-2, y = 5. 
If a:=-3, y=12. 



If a: = 4, y = 5. 

Plotting these points and drawing a line through the 

points in succession, we have 
the curve shown in the figure. 

It will be noticed that the 
curve intersects the axis of x 
in two points a; = 3, a; = — 1. 

These values of x are the 
roots of the equation 

a?-2x-3 = 0. 

Example 2. Trace the curve 
xt/= 5. 
Fio. 1. For a:=±l, ±2, ±3, ±4, 

±5, ±f, ±1J, 
wefind, y = ±6, ±2.6, ±1|, ±1^, ±1, ±6J, ±^. 













Y 














\ 






c 








/ 






\ 




0"~ 






1 


r 












0— 






Cv] 


' — 








\ 




















\ 




o— 






^1 










\ 




z 






T 




X- 


^* 


\ -: 


i\ 


1 


1 ■ 




! { 


LJ 


X 










y 


_1 


















\ 


1 

n 


















\ 


.Q 




















Y' 


J 



























GRAPHS OF FUNCTIONS 



229 



Plotting these points, we have two curves, one in the 
first quadrant and one in the third quadrant. These two 
are referred to as one curve having two branches. 
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Fio. 2. 

Example 3. Trace the curve a? + 2y2= 16. 

If a? = 0, y = ± VS ; if y = 0, a: = ± 4. In the equation 
ir^4-2y2 = 16, the value of x does not exceed 4, and the 
value of t/ does not exceed + VS. 

For a;=0, ±1, ±2, ±8, ±3.5, ±Vi4, ±4, 
"we find, 

y=±V8, ±V7:6, ±V6, ±VO, ±VT87, ±1, 0. 

In plotting these points it will be sufficient to get the 
values of ± VS, ± VTS, ±V6, etc., correct to two deci- 
mal figures. 

Example 4. Trace the curve a^+ t/^=s 12. 
For a:=0, ±1, ±2, ±2.6, ±3, ±VT2, 

we find, y = ±Vl2, ±Vli, ±V8, ±V5J5, ±V3, 0. 
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Plotting the points, we get a circle whose radius is 

±VI2. 
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Fia. 3. 

143. If we solve the system of equations, 

^ + 3^ = 12, (1) 

a? + 22/a = 16, (2) 

we find by subtracting (1) from (2), member by member, 

. J^ = 4, 

y = ±2. 

Substituting in either equation ± 2 for y, we get 

a;=±V8. 

These values of a; and y are the coordinates of the four 
points of intersection of the two curves. This is as it 
should be, for the coordinates of every point on a curve 
satisfy the equation of the curve, and consequently if two 
curves have points in common, the coordinates of these 
points must satisfy both equations of the curves. 
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EXERCISE n4 

Trace the curves : 

2. y = a^~2a?-4, y = a^-2a:-2, y = a?-2a:, 

y = a? — 2a? + 4. 

8 4 2 
•^ a? a; a? 

4. y = (a:-2)a, y = (a;-3)a, y = (x + 3)». 

5. a? + y«=25, a? + y2 = l6. 

6. a?-y2=7, a;a-y2=12, a?-3^ = l. 

7. y*=8a;, ^=16iC, y^=z4x. 

8. 2a;a + 3y2=32, 4a^» + 9y2 = 36. 

9. y = ic(6-a:), y = a;(4-ic), y = a;(l-a;). 
Hint. In the last one take z =; db .2, ± .5, ± .7, ±1, ±2, etc. 

10. Solve a^— ic+l=0. Trace the graph, t/=^x^—x+l. 
How is it situated with respect to the a;-axis ? 

11. The number of feet a body falls under the influence 
of gravity in t seconds is given by the formula /S=16t^ 
where S denotes the number of feet. Trace the graph of 

SIMULTANEOUS QUADRATICS 

144. Example 1. Solve : 

a?+2ya = 17, (1) 

a: + y = 5. (2) 

From equation (2), we find, y = 5 — a:. 
Substitute this value of y in equation (1), and we have, 

a? + 2C5-xy=n. (3) 
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Solving equation (3), we find, a; c= 8 or •^. 
Substituting this value of x in equation (2), y = 2, or ^. 
Cheek. 3«+2(2)»=17. 

Systems of equations in two variables where one equa- 
tion is quadratic and the other linear may be all solved 
like equation (1) above. 

EXERCISE 115 

Solve : 

1. a? + y2=3i3^ 10. a^+Sy2=l2, 

x-\-y = K>. ic + y=4. 

2. a? + y2 = i3^ 11. 2a^ + y2=59, 

rr — y = l. a? + y=8. 

3. a? + y2 = 26, 12. 2a?-3y«=29, 

a? + y = 6. a? — y = 3. 

4. a?-y2=:21, 13. 4a?+9ya = 25, 

ir + y = 7. a; + 2y = 4. 

5. a^-ya = 24, 14. 4a?-9y8 = 2T, 

a?-y = 4. 2a:-3y = 8. 

6. a:y = 3, 15. t/^Sx-a?, 
a; + y = 4. 2a; + y=6. 

7. a:y=8, 16. a?4-y^=13, 
rr — y = 2. rry = 6. 

8. a:y = 10, 17. 2a? + 3y8 = 21, 
a:-y = 3. a? + y8=:10. 

9. a? + 2y2=24, M. a?-y8 = 16^ 

a; — y = 2. ipy = 4. 



CHAPTER XIII 

SIMULTANEOUS EQUAtlONS, MULTIPLICATION, FACTORS, 

DIVISION, ETC. 

EXERCISE fl6 

Solve and check : 

1. 9 X - 7 y = 31, u. I a? + i y = 30, 

2. 11a: + 4y=-66, j2. t^(3a;+ y)= 6^, 

3a;- lOy = 18. ^(4a: + 3y)= Hf 



3. 2 a; - 9 y = 18, 
3 a; — y = 14.5. 



13. 5 a; - 3 y + 2 2 = 30, 

4a: + 2y-32J = 10, 
4. 4a;-lly=36, 3^^ y-42=:0. 



6 a; — 3 y = 45. 

5. 13 a; + 4 y = 74, 
14 a; + 5 y = 79. 

5a;- y = 17. ^' 3a; -225 = 32, 



14. 2 a; - 7 y + 4 2 = 16, 

3a;- 2y-f 32 = 32, 

^ H- y 4- 5 2 = 26. 



4y- 2 = 2, 
2a;-3y = 14. 



7. 9 a; — 6 y = 5, 
7a;-12y = -61. 

8. 3a:-4y=0, 16. 4a;+3y=0, 
7 a;- y = 25. « - y = If 



9. 4 a; + 2 y = 1, 



7 a; - 3 2 = 1^. 



9a; + lly=-14. 17. 4y-5a; = 3, 

10. 13a;-17y = 21, 42-7y = llJ, 

29 a? - 11 y = 43. 3 2 - 7 a; = 18. 

233 
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EXERCISE 117 

Multiply : 

1. 6afl — x + 5hj6afl — x—b. 

2. 4a:a+2a;~5by4ic2-2a:-5. 

3. 3a;8~ 2rr- 8by 3a?+2rr- 3. 

4. 4a:2_9a.^7by4a?-9a;-7. 

5. 9aj2-2a;+ Iby 9a?- 2a:- 1. 

6. a?-2a:+lbya?+2x+l. 

7. a — 4J-2cbya — 4J + 2c. 

8. 2a-3J-3cby2a-3J4-3e?. 

9. 6 a: — y — 4 2J by 5 a; — y + 4 2f. 

10. a? + a; — 9 by a? — a: -f 1. 

11. a?-7a;+7 by a?4-a;- 7. 

12. 3 a? + 2 a: + 2 by 3 ar* - 2 a; - 10. 

13. 3 a? + a; - 6 by 3 a? - a? + 1. 

14. 4a? + 2a:-2by4a?-2a;-4. 

15. 3a^»+a:-7by3a^»-3a;+7. 

16. a? + a: H- 2 y by a? — X — 4 y. 

17. 4 a2 + 6 a + 9 by 2 a2 + 5 a - 3. 

18. a^ + ofiy + xy^ + y* by a? — ary + y^. 

19. Expand (a? — aa; -h-Ja; — aJ)(a? + aa; — Ja: — ali). 

20. Expand (a + J + 0(* + ^— «)(^ + a — 6)(a+J — c) 

21. Expand (a^^ - 2 a^J** + J2«)(^2»i ^ 2 a'^J* + JP^). 

22. Expand («»« - aH** + a'^i^ - J^)(a" + 6*). 
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145. The square of a binomial. 

(a -h ft)« = a« + 2 aJ 4- i^ = a« + 6*4- 2aJ. 
(a - 6)«= a«- 2 ai + i^ = o^-f 42_ 2 oft. 

The square of a binomial is the sum of the squares of its 
terms and twice their algebraic product. 

146. The square of a polynomial. 

(a + ft + cy = (a + 6 + <?)* = a^ + 2 a . b + c + JT? 

= a2+2aA + 2ac-hi24-<ja-h2ftc 
= a2 + 624.c2 + 2aft + 2flk?-h2Jc. 

The square of a polynomial is the sum of the squares of its 
terms and twice the algebraic product of each term TRrith 
every term that followa it. 

JExamplel. (4a;- 8y-52)«=16a? + 9 j^+ 25fl? 

— 24 a;y - 40 a» + 80 yz. 

EXERCISE 118 

Expand : 

1. (8a?-4icy)«. 9. (8a«-a-4)«. 

2. (a2-9ai)«. 10. (8ya-2y + 5)«. 

3. (4wn-9n2)2. ii. (2 a;^ - 4 xy + y«)2. 

4. (9 J2tf - 3 Jc2)a. 12. (a2 - 2 oA-f 4 62)2. 

5. ip^-pqy. 13. {a-h-^c-dy. 

6. (7 32 - 8 jt?9)2. 14. (x + y-^iz-Zuy. 

7. (a?- a:- 1)2. 15. (a:8 _ ^^a _ 3. ^ i)2. 

8. (2a+8J + 40^. 16. (4a:8 + 2a:2_a._i)2 
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147. If the terms of a polynomial contain a common 
quantity, its factors may be obtained by inspection. 

Example 1. Find the factors of 8 a«J - 8 aft* - 6 Jfl. 
8 a^J - 3a52- 6 J«=: 8J(a2- a6 - 262) = 3J(a- 2 J)(a+8). 

148. Method of grouping terms. 

Example i. Resolve into factors (i) a* — ah + ae-^ be. 
(ii) aofl — (fix '~bx+ ah. (iii) <fi — V^ — ac — be. 

(i) a^ — ab-^ac — bc^ss (cfl — ab^ + (a<? — 6e?) 

= a(a - J) + <a - 6) (§ 147) 

= (a-JXa + 0- (§147) 

(ii) oa? — a^— 6a;+ ab = (aa;* — a^) — (bx—ab^ 

= aaj(aj-a)-6(i«^-a) (§147) 

= (a;-a)(aa:-6). (§147) 

(iii) a^^l^ — ae — bcss (cfi — J*) -— ((j^ -f- J^) 

= (a + J)(a- J) -c(a + J) 

(§§ 92, 147) 

= (a + J)(a - J - 0- (§ 147) 

Check by multiplying the factors. 

EXERCISE 119 

Factor: 

1. a:8 + a:2^2a;4-2. ^. a^ + ofi + x+l. 

2. .a:8 + 2a:a+3x + 6. 5. a?- 2 Jic4-4c2:- 8 J<?. 

3. aS^ + ax + bx^ ah. 6^ Qa^-^Sxy --Sxz + ^yz. 

7. a:^ — 8 wa? + 4 ma; — 12 Vnw. 

8. 20a^ + 25ab-Sae-10be. 

9. 21a^ + 6ab-2Sac-Sbc. 
10. a* - a8J2 _ ^2^ ^ 52^. 
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149. Difference of two squares. 

In this identity substitute a + b for a; and c + d ior tf 
and get 

Hxamplel. 25 aJ* -- 16 ^2^2 ^ (6 a?)^ - (4 yg)^ 

JExample 2. a* - 8 1 6* = (flr^)^ - (9 62)2 

= (a2+962)(a2-9 62) 

= (a2 4-962)(a + 3J)(a-8J). 

Example 3. a^ — y2 _^ 14 y^ — 49 2* 

= a^l- (y2_ 14yj5 ^ 49^2) 

= a^~(y-7;s)2 

= {a; + (y-72)}{a:-(y-72f)} 

= (i*^ + y - 7 2) (a; - y + 7 2?) . 

Example 4. a* + (1252 + j4 ^ ^4 ^ 2 a2J2 ^ J4- a262 

= (cfi + J2)2 - (a6)2 
= (a2 + aJ + J2)(a2- al + ja). 

EXERCISE 120 

1. a^-16. 5. a:8-aJ*. 9. c2_(a;+2)2 

2. a* -16 J*. 6. 6 a:' -245 a;. 10. a?- (y+ 2)2. 

3. a:*-81y*. 7. (a + J)2-A U. m2-(w-f^)2. 

4. a;2n_y2n. 8. ft2-(a:-l)2. 12. (a-2J)2-9A 

13. a2_j2^2Jc-A 16. 4a^ + y2--22-4a;y. 

14. a?-y2_2y2-22. 17. a2-4624-l2Jc-9A 

15. a2 + J2_^4.2ai. 18. 64 aj2 - 25 (y - 2)2. 
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150. The sum or difference of two cubes. 

a« + ** = (a + 6)(tf> - a6 + b^. 
a«-«» = (a-6)(a* + a6 + 6«). 

Example l. 8 a:^ + 125 y» == (2 x)^ + (5 y)» 

= (22:+5y)K2n:)2~(2ir)(5y) + (5y)a{ 
=:(2a; + 5y)(4a?-10a;y+25y2). 

Example 2. aJ* — a; ^x^pfi — 1) ^x(ofi — 1^) 

=s ic(a; — l)(a? + a; + 1). 

Examples, a^- 64=:(a:8- 8)(a:8-f 8) 

= (a;-2)(a:2^.2a; + 4)(a; + 2)(a?-2x + 4> 

EXERCISE 121 

1. a8-l. 11. 27a?+J8. 21. a^-a^. 

2. a8+l. 12. 125y8-8a8. 22. a«4-l. 

3. a8-8. 13. 27a8 + 6«. 23. a« + 64. 

4. a8 + 125. 14. 64a8 + J8. 24. a» + l. 

5. a8-.64. 15. 216 08 + 12668. 25. a^ + y«. 

6. a8 + 512. 16. 216a:8-343y8. 26. Q?^ + y^. 

7. 8a^-l. 17. 125a:8/-h28. 27. a« + J». 

8. a«+100068. 18. 129aW + A 28. o^ + aa. 

9. 8a^-27y8. 19. 16a^-2a;. 29. <fi}fi + a^A 
10. ofi-21f. 20. 612a;,-HaJ*. 30. o^'-l. 

31. a?-y\ 35. a:^ + yS. 

32. a:8-8. 36. a:8 + 64. 

33. J« - A 37. 8 a:8 X 729. 

34. 612 -a:^. 38. 3a:^ + 125. 



f 
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EXERCISE 122 
REVIEW OF FACTORING 

Resolve the following into as many factors as possible: 

1. 8a:*- 16a?. 21. a? + 44 a: + 123. 

2. ajfl-bx. 22. a?-23a;+132. 

3. 7«»-28a?. 23. a?-13aa; + 40a«. 

4. a:8 + a? + a:. 24. a? - 21 ox + 108 a*. 

5. 7na? + wia:. 25. a? — 22 aa: + 96 a*. 

6. a%-all^. 26. a? -a; -72. 

7. a(<?— 1)— c + 1. 27. a? + a; — 30. 

8. w — w — nwi + n*. 28. a? + 2a; — 99. 

9. 4-6-a(4-6). 29. a:» + 3a;-64. • 

10. a?-6 6a? + 3ar-18ft£?. 30. a* - 29 aJ - 890*42. 

11. a? — oa; + 6a; — aJ. 31. a:* — (a — V)x — ab. 

12. a^ + x^y-^xy^ + f. 32. 1 - a + 6 - 72(a - 6)>. 

13. 6a8-4a26 + 9ai«-6ft8. 33. a?-(a+3)a;-3(a+6). 

14. 6(a8+68)-«*(»«+46). 34. 4a:a-17a; + 4. 

15. a^^-y'-CaJ + y). 35. 3a?-8a:-3. 

16. n(w2-l)-w(n2~l). 36. 6 a:*- 13 a? +6, 

17. a(a-l)-K*-l)- 3^- 6a?- 5 a;- 6. 

18. a? + 8a: + 7. 38. 20 a^» - 41 a; + 20. 

19. 2:2^.11^4.10. 39. 20 a? -3 a; -2. 

20. a;2 + 41a;+78. 40. 9a^» + 29 a;- 28. 

41. 3<^-25ay + 42y2. 

42. a:2_6a;y + 8y2 4-8a;- 12y. 

43. 25a^-26a^^ + l. 



t 
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EXERCISE 123 

In each of the examples from 1 to 25, the first expres- 
sion is exactly divisible by the second. Find the quotients 
by long division. 

1. a^-hl; x+1. 4. a«-J«; aa-i2. 

2. a?- 8; a;- 2. 5. a«+J«; a^ + tl^. 

3. afl+27 ; x + S. 6. afi — y^; x — y. 

7. a:»^8a^ + Sx''l; x-^1. 

8. a^-6a? + 12a?-8; x-2. 

10. a*-fa262^j4. a^^ah^lfl. 

11. a4_2a262^.j4. a2-2aJ + W 

12. cfi+a^'\'l\ a*-a2^i, 

13. cfi-l\ a* 4- a^ + 1. 

14. a»-l; a^-l. 

15. a^ + a* - 2 ; a* 4- 2 a« + 2. 

16. 2a:6-22^ + 9ic84-3ic + 4; a^'-aj+i. 

17. a^-2a:3_6ar^4-28iU-24; a^-4a:4-6. 

18. 36a^-12a^ + a?-25; Qa?-x-b. 

19. 16a?*-72a:8 + 81a:2_49. 4aj2_9a.4.7. 

20. x® ~ 4 a^ — 1 ; 2^2 _ 2? — 1. 

21. a:« + 10a:3 4.27; a? -2a; + 8. 

22. 8a:6_99aj8_64; 2a:»-3a;-4. 

23. a« - 2 a8 + 1 ; <i2 ^ ^ + 1. 

24. 27a:6-44a:8y8-8y«; 3 a?^ - 2 a?y - 2y2. 

25. a^ 4- 6^ + c^ — 3 a6(? ; a + 6 + {?. 

26. 1 by 1 — X to 6 terms. 



BEMAINDBB THBOBEBf 241 

151. Find the remainder when ms^ + wa? + px^q is 
divided by a; — a. 

ma? + (wia -f- n)x + ma? + na+p 
X ^a^mQfi + n3? -\'px-\- q 
m^--7naa^ 



(ma + n)Qi^+px 

(ma H- n)2? — (ma + n^ax 

(ma^ + na + p^x + q 

(nufi + na+ p^x — (ma^ + na -{- p^a 

mcfi + na^ +pa + q 

The remainder is a polynomial in a and may be obtained 
from the dividend by substituting a for x. This result is 
perfectly general and is known as the Remainder Theorem. 
It may be stated thus — 

"Wlien an integral algebraic function of x is divided by 
X— a, the remainder is obtained by substituting a for x in the 
dividend. 

152. From the Remainder Theorem, it follows that if the 
substitution of a for x makes an expression zero, then x—a 
is a factor of that expression. This is known as the Factor 
Theorem. 

Example i. Show that a; — a is a factor of x^ — a\ 
Substitute a for x and get a" — a" = 0. 
Hence, a: — a is a factor. 

Example 2. Show that a; + a is a factor of x^ + a* if 
n is odd. 

Substitute —a for a: and get (— a)"+a" = — a" + a'*=0. 

(§ 115) 
Hence, a; + a is a factor. (§ 152) 
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Example 3. Show that a; + a is a factor of x^ — a" if n 
is even. 

Substitute — a for a; and get (— a)" — a» = a" — a* = 0, 

(§ 116) 
Hence, 2; + a is a factor. 

Example 4. Find the remainder when a^ — 9 a^ — 11 a? 
+ 19 is divided by a? — 8. 
Substituting 3 for a^ the expression becomes 
38 - 9(3)2 - 11(3) + 19 = 27 - 81 - 33 + 19 = - 68. 

Example 5. Show that a; — 2 is a factor of 3 a:^ — 4 a:^ 
+ 12 a; — 32 and find its other factor. 

Substituting 2 for a;, the expression becomes 24 — 16 
+ 24 - 32 = 0. 

Hence, a; ~ 2 is a factor. 

3a;8.4aa + i2a._32=(a:-.2)(a?+2a;+16). 
The second factor is obtained by long division. 

Example 6. Find the value of a if a; — 3 is a factor of 

3a:8-2a?+aa;-30. 

Substituting 3 f or a^ 81 - 18 + 3 a - 30 = 0. 
Solving, a = — 11. 

EXERCISE 124 

Find the remainder obtained by dividing : 

1. a^-bx^ + ^x-llhYX-l. 

2. 2a^-7a?+14byaj-2. 

3. 2a^-25a?+31a;- 9by a;-2. 

4. 3a:8-2a:2_27a;-lbya; + l. 

5. 7ar»-]9a;-23by a: + 4. 

6. 13a^-29a;4-40by a?-f2. 
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Show that: 

7. a; — 1 is a factor of a;^ — 11 a:^ + 19 a; — 9. 

8. a; - 2 is a factor of 2a;8 - 17 a:^ ^ 21 a; -f- 10. 

9. a; + 3i8afactorof 4a:8-2a:a4-19a; + 183. 
10. a; + 2 is a factor of 5a;8 - 17a;2 ^ io8. 

U. a; + 1 is a factor of a?* - 11 a;^ ^ 37 ^j 4- 47. 

12. If a; — 3 is a factor of 3 x^ + a^ 4- 8a; — 6, find a. 

13. If a; + 2 is a factor of aa? — 15 a? 4- 4 a; — 12, find a. 

14. Show that a4-6, 64-^i^4-« are factors of 

o?(h + c) + IHc 4- «) 4- ^{a 4- J) 4- 2 ahc. 

15. Show that a — b^b^e, and <? — a are factors of 

a\b - c) 4- h\c - a) 4- c^Qa - 6). 



CHAPTER XIV 
H. C. F., L. C. M., AND FRACTIONS 

153. The Highest Common Factor of two or more alge- 
braic expressions is the expression of highest degree that 
is a factor of the given expressions. It is denoted by 
H. C. F. 

154. The Lowest Common Multiple of two or more al- 
gebraic expressions is the expression of least degree that 
is exactly divisible by the given expressions. It is denoted 
by L. C. M. 

Example i. Find the H. C. F. of a^x^y^ and (M%p. 
The H. C. F. is ah?t/^^ since a^, rc^, and y* are the highest 
powers of the common factors of the given expressions. 

Example 2. Find the L. C. M. of a^ofiy^ and a^ofiy^. 
The L. C. M. is cfi7?y\ 

155. The H. C. F. of two or more ezpresBionB is the con- 
tinued product of their common factors, each raised to the 
lowest power in which it occurs in the given expressions. 

The L. C. M. is the product of the factors each raised to 
the highest power in which it occurs in the given expressions. 

Example 3. Find the H. C. F. and L. G.^L. oi ofi -- x 
and a? ^ 2qi? + X. 

ofi ^ X = x(ofi — 1) = x(x + l)(iP — l)i 
(jif^-2x^ + x^x(x^^2x + V)=x(jc- 1)2. 

244 
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The H.C.F. is x(x-r); the L. C. M. is x(x + l) 

Example 4. Find the H. C. F. and L. C. M. of 8 a^ 
(a2 - 5^)2, 12 (aV> + aV^y. 

8 fl?6(a» - J»)2 = 8 aV> {(a + J)(a - J){« 

=a8a'*(a + 6)2(a-6)i«, 
12 (a^J + dfpy = 12 {aJ (a + 6) }» = 12 a868(a + 6)8. 

The H. C. F. is 4 a% (a + J)^ ; the L. C. M. is 24 a»6» 
(a + J)«(a - 6)2. 

Hxample s. Find the H. C. F. and L. C. M. of 

0* + a* — a — 1, a* + a* — a — 1. 
a*+a«-a-l = a»(a + l)-(a + l) = (a+l)(a8-l) 

= (a + l)(a - l)(aa + a + 1). 
a8 + a«- a - 1 = «^(a + l)-(a + l) = (a + l)(a2- 1) 

= (a + l)(o-l)(a + l) 

= (a + l)a(a-l). 

The H.C.F. is (a + l)(a-l); L.C.M. is (a + \f 
(a-l)(a« + a + l). 

EXERCISE 125 

Find the H. 0. F. and L. C. M. of : i^ 

1. 6a^, 9a6*, 12a»6a. 7. a» + ayS, a*-y<. 

2. 8«y. 12aVi 16a:*y'. 8. IG - a^, 16 + 8 a;2 + ^4, 

3. a? - a;, a? + as. 9. a:»-4, a:*-8. 

4. a^ + o, a8 + 2a2 + a. lo. a* - 3 0*6, a63 - 3 6*. 

5. a?-ay, a!8-23^+ay«. 11. l + oS, l + a^ + o*. 

6. dfl - y^, 3? + 3^ + xy^. 12. 1 - a', 1 + a* + a*. 
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13. o'-a^J, a8-a26-f a62-.J«: 

15. a*-6*, aS-a^J + oJ^-J*. 

16. Qfi-\-t^^Q^ — 3fiy'^ + xy^. 

17. a:a-8a: + 2, a?-a:-2, a?-4. 

18. 4a?-l, 4a;a + 4a; + l, 2a:2-8a;-2. 
J9. a^-SaJ-ac + Sitf, a2-2aJ-362. 

aa a;8 + l,a? + 4a: + 3, a;8 + 2a:2 + 2a? + l. 

21. aa-(54-tf)2,i2_(^ + ^)2^^_^^^.j)2 

22. a2_2aJ + 62_^^^2_j2_2Jc-A 



/ 



156. If the terms of a fraction are both multiplied or botli 
divided by the same number, the value of the fraction re- 
mains unchanged. Expressed in symbols the rule is 

bn i* b -i-n b 



Reduce to lowest terms 



3a8-27a62 



9 g* - 54 ggft + 8 1 ggft^ ^ 9 gg (gg -- 6 fl5 + 9 y ) 
3g8-27g62 3g(g2-96a) 

9 a^(a - 3 by 
3g(g4-36)(g-36) 

^ 3g(g-36) 
g+86 

The method of reducing consists in factoring the terms 
of the fraction and then in cancelling the common factors 
in the numerator and denominator. 
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EXERCISE 126 

Reduce to lowest terms : 



2. 



g^-ai /^ 2 gg - a5 ^ 2a2~aft-ft2 

a2 + a5' " • 2atf-Jc' * g2_3^j + 2J2' 



y ^ 2a:ya;-2y2g j ^ a^+2a;-3 

^ ' a; — yaj — y(l — 2) ' a^-^-dx-j-S' 

^ (a2>-i2)(a2 + g6 4-ia) a8_g2_^^i 

A • (a - 6)2(a8 - J8) ' • os + a^ + a + l' 

^ 9a^ + 2g2 4.l 
9a* + 6g8-}-3a 

(3ga+2a;-5)2-(lla; + 9)2 

a;y + 2 Sx -f 6 g6 4- 3 ay 
a:y — 2 6a; — 6 oJ + 3 ay 

4a^-4a:2^9 

■ (2a?^ + 3)2-3a:(2a:2 4.3)_4^- 

157. If a is exactly divisible by 6, the Law of Signs is 

a a^ a a^ — a a 

These relations will be assumed to hold also in the case 
of all other fractions ; that is, when a is not exactly divis- 
ible by b. 

-1 1-1 -I 1 



JLJJIU 


a- 
1 


■b 


a — 


■ b' a — 
-1 


b 


-(b- 


a) 6- 
1 


• 

• a 


(«- 


-6)(c 


-i) 


(a 


-J)(J- 


-0 


(a 


-6)(6- 


-^) 
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158. Rules for addition and subtraction of fractions. 

a . g _ g<^ I be __ ad -{-be 
b'^d^ bd^ bd" bd ' 

2 g G __ad be __ ad ^ be 

b d bd bd bd ' 

Example 1. Simplify 

2a;+l ■ 2a:+2 2a?-lQx-9 
3a; + 5 4a: + l 12a;2 + 28x + 6' 
The expression 
^ 2a;+l 2a:+2 2x^-10x^9 

8a;4-5 4a;4-l (3a;4- 5X4a?+ 1) 
^ (2a; + l)(4a? + l)-(2a;+2X3a; + 5)-C2a;2-10rg-9) 

(3a; + 5)(4ir+l) 
^ 8a^» + 6a? + l-6a:g-16a;-10-2ga + 10a: + 9 

(3ic + 6)(4a; + l) 
=0. 



(3a;+6)(4a: + l) 
JExample 2. 



"T" T» X ^^ V i" 



(a — 6)(a — c) (J — c)(J — a) (<?— a)(c — 6) 

^ (^157) 

(a-J)(c-a) (6-c)(a-6) ((?-a)(6-c) ^^ ^ 



(a — b)(b — c)((? — a) 
The arrangement, gained by placing a before 5, 5 before 
Ci c before a, is called cyclic order. 

Example 3. Simplify: 

1 +^+^„+ * 



1-2; 1 + a: l+»^ 1 + a;* 
_ l + a?+l--a; , 2 4 
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2 2 4 



1-a? l + 3fl l + aJ* 

^ 2(l+a^) + 2(l-rcg) 4 

1-a?* l + ic* 

^ 44 ^ 4Cl+a?*) + 4(l-a?^) 
l--aj* 1 + a^ l-ir8 

8 



In this example the work is shortened by adding the 
first two fractions, then by adding this sum and the third 
fraction, then this latter sum and the fourth fraction. 
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Simplify: 






x-2 x+2 


9. 


a? + a x — a 


X— a x + a 


- 1 1 

2. r^ -• 

x+5 x+6 


10. 


7x-9 2x-8 
I4a;-15 ^x-5 


3 ^1=^ 

' 1-x (1-xy 


11. 


4a;-6 6a;-8 
6x-7 9a;-ll 


. 7 6 


12. 


3a; + l x + 4: 
x-5 x + Q' 


5. ^ + * . 

x-'S x + S 


13. 


3a«+6J2 a«-36a 
9a»+8J2 3a2-462 


6 4 3 - 
a; + 8 x-8 


14. 


2a+6 2a-J 
a— 6 a+b 


^ x + 1 x-l_ 


15. 


1 1 


x+2 X 


a2_4 aa + a-2 


„ 2a;-l 2x-5 

8. " * 


16. 


1 1 


2a:-h3 2a;-l 


(a -by cfi-b^ 
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1 2x 2b 

17. - =^. 20. 



x^2 2x'-'^ aa(a-f-J) a^-h^ 

18. -JL_ + _A_. 21. ^ ^ 



19 ^ - y y^^^y 22 ^ + ^ - ^-^ 

' 2z-y a:y-2rr2 * a:2_4 (a;-3)(2-a;> 

^^ 2a + 3 5a + 2 , 2-3a 

23. — T— - — " — ^ — -f" 



(a - 2)(a - 1) (1 - a) (3 - a) (3 - a)(a - 2) 

OS. 1 . 1 . 1 

24. -— 4- -— + 



25. , ^. ^--, X. r + 



ar— y^ ic + y y — ^ 

27. 1+^5 + 1 + * 1+^ 



28. 



(a--6)(a— c) (J— c)(6 — a) ((? — a)(6 — <?) 

_i L_«_i L_. 

a;-l a: + l a^^-l a^^ + l' 



a ^ a ^ 2a2 ^ 4a2J2 

29. 7 H 7 + -z — 4- 



a^b a^h a2+62 • ^_ j4 

g^^ a; -h y g2 + y^ I 4 ar^y2 

X— y a;2 — y2 ^ — y^ 

^, a + 6 2a6 2a262 

31 • 



a- 6 a2-J2 a*- 6* 

2a + 6 2a-6 a* - 40 ag^" - 16 ft* 
a-26 a + 26 a*-166* 

33. -i 5 ^±i. 

a;— 1 ^ —X T^—X 
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159. Rules for multiplication and division of fractions. 
b d" bd' b^d^b c" bo 



EXERCISE 128 
Simplify : 

X, X — • 9* X • 

a*^— 1 ar--6a; + 9 m -{- n c -{- d 

2. X • 6. — -I ■ • 

ac —be (a — b^ a^ 2 a^ 

a^ — x^ _^ a — X g^— 4 a^-\'6a+9 

_ (a;-2)a ^ 3a; + 6 ^ a:a_5a:4.4 ^ a3_2a?4'l 



9. 



10. 



13. 



15. 



gg 4- at ^ 2 6^ a2^3a5^2fea 
a^^ab- 12 62"*" a2 _ 3 aJ _ 4 ja" 
g8 _ y ^2 ^ ^5 ^ 52 
2*2 "*■ 4J 



__ 4^-81 ^16a^-36a;2 + 20 . 4rc2+i6a;«9 



4a^^-5 8ic8-729 42;2 + 18a; + 81 

_^ a^'\'X-\-l^a?-'X+l . ic® — 1 

12* X 



X X 7^ — X^ 

0^-4: X^-\'2X-^1 X^-X-'2 



rc24.3x+2 a^-x-12 2:2-4 



X 



14 ^" / X ^ + 3^ t ^ + ^^^-\'y^ 



ofi—rfi ^— c2 a;2^,j2.^^2 



a;2— na;+ca;— ne? a:2_|.^2;— (?x— we? a:2^^2?4-e?a:4- 



nc 



^^ (a "by-c^ ^ c ^ a c-^bc-\- <^ 

ab — b^— be a?-{' ab — ae ' a^— (b— c)2 



CHAPTER XV 
EQUATIONS 
160. Uxamplel. Solve 2a? 4-3 4 _8 

Multiplying by x(x — 3), the L. C. M. of the denominators, 

2x+S:=4x-12 + Sx. 
.'. — 6a; = — 15. 
x=8. 

When a: = 3, the given equation becomes 

9 4^3 



3(0) 3 

The first and third terms are meaningless ; as the value 
3 for X causes a denominator to vanish, it cannot be 
asserted that 3 is a solution of the equation. 

Tf 7« CI 2a;-18.a;+3 a:-6,2a;+7 
Uxample 2. Solve j;— H —^ = H 

^ X" 3 a; — 4 x + 1 x 

This may be written 

2 I_ + 1 + _I^=1 I_+2 + I 

X— O X — 4: X+1 X 

7^7 7 _^7 



a;— 3 X — 4: x + 1 x 

1 +-J-.=-^+i 



Combining, 



a;— 3 a; — 4 x + 1 x 

1 1 



(a;-3)(a;-4) a;(a: + 1) 

.-. a;(a:+l) = (a; - 3)(a:— 4). 
a:2 + 2; = a:2-7a;-fl2. 

252 
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This valae of z does not make a denominator zero. It 
vrHl satisfy the equation, and hence it is a solution. 

EXERCISE 129 

Solve and check: 

' 210 -a; 19* ' a? + 1 x-2' 

^ 2rr+2 2a;-l « l«ir-2 18a;+13 

2. = — = • 8. ^ = ■ • 

x-\-2 x — 1 4a: — 1 4a;+2 

, 3a;4-3 3a; + 13 ^ 4a:-7_6a;-5 

3. _ ^ — — • 9* 



a;+7 a: + 6 6a:-17 9a;- 14 

a; + 4 _ a;+ 8 4a;-86a;4-6 



a;-l a; 8a;-5 12a;+ll 

X 2a; + 6 „ 7a:-4_7a;+8 



a;-2 2a;-l 9a; + 18^ 9a;+25 

17a:-1 ^ 17a:-16 ^^ 5 a;- 4 ^ 15 a; - 14 

4a;-2 4a;-6' " 7a; + 9 21a;+28' 

13. 7^^-17 + 77-^=1- "^"^^ 



14. 



15. 



2a;-3 2a; + 3 4a;2_9 

a; — 1 a;+l _j^ a;— 28 

2a;-6 2a; + 5 4a^^-26 

a;4-7 a;-fll a;2_27a;-2 



2a; + 9 3x-8 (2 3;+ 9) (3 a;- 8) 

3a; 4a; 7a;a-12a;-4 ^ 

7a;-2 7a; + 2"*" 49a;2^4 - "• 

17. •-^ + -^ ^=0. 

a;— 1 X — 2 x— 6 
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161. Simultaneous equations Inyolving the reciprocals of 
the unknown quantities. 

Equations involving - and - should be solved for - and 

X y X 

-, and then from these values the required values should 

y 

be obtained. 

Ix Zy 3 ^ ^ 

Multiplying (1) by 16 aud (2) by 6, 

— -- = 11, (3) 
X y 

- + — =8. (4) 
X y 

Multiplying (3) by 7, and (4) by 8, 

il^-^ = 77, (5) 

X y 

21 + 42^24^ (g^ 



X y 

202 



X 

1_1 
X 2 
Substituting in (4), 



= 101, adding (5) and (6). 



<i>^«- 



Solving, "" ^ Z * Hence, a; = 2, y = 4. 
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g 

MeampU a. Solve 4 a; + - =: 17, 

y 

Solving for x and -, we find a;= 2, -= 3. 

y y 

•*• y = i- 



Solve and check : 



EXERCISE rSO 



12a:-§ = 18. 

y 

7. 3a; + 5y = fa:y, 

5 + 2 = 2. 
X y 

8. 4a;-- = lU, 

y ' 

,7 2 

a;+- — = — -.t 

2y 3 

9. 4^.30 + 5^-12, 
X y z 

1J_12 + 5 = 18, 

^ + i+5=i. 

X y z 
,^ 3 2^3 161 

10. h — = , 

a; y 2 60 

6 1,2 77 

X y z 30' 

^1^^7.. 43,4 19 
6. 16 a: +- = 44, j-- = — -. 

y X y z o 



1. 






2+1 = 3. 
X y 


2. 


^ y 




3 2 7 
a; y 20 


3. 


5-^^11, 

y a; 




^-5 = 13. 
y a; 


4. 


10 11 17 
X y 126' 




4 7 25 
X y 126 


5. 


9 4 7 
2ar 3y 6' 




4 5 109 
3a: 4y 144 
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162. Example 1. Solve i^nA^^^H^ . 

^ 6a; + 16 6a;+16 

Multiply by (6 x-f 16)(5 a;+16). 

.-. (4a:-9)(5a:+16)=r(6a; + 16)(7a:-9). 
Expanding, 20 a^a + 19 a; - 144 « 42 a? + 58 a: - 144. 
Transposing and dividing by - 1, 

22 3:2 + 39 a: = 0. 
Factoring, a;(22 a? + 39) = 0. 

aj = or - f |. 

163. Higher equations solved like q^iadratics. 
Example 1. Solve a^ - 10 a? + 9 = 0. 
Factoring, (x^ - 1) (a:^ - 9) = 0. 

(x - l)(a; -h l)(a: - 3)(a: + 3) = 0. 

.•. a; = 1, — 1, 3 or — 3. 

Example 2. Solve (a:^ + 2 a; + 3)(a:2 + 2 a; - 7) = 144. 
Let y = 2? + 2x^ 

then y4-3 = a? + 2a:+3, 

y-7 = a:2 + 2a:-7. 
••.Cy + 3)(y-7)=144. 

y2_4y_21 = 144. 

y2 _ 4 y _ 165 = 0. 
(y-15)(y + ll)=0/ 

y = 15 or — 11. 

.-. a:2^2a;=15ora? + 2a;=: -11 

Solving these equations, a: = 3, — 5, — 1 ± V— 10. 

(§ 127) 
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IT 7 o Q 1 a?-f 12 , 6x 26 
JExample 3. Solve — -^- h -r — r-^ = tz • 

^ 6a; rc2+12 12 

Let — i — = y, then ^ 



^x ^' a:a+12 y 

^ , 1 25 

and v -I- - = — . 

^ y 12 
Multiplying by 12 y, 12 y^ - 12 = 25 y. 

Solving, y = - or -, 

I.e. — J r=- or - 

6a; 4 3 



Solving, a: = 2, 6, ^^^^"^"^ • (§ 127) 

Example 4. Find the three cube roots of 1. 
If X denotes one of them, then 

a;8 = l, 

t.6. a:^— 1 = 0. 

Factoring, (a; - 1) (a? + a; + 1) = 0. 

a? - 1 =3 and s^-^-x-^-l —Q. 



• • 



Solving, a: = 1, 



EXERCISE 131 

Solve and check : 

1. 6a? + 6 = 37a;. 7. 6a:24-41a; = 7. 

2. 9a:2_9^80a;. 8. 2ar8-a;=10. 

3. 4a? + 21=:20a;. 9. 42r^-4a;=3. 

4. 3a:2_4a.«i5. jo. 3a?^-2a; = 40. 

5. 5a?+19x = 4. 11. 2ar»-41a; = 21 

6. 2a;2_3a.=:27. 12. 2a^-a;=6. 

8 
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13. 3a:2_25a; + 42 = 0. 18. 9a?- 18ir- 16 = 0, 

14. 4a^^-82a;+15 = 0. 19. 9a?- 45a;- 84 = 0. 

15. 9a?-45a; + 44 = 0. 20. aa?-(a+ 6)a?4- J = 0. 

16. 16a?- 80a: + 19 = 0. 21. a(4a?- 1)= 2(^2- l):r, 

17. 4a?-24a: + 27 = 0. 22. a?- ax+ab=^V^. 

23. acx^ + adx = hex + Id, 

24. mnoc^ — (mK + v?^x + mn = 0. 

25. :r*-24a?+128 = 0. 27. a:*- 15a?- 16 = 0. 

26. a:*-a?-12 = 0. 28. (a?- 8) (a?- 2) =42. 

29. (a? -a:)(a?- a; 4- 3) = 10. 

30. (2a?+l)2+(2a?4-l)=90. 

31. (a?4-3a;)2 + 4(a?+3a:) = -4. 

32. (a?4-a:)2-18(a? + a:) = -72. 

33. r^±iY+4r^±iVi2. "'• ^-1=8(^-1)- 

\ X J \ X J 33^ a? + 8 = 12(a;4-2). 

34. ^±1 + -^ = ??. 39. a?+8 = 0. 

a; a?-fl 10 

40. a^+6a?+9a? = 16. 
/p2 4 'K 5 a: 26 

^*- T^'^^^ri^'T' 41. :^-x + -|^=26. 
36. a?-^x^-it^x==0. 42. ic» = 27. 

43. (a:2-2a! + 26)«=24(a:3-2a! + 25). 

44. 2(ar2 + 2a! + ll)a=49(a?>+2a: + 5). 

45. (x2-7a::+13)a = (a;-3)(a;-4) + l. 

46. (2a^ + 4a;)2-9(a; + l)« = 0. 

47. 6a^-7a!2-7x + 6 = 0. 
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164. Constructions of equations. 

Example 1. Construct an equation whose roots are a, 

The expression {x — d)(x — h')(x — c) is zero if any one 
of its factors is zero. Hence, the required equation is 

(x — a)(a; — V)(x — (?) = 0. 
Example 2. Construct an equation whose roots are 0, 

i -i- 

An equation having these values for x is 

Multiplying by 8, ic(4 x - 8)(2 x -f 1) =.0. 
Expanding, ^^a^-^ix^-Zx^^O. 

This is the simplest equation whose roots are 0, |, — J. 

EXERCISE 132 

Construct equations whose roots are : 

1. 1, — 1. 11. w, — m. 20. a -f J, a — b. 

2. 8, 4. 12. — c, — (?. 21. a, — c. 

3. — 4, 3. 13. J, — 1. 22. — a, — J. 

4. 6, 1. 14. |, — 2. 23. a, — 6, e?. 

5- 0, 7. 15. j^ J. 24. - a, - 6, - (?. 

6. 0, - 9. 16, 0, - f 25. - 1, 2, - 1. 

7. 5, 6. 17. a + 2 J, a - 2 6. ^ a + 6 a 
8.-2,-2. ^5 a «+6 

9. a, — a. 6 a 27. a — o, o — a. 

10. J, 2 J. 19. a, a — 6, 28. — 1, J, 1, — J. 
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165. Factors of quadratics. 

Any quadratic can be expressed as the difference of 
two squares and hence factored. 

Example l. Factor a? + JE>a? + ?• 

Complete the square oto^-^-px by adding ^. 

The addition of =^ — ^ to o^-^-px-^-q does not alter its 
value. 

o t» P^ P^ 

.-. x^'{-px-\'q^7?-\-px + ^-'^+q 






a- 4 3 



Example 2. Factor 8 a^ — 2 a; — 3. 

8r«-2x-3 = 8(a?»-Jx-|) 

= 8(x+})(a;-t) 
= 2(a; + J).4(a;-i) 
= (2a; + l)(4«-3). 
This method is perfectly general. 
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166. Example 1. Find the value of x in terms of the 
other letters in the equation 

a: — « x^b x—a^-b 
Combining the first two fractions, 

(a: — a)(a;— 6) x — (a-\-b}* 

Dividing by a — 6, 

2x''(a + b) ^ 2 

(a; — a)(a; — 6) a; — (a -j- J) * 

Clearing of fractions, 

2 a:2 - 8 (a 4- J) ic + (a 4- J)2 = 2 a:2 __ 2 (a + 5) a: H- 2 aJ. 

.-. -(a + 6)a:=2aJ-(a + J)^ 
t.«. — (a4- J)a; = — (a^ + S^). 

Dividing by - (a + J), .-. a; = ?^^. 

EXERCISE 133 

Solve : 

- X — a , X — b X — e /\ ^ x , x m 
1. 1 ^— = =0. 2. -H 7 = 1- 

a c a+b a—b 

3. £±£ + £±1 = 1 + 1-2. 

b a a b 

^a? + aa;— 2a2 2 1 a; 

4. —2- + 2a;-6a. 7. — ; n: = Z^ 2' 

a:-— a x + ax-^oar^a^ 

X X ck a b 2 

5. -!^4._:l-=2. 8. _^ + _ii-- = f. 

a? — aa: — 6 aa:— 16a?— la; 

^ 1 1 6 — a ^aa;+J,Sa:-fa ,» 

6. — = -3-- ®- — rr+ — 7— = a4-6. 

a — x — a? a?" a;4-6 a;+a 

10* (a — 6)(a? — (?) — (J — c^(x — a) =* ((? — a)(a? — 6). 
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167. One equation of the first degree and the other of the 
second. 

Example l. Solve ^ 

2a:2_5a.y4.y2 + 43^0, (1) 

4a:-5y + 9 = 0. (2) 

Find from (2) the value of x in terms of y. 
Substitute this value of a; in (1) and get 

2(^7 -5(«if^, + y+ 43-0. 

Solve this quadratic in y and get y = 5 or — 5. 
Substitute 6 or -- 6 for y in (2), a: = 4, or — 8J, 
The solutions may be written (4, 5), (— 8^, —5). 

168. Both equations quadratic, and homogeneous as to 
X and/ (i.e. all terms of the same degree). 

Example l. Solve 

9a?8-9a;y + 16y2 = 91, (1) 

9a;y + 4y2=70. (2) 

Step 1. Eliminate the terms independent of x and y. 
Multiply (1) by 10, (2) by 13, subtract, divide by 9 

and get 10 a?- 23a:y H- 12y2 = 0, 

i.e. (5a:-.4y)(2a:-3y) = 0. (3) 

Step 2. Solve (1) and (3), or (2) and (3). 
Taking the latter, solve 

9a;y4-4y2=70, and 9a;y4-4y2=70, 
5a:-4y = 0, 2a:-3y = 0. 

This is done by the method of § 167. The solutions are 
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a:=2i, -a^, 3, -3, 

y = 2, -2, 2, -2, 
or (2 J, 2), (- 2^, - 2), (3, 2), (- 3, - 2). 

EXERCISE 134 

Solve and check : 

1. a:y = 30, 12. 82:84-23/2^60^ 
a; 4- 2 y = 19. x + y = 5. 

2. a;y4-2a;=20, 13. a:2^y2_ 2a;- 4y = 8, 
2a; + y = 12. a;4-y=8. 

3. 3iry-2a:=3, 14. a:2 4.4a.^.y2_ 4^ =: 5^ 
a; + 3y=:6. a;-y-|-3 = 0. 

4. xy + x==25, 15. a:2^y2^6a;4-4y = 13, 
2 a; + y = 14- a; 4- y = 1. 

5. a;y =24, 16. ajy 4- a? — 2 y = 16, 
3aj + 2y = 30. a: + y = 10. 

6. x^ + y^ = 65y 17. a;y + 4a:-y = 12, 
a;— 3y = 5, a; — y = 7. 

7. a:2-y2=77, 18. a;y + 3aj4- 5y = 40, 
2a;-3y = 12. a;-y = 4. 

8. 2a:24.y2^22, 19. a;y-2aj-3y + 3 = 0, 
3a;4-2y=13. a;4-y = 9. 

9. a?-3y2 = 13, 20. a:y + a:- 4y = 28, 
a;+2y=6. a; + y=13. 

10. ar2-2y2=14, 21. a^^+ 2y2-2a;- 4y=21, 
a;— 2y = 2. a; — y = 2. 

11. 2rra + y2 = 51, 22. 2ar2-hy24. 4a; + 2y = 56, 
a; + y = 6. a;4-y=6. 
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23. 2a;«-3y»-12aj-12y=28, 
a; — y = 8. 

24. 4a? + 9y^-8a:-18y = 12, 
a:4-2y = 7. 

25. 5ir2^i2y2=32, 29. 2:2^2/2^82, 
a; + 2y=4. 9a;4-y = 82. 

26. a^i-.3a:y + 2ya=3, 30. (a;- 1)2+ (y- 2)2= 10, 
4a;-7y=6. 3a;+y = 15. 

27. 3a^^4-y2 = 49, 31. 4a:2_ g^a^ io8, 
12a; + y = 49. ix- 3y = 18. 

28. 2a:2_2/2 = 46, 32. ar^ + 4y2 = 52, 
5 a; - y = 23. a? + 2 y = 10. 

33. 7a^^4-7y2+12y = 115, 
7 a; + 3 y = - 15. 

34. 13a:2^i3y2 + i5a.+ 27y = 188, 
a.-6y + 10 = 0. 

35. 8a?+16y2 = 91, 
a; + 2y = 7. 

36. 5 0^ + ^x1/ =9^ 
3a; + 2y=3. 

*37. a:2^.y2 + 8a;-6y+16«0, 
a3^y2+9a._7y + 25=:0. 

38. 2a:2+5y2=l33^ 
3a:2^2y2 = 62. 

39. a:2 4.y2^9a, + 21y+82=0, 
ij2 + y2^ 11 a- ^. 23 y + 34 = 0. 

« Eliminate sfi and y^ and get a simple equation. 
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40. 8 a;» +7^2 = 84, 
2ar»-8y2 = 15. 

41. a? + 3/2 _ 2 a;-- y=20, 
2^ + y^ — 4ir— 2y = 15. 

42. a? + f==5S, 

xy — 14. 

43. 8a? + 3y2 + l3a; + 5y + 12=:0, 
ic^ + y^+6a;-h4=0. 

44. ar^-y2 = l2, 
a;y = 8. 

45. 81a:8 + 81ya + 67a;+25y=:482, 
2a?^ + 2ya + 3aj-5y = 12. 

46. 10a:2_2a;y-y2^5 = 0, 
15a?- Ila;y + 2y2 = 0. 

47. 10a?- 21 a;y 4- 170 = 0, 
20a?-33a:y4-10y2=0. 

48. 41a?-46a;y + 18y2=s4, 
10a?-lla:y + 3y2==: o. 

49. 18a?-lla;y-2y2= -12, 
5a?-20a:y-hl8y2=:l7. 

50. 3 a;y — 7 a? = 2, 
18a;y-25a?-y2=,5, 

51. 6a?-9a;y + 4y2=34, 
25a?-89a:y + 15y2 = 85. 

52. 8y2-9a:y = 20, 
4a?-17a:y + 12y2=s24 
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53. 18a?-30xy + 7y««10, 
13a:2_22iry + 6y^ = 5. 

M. llar»-13a;y + 4y* = 4, 
21a:2_24a;y + 7y2s=4. 

55. 3a:2_y2=2, 

6a;2 + 3a;y-4y« + l = 0. 

56. 23y2-24a;y-12a:2^128, 
19ya-22a;y-16a?8=64. 

57. 23 aj2 - 20 a;y = 667, 
23y2 + 30a:y - 23ar» = 81. 

169. Symmetric equations. An expression is sym- 
metric with respect to x and y if it is unaltered by inter- 
changing X and y. Examples, qi? + xy + y\ a?y + a;y^, 

aj^ + y®. 

General Method. If a; -f y = « and iry = jt?, then a:^ + y^i 
a? 4-y®, a^ + y*i etc., can be expressed in terms of 8 and p. 

a^-^ y^=:(^x-{- y)2 — 2 a:y = «^ — 2 p. 

a? + y8 = (a; 4- y)^ — 3 xy(x 4- y) = «® — 3 jt>«. 
a^ + y* = (a:a4.y2)2_2a:2y2=r(«2_2j^)2-2j?2 

= «4 - 4 J[?«2 ^ 2 J[?2. 

Example l. Solve a:* -h y^ = 351, a;?y + xy^ = 126. 

a^4-y8 = «8_3pg. .-.««- 3 jE?« = 351, (1) 

a% + a'y2 = a;y(a; + y) = /?«. .•.^«=126. (2) 

Adding 3 times equation (2) to (1), «» = 729. 

.-. « = 9. (3) 

Dividing (2) by (3), p = 14. 

The solutions of the given equations are those of 
a; + y =s 9, a:y = 14. .-. aj=7, y = 2, or a; = 2, y = 7. 
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^Example 2. Solve rr* + ofli/^ + y* = 481, (1) 

a^ + a:y + y2^87. (2) 

Equation (1) may be written 

(aj2 + ajy + ya)(^-a:y + y2) = 481. (3) 

.-. 87(aj2~ajy+y2)=481. 
Dividing by 87, x^-xy-hf^ 13, (4) 

, Solving (4) and (2) by method of § 168 or § 169, 

ic = ± 3, y = ± 4. 

JSopample 3. Solve sA/^ + 2 a;y = 8, (1) 

a? + y = 3. (2) 
Equation (1) may be written 

(ajy + 4)(2;y-2)=0. (8) 

Solving, P"^^rn'l; {""^^rW- 

^' Uy4-4 = 0. j' Uy-2 = 0.J 

The required solutions are (1, 2), (2, 1), (4, — 1), (— 1, 4). 

EXERCISE 135 

Solve and check: 

1. a; + y = 7, 5. a?* + y* = 257, 
2^ -\- y^ =z 91. a;y = 4. 

2. (a;-fy)2 4-a: + y=56, 6. a?*4-/=257, 
a:y = 10. a; + y = 5. 

3. a:2_a;y 4-y*==21, 7, a^ + a^^y^ + y* = 84, 
ic8 + y8=189. a? + a:y + ya = 14. 

4. rr8 + y8=65, 8. Sa^s + 3 y8= 28a;y, 
a% + xy^ =20. a; + y = 4. 



CHAPTER XVI 

SURDS. FRACTIONAL EXPONENTS. RADICAL 

EQUATIONS, ETC. 

170. If n is a positive integer and a is a positive 
rational number which is not a perfect nth power, then the 
^a is called a surd of the /ith order. 

Thus, V6 is a surd of the second order, 

^/2 is a surd of the third order. 



VT44 is not a surd, for (1.2)2 ^ 1,44. 

171. Rules of reckoning. _ 

I. Vi'Vb^Vab. II. ^ = S/f- 



III. VVa='A/a=VVa. (Chapter XIL) 

172. A surd is in its simplest form when the radicand 
is an integer and is as small as possible. 

Simplify (1) V63; (2) -rg; (8) ^/16. 

1. V63=V9">r7 = V9x V7 = 3V7. 

_ 5 5V2 _5V2_5V2 5 ^ 

""' V8''V8.V2""V!1" 4 "^'4^2. 

3. ^16=</P=^/VP=^/4. 

The process in (2) is called rationalizing the denominator. 

268 
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173. Like surds are rational multiples of the same surd 
factor. 

3 V2, 5V2, f V2 are like surds. 

174. A surd is said to be expressed as an entire surd 
when its coeflBcient is unity. 

8 V7 = V^* . V7 = V9 • V7 = V9T7 = V63. 
V63 is an entire surd. 



EXERCISE 136 



Simplify : 

1. V24. 

2. V72. 

3. V50. 

4. VS43. 

5. V6050. 

6. V8820. 

7. ^128. 

8. ^375. 

9. -^11664. 



10. ^112. 



11. ^a62. 



12. ^1875. 



13. Vcfib. 

14. VcW. 



15. VI 8 ofiy^, 

16. VJ. 

17. ^\. 

18. V^. 



Express as entire surds : 

28. 4V2. 31- 2^4. 

29. 8V5. 32. 6-^2. 



22 



19. </l. 

20. ^^. 

21. -^J. 

23. -^4. 

24. <^. 

25. ^100. 

26. </64. 

27. -?/125. 



30. 2v'7. 



33. 3-^5. 



34. ^V8. 

35. \-\/^. 

36. J</32. 



270 ELEMENTARY ALGEBRA 

Express as surds of the sixth order: 
37. V2. . 38. ^4. 39. Vll- 

Express as surds of the same order ; 

40. V2, </8. «. VIO, ^30. 44. ^12, V5- 

41. V7, ^4. 43. ;^80, V3. *5. ^a8, ^a*. 

175. Multiply (1) 2V3 by 8 V6 ; (2) ^4 by ^3 ; 
(3) 3 V6 + 2V7 by 2 V6 - 3V7. 

1. 2V8 . 3V5 = 2 . 3 . V3 . V5 = 6V15. 



2. ^4=V^=iJ/44. 

Hence, ^4 • ^3 = ^^4* . ^38 = ^/pTp"^ 1^6912. 

3. 3 V5 + 2V7 Multiply the multiplicand by 2V6. 

2V5 - 3V7 Multiply the multiplicand by -3V7. 
30 + 4 V35 

-- 9 V35 - 42 Add the two results. 
- 12 - 5 V35 

EXERCISE 137 

Perform the indicated operations : 

1. V2 • V8. 6. ^16 . •v/32. 11. V3 • ^/2. 

2. V2 • V32. 7. V8 • V6. 12. -^4 . V8. 

3. V3 • V48. 8. V3 • V32. 13. ^2 . -^'2. 

4. ^4-^2. 9. V12.V24. 14. ^16.</128. 

5. </5 • ^25. 10. V2 • ^3. 15. Vf . VtJ^- 
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16. (1-V2X3 + V^). 

17. (4V8 - 6V2)(4V3 + 5V5). 

18. (lOVo + 6V3)(5V3 - 3 V5). 

19. (2V3 + aV2)(3V3- V^). 

20. (3V7-4V6)(4V7-2V5). 

21. (6V6 - 3V'10)(2V3 - 3V5). 

22. (5V5-2V15)(2V5- V30). 

23. (4V8-3V6)(3V2-V6). 

176. Rationalizing factors. If u and v are expressions 
involving surds, and if uv is rational, then either one is the 
rationalizing factor of the other. 

1. -y/2 is the rationalizing factor of -^S. 

2. -v/3 is the rationalizing factor of -y/Q. 

3. -^a + -y/h is the rationalizing factor of V* ~ V^* 

Example l. Express ^ Y. ~. with a rational denomi- 

13v5--2 ^ 13v5-2 3 yS - 4 ^ 203 - 58 yS ^ y o ,5 
3y5 + 4 3y6 + 4 * 3y5-.4 29 "^ ' 

The process consists in multiplying both the numerator 
and denominator by the rationalizing factor of the denomi- 
nator. 

EXERCISE 138 

Simplify : 

10 ^ 3 

5 . 1 



1. 



5. 



2. 



VlO 



5-2V6 



6. 



3-2V2 
8 



V11+V3 






"►"^^ 



'k\ 
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7. 40 ^ ^ 5V5-3V3 . „^ 8V3 + 2V2 , 

4V3 + 2 V2 V6 - V3 V3 + V2 

2V6_8V2 V3-1 2V3 + 2 

- 7 + 5V2 ,, 27 + 2V2 „ 2vl0 + 2v2 

lH-V2 3 4-V2 V10-V2 

VT-2 2 + V5 8 + 2V5 

19. What is the rationalizing factor of V^ — V^ *' 
Hint. Use the identity x* — y' = (x — y)(x^ + xy + y^). 

20. What is the rationalizing factor of ^3 + ^2 ? 

21. Use the identity, o^ + J* = (« + J^^ — 3 a6(a + i) to 
find the value of 

(a) (V2 + 1)« + (V2-1)«. 

22. Given cfil^ = (aJ)^ express in its simplest form 
(a) (V2 + 1>'(V2-1)''. 

(6) (i+vr^=^)8(i-vr=^)«. 

23. Simplify 4- 



l + Vl-a; l-VFri 

24. Rationalize and find to four places of decimals the 
value of: 

(a) _J_. (.) ^-1-.. (e) ^^^. 

V2 + 1 »-^V' V3-V2 

'^^2+V3 ^ ^ 9-4V6 ^■^^2V6 + 3V2 

25. Find the value of a? — 6 a; — 10 when x = Z — Vi9. 
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177. The square root of a binomial quadratic surd. 
If a and b are positive rational numbers, then 

( V« + V*)^ = a + 6 + 2 Va6. 

( V« - V^y = a + 6 - 2 VoJ. 

Hence the square of a binomial quadratic surd is of the 
form m ± 2-^n, where m and n are rational. Conversely, 

"^m + 2 Vw = -y/a + -y/b, 
Vm — 2yn = -y/a — ^ft, 
and a + 6 = w, and 2 VoJ =s 2 Vw or aJ = w. 

Example 1. Extract the square root of 16 — 5 V7. 

Vl6-5V7 = Va-V6. 
.•. a + J = 16 and 2Va6 = 5V7, or 4a6 = 175. 

Solving, a + 6 = 16 and 4 a6 = 175, (§ 167) 

a = -?^, 6 = |. 

.-. Vi6-.5V7 = A_:^^ = J-(5-V7). 

V2 V2 V2^ 

Alternative solution : 

V16-5V7 = V^ - V6, (1) 

Vl6 + 5V7 = Va + VJ. (2) 



.-. •> 162 - 62 . 7 = a - 6. Multiplying (1) by (2), 
t.e. 9 = a — 6. 

But 16 = a + J. 

.-, 25 = 2 a or a = ^^ 
and i = 1^* 
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EXERCISE 139 

Extract the square root of : 

1. 81 + 12 Vs. 6. 33-6VT0. 11. S + VE. 

2. 24 + 16V2. 7. 60-40V2. 12. | + JV5. 

3. 21-12V8. 8. 4 + JV6. 13. 21 + 12V8. 

4. 30-12V6. 9. 2 + JVT6. 14. 17 + V288. 

5. 37-8V21. 10. 3 + |V5. 15. 2f + V8. 

16. Express V(3 V6 + 4 V3) in the form ^/a • ( Vw — Vw.). 

178. Index laws. The following laws hold for all 
values of m and n: 

1, a"^. a''^ a"*"^**. 2. (a*")" = a"". 3. (aJ<?)" = a^J^e*. 

In agreement with these laws are the following defini- 
tions : 



m 



1. a* is defined as V^*". (§ 138) 

2. a^ is defined as 1, unless a is zero. 

3. a"" is defined as — or f - ) . 

Example 1. Find the value of (0.008)"*. 
(0.008)"* = { (0.2)3}-» = (0.2)-* = r^y = 5* = 626. 

Example 2. Express in an integral form -— 



c **a 



c"^a'* c~^ c~^ 



= ab^<fl. (§ 39) 
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Example 3. Express ^1000 in the form 100*. 

VlOOO = VlOS = lof. 100* = (102)* = 102*. 

. •. 102* ^ lot. ... 2 a: = |, U. a? = }. 

Hence, VTOOO = 100*. 

Example 4. Simplify {^(x^yyV^' 

Example 5. Express with fractional exponents in sim- 
plest form : ij/^ ^ (^^ . ^^)^ 

^a-i-(.^a. ^a) = a* •+■ (a* • a*) = a*"*^ = a'^'^ or -1-. 

EXERCISE 140 

Express with radical signs in simplest form : 

1. ah. 3. a*6*. 5. 7 x^. 7. 2* . 2*. 

2. a*<?. 4. ah. 6. 3 a26*. a 3* . 3*. 

Express with fractional exponents : 
9. Vx. 10. ^'^. 11. ^W. 12. Va^. 

Find the numerical value of : 

13. 27*. 19. 64*. 25. 10-8. 31, (.001)*. 

14. 16*. 20. 32*. 26. (0.01)*. 32. (.001)"*. 

15. 8*. 21. 81"*. 27. (0.09)-*. 33. (.027)"*. 

16. 25*. 22. 100. 28. (0.16)-*. 34. (.0016)*. 

17. 49"*. 23. 10-1. 29. {obey. 35. (.343)*. 

IS. 36"*. 24. 10-2. 30. (^)--2. 36. (J)-f. 
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Express in an integral form: 

37 — 99 — 41 ^^ ^^ Va 

38 ^ 40. ?-— -. 42. x/^. 

44. Express as a power of 10 : (a) VIOOO ; (J) .01 ; 

^'^ ioo5- 

45. Express as a power of 8 : (a) ^ ; (i) .0625 ; 

46. Express in the form a* : (a) 2 V5 5 (^) 2* •*- 3* ; 

47. Express n as a power of ti? ; of -y/n ; of n-^n. 
Express in simplest exponential form: 

49. ^^^ . 52. (a?-.a;-.af)»*»+^. 55. (aa-62)*V^+F. 

179. The descending order of magnitude for negative 
numbers is — 1, — 2, — 3, — 4, etc. Thus aP is a higher 
power of a than a~\ and a"^ is a higher power than a"^. 

The following expression is arranged in descending 
powers of x : 
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Example 1. Divide 

4 + 4- + 4- + Va: + 2^a: by 1+-^- 
v^ -V^ Vx 

Writing the expressions in exponential form, and ar- 

ranging the terms in descending order, we have 

1 + a:"*) a;* + 2 iri + 4 + 2 a;"* + 3 «"* 
a;* + l 

2a;* + 8 + 2a;~* 

2 a;* 2 a!~^ 

3 + 3 a:"* 

3 + 3 x"* 

Example 2. Given (1 + a;)" = 1 + na; (approximately) 

if X is small, find the value of ^^1.007, correct to four 
places of decimals. 

\C007 = (1.007)*= 1 + 1(.007) = 1.0028. 

EXERCISE 141 

Expand: 

1. («* + 6*)». 5. (e'-e-')'. 

2. (a*-J*)a. 6. ie*' + e-^y. 

3. (x + x-^y. 7. (a*+J*)(a*-6*). 

4. («. + e-.)a. 8. (a;* - l)(a;* + a;* + 1). 

9. (x* + l)(a:* + a;* + 1). 

10. (x-\-l + x-^')(x—l + x-^). 

11. (ir» + a;-»)8- 

IX (a?» +3^y* + y**) («"" - x»y » + y'») . 
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Divide: 



1 



13. 2J* - 1 by «^ + 1. 15. a: - 1 by 2J* + a;* + 1. 

14. a:8«-l by a;*-l. 16. x + 1 hj •y/s?--\/x+l. 
17. a; — 2a;* + l by a;*+a;* + l. 

15. 27a?-98a:-125by 3a:'-2a:*-6. 

19. a? + 10a: + 27by ^-2^^a; + 3. 

20. Show that (a* + J* + c*)(a* + J* - c*) (a* + c* - 6*) 
(jJ + c?*-a*) = 2aJ + 2a(? + 26e-a2-62-c2, and from 
this identity determine the rationalizing factor of Va + V6 
+ V^. 

21. Given (1 — a:)* = 1 — wa? (approximately) if a: is 
small, find correct to 4 places of decimals V.9967. 

22. Extract the square root of x~^+ 4a;~* + 6 a:"^ -f 4 z~^ 

+ 1. 

23. Solve (9* - 1) (9* - 3) = 0. 

24. Find the value ofa?-4a;-6ifa;=2 + 10*. 

25. Simplify {(a + 6)^+ a*- J^j{(a + 6)*-a* + 6*{. 

180. Irrelevant or extraneous roots. 

Example 1. Solve V7a;-12 + V22-7a; = V2 x - 2. 
Squaring, 
7a: - 12 + 22- 7a;+2V(7a;-12)(22-7a;) = 2 a? - 2. 
Expanding, transposing, and dividing by 2, 

V-49a:a+ 238a; -264 = a; - 6. 
Squaring, - 49 a? + 288 a; - 264 = a?- 12 a;+ 86. 

... -50a:2+ 250a:- 300 = 0. 
Dividing by - 50, a? - 5 a: + 6 = 0. 

.-. (a:-2)(a:-3) = 0. 

a: = 2 or 8. 
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Substituting 2 and 3 for x in the original equation, we get 

V2 + V8 = V2. 

8 + 1 = 2, 

Hence neither 2 nor 3 is a solution. The values 2 and 
3 satisfy respectively the equations 

V22-7aj-V7rr-12= V2 x - 2. 



V7 X - 12 - V22 - 7 X = V2 a: - 2. 
Example 2. Clear of radicals, 

Vap + Vy — Vi = 0. 

V^+ Vy = Vi. 

Squaring, a? + y + 2 Vxy = 2, 

Squaring and transposing, ^ ^ 

2 xy + 2 y « + 2 2a; - a? - y 2 - ^2 = . 

This equation is identical with 

(Vi+ Vy+ V2)(\/J+ Vy — V2)(V2+ Vi— Vy) 

( Vy + \/i - VJ) = 0, 

(Example 20, Exercise 141) 

which is itself equivalent to the four equations 

Vi + Vy + V2 = 0, Vi + Vy — V2 = 0, 

Vi H- V^ — Vy = 0, Vy + V^ — Va: = 0. 

This example shows clearly that the process of squaring 
both sides of an equation may introduce roots that do 
not satisfy the original equation. Such roots are known 
as irrelevarit or extraneous roots. 
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Example 3. Solve 4 rr* + 9 a?"* « 87, 
Multiplying by a:*, 4 a?* -f- 9 == 87 «*• 
.•.4aj*-87a;* + 9 = 0. 
,-.(4a;*-l)(x'-9) = 0. 

.•.4a;* — 1 = 0, or a;* — 9 = 0. 
.•.a;* = J, or x* = 9. 
Taking square root, a;^ = ± J, or a?* = ± 8. 
Cubing, a; = ± J, or a? = ± 27. 

Example 4. Solve a:^ + 6 a? + SVa:^^ bx-b = 23. 

Let y = V^T^^^^, then y^ + 6 —aj^-f 6a:. 
.•.J^ + 6+8y=28. 
...y2 + 3y-18 = 0. 
.•.(y + 6)(y-8)=0. 

.'.y = 3, or —6, 
t.«. Va;^ — 5 a: — 6 = 8, or 6. 

Solving, a? = 2, or — 7. The other 

roots are extraneous. 

EXERCISE 142 

Solve and check : 

1. a;* = 9. 3. a;"* = 8. 5. •v^l0^=2^. 

2. y"* = J. 4. ■v/9i=8\/2. 6. aj^=2'". 

7. 3a; + 2a:* = l. ii. a:2n^4a.« _ 5=, q. 

8. x-2-2a;-i = 8. 12. aj+ 8 + 2 Va;+8=15. 

9. a;4 + 2a:"^ = 8. 13. a:- 4aJ*+ 8a;* = 0. 
10. 8a;-4a;* + l = 0. 14. a? + 4 + V»+4"« 12. 
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15. 4ajVi — 8aj+3 Vi = 0. 

16. 4 a? + 18 + V4 a; + 13 = 30. 

17. Va;-8 + Va;+8 = 8. 



18. V2 X + 10 + Va; + 6 = V2 a; + 11. 

19. Vflp+Va? — 8 = V2a? + l. 

20. V3a;+l + V2a;-7 = V5a;-|-24. 



21. V5 a; - 1 — V2 a: + 5 = Va; - 6. 

22. V5-2a:- V5 + 2a;= V2-a;. 

23. V37+3 - V2a; + 3 « Va; - 10. 

24. V2a;+1- V2aj-4 = 1. 



25. Va; + 1 + Va:— 8 = V4a;-hl. 
VS^Tl - V2a:-1 = 1 . 



27. V?^^6 + Va:2 - 1 = V4 a^a - 15. 

28. 1 — Vi = V^ — Vl — a:. 

29. V?Ti + V2^8T9 = 2 V^Ts. 



30. 2V1+ Vi=3. 

31. a^a-Sa:- Va^-5aj = 30. 



32. a;a-.6aj+ Va^a.ga: + 12 + 6 «0. 



33. 3a;«-16a: + 8V3a^-16a; + 21 = 7. 

34. 2a^^6x+2^/a^-'8x + 5^U. 

35. 3a^ + 3a;- V?+T+7 = 119. 

36. a;a-3a: + 3V2a^^-6a: + 28 = 42. 



CHAPTER XVII 
RATIO, PROPORTION, VAIUATION, INEQUALITIES 

181. If a, 5, c^ d are in proportion, Le. a:b = c:d^ then 
d is the fourth proportional to a, i, e. 

If a, i, c are quantities such that a:b = b:c^ then c? is 
the third proportional to a and by and i is the mean propor- 
tional to a and c. 

182. If a, i, c, (2 ••• are such that 

a:b = b: e = c : dy ••• 
then the quantities are said to be in continued proportion. 

183. Theorems In ratio and proportion. 

1. li a:b = c:dy then ad = be. 
Conversely ii ad= bc^ then a : i = c : (2. 

For if T- = -;i multiply by bd and it follows ad = be. 
b d 

Conversely ii ad^ bc^ divide by bd and it follows 
? — £ 

2. If a: 6 = c? : (?, then J : a = (? : c?. (Inversion) 
For if a: i = £? : (2, then J(? = ad. (Th. 1) 

Divide these equals by ac and it follows - ss - . 

a c 

3. If a : 6 = <? : (2, then a : e = 6 : <2. (Alternation) 
For if a : 6 = <? : (2, then ad = be. (Th. 1) 

Divide these equals by ed and it follows ~ = j- 

c? a 

282 
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4. It aibss c: dy then a+b:b = c + d: d. 

(Composition) 

Fori! f = 4 ...f + l=i+l, i.e. £±^ = i±^. 
a d d 

5. 11 aih^eid^ then a — b'b = c — d:d. (Division) 

x^ *£ a € a M c ^. a — b c — d 
Forif- = - .•.-_ls= -1, i,e,—-—z=:——. 

d b d b d 

6. If a : i = e : (2, then a + 6:a — 6 = <? + rf:£?— c?. 
(Composition and Division) 

- + 1 - + 1 

T^ (1+ b b ^ € -\' d d ^ , a 

For £ = , and = = , but r = -^• 

a — 6 £__i c? — a £,_-i b d 

b d 

/. fL±| = £±4. (Ax. 1) 

a— b € — d 

7. If»a : 6 =s <? : (£= e :/, then a + c + e:b + d+f= a : 6. 

If a number of ratios are equal, then the sum of the ante- 
cedents la to the sum of the consequents as any antecedent is 
to its consequent. 

Let - = - = - = r, then a = 6r, <? = rfr, e =fr. 
b d f 

a + c -\'e br + dr + fr i . a 
••• — ■ — = — ■ -'^— = r, but r =s - • 

b+d+f b+d+f b 

••• - ' ^ as-, or a + c+ g; 6 + a+/=sa; 6. 

b+d +f b 

184. JExampUs. (a) If 62^-llxy-10jf^=^0y find 
Let - = r, then a; = yr. Substitute yr for a:, 
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.-. 6 r^ — 11 r — 10 ss= 0, since y is not zero. 
Solving, r = 2|, or - J. 

(J) If 5 = H « ? , 

y+z—x z+x—y x+y—z 

prove each ratio s= 1. 

Each ratio = x-\-y + z ^ ^ 

(y -h 2 - a;) + (2 -f a: — y) + (a? + y — 2) 

(Th. 7, § 183) 
(c?) If a : 6 = c? : rf, prove 

a2 + aJ + 6^: aa - aJ + 62= ca + <jd + cP: c2 _ erf +cP. 

Let -- s= -- =s r, then a = br^ c=: dr. 
a 

•• a2-a6 + 6a bh^-^bh'-hh^ r^-r + l' 

.-. aa + a6 + 62:aa-a6 + 62 = c2^ed + ^.^_^^ + ^. 

(Ax. 1) 
(cT) Ifa:6 = J:c=<j:rf, then a^: cP = cfi: <fi. 

Let - = - = - = r, then <? = rfr, 6 = rfr*, a = rfr^. 
6 g a 

. ^-^==^and - = ^ = r« 

.'. a^icPssa^: A (Ax. 1) 

(e) Find the mean proportional between cfib and al^. 

a%:x = x:ab^. .*. Q?=^a^lA. .". x=±a^b^. 
(/) If a : 6 = 4 : 7 and J : <? = 6 : 11, find a : c. 

J 7' ^ ll' *'* 6 ' c? 7 * 11* ''* c 77' 
Notation a:h: e^sx: y: zis equivalent to ^ = - = -• 



X y 



z 
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EXERCISE 143 

1. Find the fourth proportional to 2, 8, 6. 

2. Find the third proportional to e^d; to 1 — a:, 1 —a;^. 

3. If 2, 8 are the first two of four numbers in con- 
tinued proportion, find the other two. 

4. Find the ratio of a speed of 86 miles an hour to 
one of 44 feet per second. 

5. The side of a square is a. Find the ratio of a 
diagonal to a side of the square. 

6. If4a;— 2y:2a; + y = 4:5, find x : y, 

7. It 5 3fi -11 zt/ + 2 t/^=^0,&ndx:y. 

8. A wheel 7 feet in diameter makes 160 revolutions 
a minute ; find in miles per hour the speed of a point on 
its rim. Circumference : diameter = 22 : 7. 

9. If a : 6 = 6 : <?, show that a : <? = a* : 6^. 

10. Find the mean proportional to V6 and 12 + 5 V5. 

11. If 8 a; 4- 4 y : 7 a; - 8 y « 18 : 6, find 

aj* — 8 a;y + 4 y^ : a? -h 3 a;y + 4 y*. 

12. Three numbers are related as 8 : 5 : 8, and the sum 
of the first and third exceeds twice the second by 8. 
Find them. 

13. The sum, difference, and the difference of the 
squares of two numbers are in the ratios 5 : 1 : 20. Find 
the numbers. 

14. Three numbers are in continued proportion. Their 
sum is 28 and the sum of their squares is 886. Find 
them. 
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15. What angle do the hands of a clock make at 48 
minutes past 5 o'clock ? at 30 minutes past 2 o'clock? 

16. It a:bszb:€y prove the relations : 
(a) ((ia+62)(62^^:^(,,j + j^)2. 

(t) a2^ 62: 62+^2= arc. 

((?) (a + J)2(J + ey = (flJ + 6c + 2 ac^. 

17. If a : 6 = £? : d, prove the relations : 

4 

(a) c2(a -h 6)(6 - rf) = ad(a -<?)(<? + ^)- 
(6) ma -f w6 : jt?a -f 5'6 = W(? + nd :pc -h gd. 

(c) a2 4. c2 : a6 + (?d = a6 + <?d : 62 4- <P. 

(d) a-f 6 + (?+£?: a--6-f-c— <i=«+6 — c?— (?: a— 6— <?+£i. 

(e) a+cib + d=Vae: y/bd. 

^^ T£by-{-cz ax-\'CZ ax + by x y z 

18. If - y^ ^ = — :,- - = ^ ,r ^ prove - = ? = -. 



"424.^ ^2 + ^ a2 + j2' 



a 



a; 



19. If = —'^ = , prove a; + y + 2 = 0. 

a — 6 6 — <? c? — a 

185. Direct variation. 

If the speed of a train is 42 miles an hour, in 3 minutes 
it will go 2.1 miles, in 4 minutes 2.8 miles, in 5^minutes 
3.5 miles. 

Consider the two sets of quantities 

3 4 5 

2.1 2.8 3.5 

A number in the second set is obtained from the corre- 
sponding one in the first set by multiplying by 0.7. Hence, 

3:4:5=2.1:2.8:3.5. 

One quantity / varies as another quantity X if pairs of oor- 
responding values are proportional to each other; in other 
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words,/ varies as jr if - = a constant quantity, i.e. y^cx 

OR 

(e, a constant). 

186. Inverse variation. 

If the area of a rectangle is 40 square feet, then if the 
base is 4 feet the height is 10 feet, if the base is 5 feet the 
height is 8 feet, and if the base is 6 feet the height is 
6| feet. 

Consider the two sets of quantities 

4 5 6 

10 8 6J 

The product of corresponding pairs is constant. 

One quantity / varies inversely as another quantity X if 

xf/ — c^ or y = - (<?» a constant). 

X 

The symbol to denote variation is oc. Thus j/ccx and 
t/= ex denote precisely the same relation. 

187. If f/ocxz or y s= exz^ y is said to vary jointly as x 
and z. 

Illustration. The area of a triangle varies jointly 
as its base and altitude. 

If y oc-, or y = (7* -, y is said to vary directly as x and 
z z 

inversely as z. 

Illustration. The time a train takes to run a certain 
distance varies directly as the distance and inversely as 
the speed. 

188. Theorem, if /qcjt when Z is constant and U y ccz 

when X is constant, then /ccxz when both x and z vary. 
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Illustration. Parallelograms of equal altitudes are 
proportional to their bases ; parallelograms of equal bases 
are proportional to their altitudes, and any two parallelo- 
grams haying a common angle are proportional to the 
product of the sides about the common angle. 

Example 1. The area of a polygon (A sq. ft.) varies 
as the square of a side (9 ft.). If -4. = 108 when « = 4, 
find A in terms of «; also find A when % = 12. 

^ocA r.A=^cf^. .-. 108 = c?.42. .-. (?=6.76. 

Hence A = 6.76 9^. 
'When«=12, ^ = 6.75x122=972. 

Example 2. If y is the sum of two quantities, one of 
which is proportional to x and the other to x^^ and when 
a; = 3, y = 159, and when a; = 5, y = 425, find y when 

a;=10. 

y = aa: 4- h^* (ji and h constants) (I) 

Hence, 159 = a • 3 + J • S^, or 8 a + 9 J = 159, 

425 = a . 5 + 6 . 52, or 5 a + 25 6 = 425. 
Solving for a and 6, a = 5, 6 = 16. 
Substitute 10 for a?, 5 for a, and 16 for h in (I) and 
y = 1650. 

EXERCISE 144 

1. The area of a circle whose radius is 10 is 314.16. 
Find the area of a circle whose radius is 21. Acct^. 

2. If the side of a regular pentagon is 10, its area is 
172.05. Find the area of a regular pentagon, side 15. 
Area oc side^. 

3. The volume of a sphere, radius 16 inches is 17157 
cubic inches. Find the volume of a sphere, radius 13 
inches. Vocr^. 
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4. A body falls down an inclined plane 45 feet in 3 
seconds. How many feet would it fall in 7 seconds? 
Distance oc (time)^. 

5. Two parallelograms have a common angle, and their 
adjacent sides are respectively 14 and 15, and 16 and 28. 
The area of the former is 96 ; find that of the latter. 

6. A body weighs 180 pounds on the earth's surface. 
How many pounds would it -weigh 500 miles above the 
earth's surface ? Weight is inversely proportional to 
the square of the distance from the center of the earth. 
Radius = 4000 miles. 

7. Neptune is 30.05 times as far from the sun as the 
earth. Find its period of revolution. (Period)^ oc 
(distance)*. Earth's = 365 da. 

8. A pendulum vibrates 5 times in 4 seconds ; find its 
length, a second's pendulum being 39.37 inches and 
T^ Vlength. 

9. The earth's diameter is 7920 miles, and the moon's, 
2160 miles ; the earth's mass is 80 times that of the moon, 
and the value of g on the earth's surface is 32.2 feet. Find 

g on the moon's surface, a oc -. 

(radius)^ 

189. . The points of an unlimited straight line may 
represent all real numbers. To show this, take an un- 
limited straight line X}X and mark on it a point 0, then 
take any convenient unit of length and measure off on 
the line parts equal to this unit, marking them as indicated. 

Y' -8,-7.-6.-5,-4.-3,-2.-1, Q L 2, 3, 4. 5, 6, 7. 8 Y 
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Positive and negative fractions occupy intermediate 
positions. Thus 2f lies between 2 and 3. Every point 
on X^ X represents some number, and every number is 
represented by a point. 

A number a is greater than a number 6 (a > 6) if a foUows 6 
in this scale. A number a is leas than a number 6 (a < 6) if a 
precedes 6 in the number scale. 

Thus ' -7<-4<0<l. 

From this statement it readily follows that if : 

1. a>b>c^ then a>c. 

2. a<b<c^ then a<c. 

3. a > 6, then a±n>b±n. 

4. a < 6, then a±n<h±n. 

5. a>h and c>d^ then a 4- (? > 6 + c?. 

6. a<b and c<d^ then a + c<64-d. 

7. a>b and c?>0, then ac>be, 

8. a<6 and c?>0, then ac<bc. 

On the other hand, if c is a negative number, ue. if 

9. a>b and c?<0, then ac^^ab, 
10. a<6 and (?<0, then ac>a6. 

MultipUcation by a negative number reverses the sign of 
inequality, or, as it is sometimes said, it changes the senae 
of the inequality. The statement of these theorems in 
words, an important matter, is left as an exercise for the 
student. 

• 

190< If a, b, and x are positive numbers, then 

^>f if a< J, and ^<^ if a > J. 
b + X b b -^-x 

If a < J, then ^<5, or 5>f • 

b X X b 
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Let Y = r, then - > r, and a^hr^x>rx, (7, § 189) 

X 

/. a + a; > 6r 4- rx. (3, § 189) 



. a-\-x 
h-Yx 



• • 



>r. (7, §189) 



6 6-1- a; 6 

The second part is proved in a similar manner. 

191. If a, 6, c, etc., are positive numbers, and if t^ ji :^ 

are not all equal to one another, then , /. lies be- 

o-\- d-\-f 

tween the greatest and the least of the fractions. 

Proof, Let |=r be the least, then -^>t^ ->r, and 

e =fr, c>dr,a> br. (7, § 189) 

.-. a -h c -h e > (/+ d -f- 6)r. 

6+d+/ 6+d+/ / 

By letting - = r, it is proved in a similar way 



a -H<?-h e a 
b + d+f^b' 

192. Solve 5a;-|-7>7a:-19. 

Adding 19, 5x+26>7x. (3, § 189) 

Subtracting 5 a;, 26 > 2 a;. .•. 13 > a;, or a: < 13. 
The inequality holds for values of x less than 13. 
(6) Solve 2 a? -f- 3 a? < 27. 

I.e. 2a:34.3^_27<0, or (a;- 3)(2a:-|-9) < 0. 

This inequality holds for values of x that make a; — 3 
negative and 2 a: -f- 9 positive. .*. — 4J < x< 3. 
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((?) If a and b are two numbers, real and unequal, then 

For (a- 6)2 >0, i.e. a2-2a5 + ja>0. 

. ;. a2 + 62 > 2 ab. (3, § 189) 

(d) If a, 5, (? are real and unequal, then 

For a24- 62 > 2 aft, 62^ ^ > 26(?, c2 ^ ^2 > 2ca. 
Adding and dividing by 2, a2 _|_ J2 ^ ^ >. ^ ^ }^ ^ ^^^ 

EXERCISE 145 

1. If a < 6 and n is a positive number, compare : 

— na and — rihi na and nb\ - and - ; and • 

n n n n 

2. If a; < y and a; > 0, y > 0, show that 7? <y^. 

3. lix<y and a; < 0, y < 0, show that a:2 > y^. 

4. If a > 0, 6 > 0, show that - + - > 2, unless a = 6. 

a 

5. If a > 0, 6 > 0, show that Ua + J) > VoJ > r» 

unless a = J. 

6. Solve3a;-9<a;4-2; a? + ll< 6a?— 53; 

a?2 + 2a:<8; a?2 + a; + l>0. 

7. For what values of w is w > n2 — 7 w 4- 12? 

8. For what values of n is n 4- 11 > ^2— 9n? 

9. If a, 6, c are positive real numbers, prove 

a3 _,_ j8 ^ ^8 > 3 ahc. (See Ex. 25, Exercise 123.) 
10. If a2 + 62 — 1^ a^ ^. y2 -- 1^ prove that aa: + 6y < 1. 

U. If T > 3, prove -> -— > -. 

ha mo-^nd a 



CHAPTER XVIII 
ARITHMETICAL AND GEOMETRICAL PROGRESSIONS 

193. A set of real quantities in which the nth quantity 
is uniquely determined if 91 is known is called a series. 

Illustrations : 

a, a + rf, a + 2 d, a -I- 3 rf, a -f 4 rf, etc., 
a, ar, ar®, ar^, a/**, etc., 

1' h h h h h etc. 

194. An Arithmetical Progression (A. P.) is a series in 
which each term differs from the one preceding by a con- 
stant quantity. This constant quantity is called the com- 
mon difference. 

Illustrations : 

1, 3, 5, 7, 9, • • • common difference 2. 
9, 6, 1, — 3, — 7, • • • common difference — 4. 

195. Fundamental formulae. Denote the common dif- 
ference by d, the first term by a, the number of terms by 
w, the nth or last term by Z, and the sum of the series by «. 

The general type of an A. P. is 

a, a + d, a + 2d^ a + 3 d, a -h 4 d, • • •. 

Hence, l^a + {n-t)d. (I) 

Also « = a -h (a + i) + (a + 2 d) H (Z — d) -f- Z, 

and « = Z -h (Z — d) + (Z — 2 rf) H (a -h i) + a. 

/. 2 « = (a -h Z) -h (a -h Z) -h (a + Z) ••• to w terms 
= w(a-f- Z). 

293 
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... « = ^(a+/). (ii) 

196. If three numbers are in A. P., the second is the 
arithmetio mean of the other two. From § 195, it follows 
that the arithmetic mean is hall the sum of the other two. 

Example i. The 10th term of an A. P. is 82 and the 
18th is 66 ; find the first three terms. 

a 4- 9 d = 82, 
a + 17 d = 66. (I, § 195) 

Solving for a and d, a = 100, d = — 2. 
The first three terms are 100, 98, 96. 

Example 2. How many terms of the series 90, 86, 82, 
etc., must be taken that their sum may be 1008 ? 
Here d = — 4, a = 90, and 

Z = 90 4- (w - 1) ( - 4) = 94 - 4 n. 

... « = |{90+(94-4n)l. (II, § 195) 

.-. 1008= I (184- 4 w). 

.-. n2-46w4-604 = 0. .-. w=18 or 28. 

Either number is correct. The sum of the terms be- 
ginning with the 19th and ending with the 28th is zero. 

Example 3. Find the sum of the integers between 22 
and 190 that if divided by 8 give in each case 4 for the 
remainder. 

The numbers are 28, 36, 44 ... 188, an A. P. 

188 = 28+ (w-l)8. .-. n = 21, 
« = ^gL(28-f 188) = 2268. 
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EXERCISE 146 

1. Express in words formulae I and II, § 195. 

2. Find the 12th term of the series 6, 16, 26, .-• 

3. Find the 30th term of the series 75, 73^, 72, ... 

4. Find the nth term of the series 1, 3, 5, ••• 

5. Find the sum of 10 terms of 6, 10, 14, ••• 

6. Find the sum to 16 terms of 3|^, 6, 8J, etc. 

7. Find the sum of all the odd numbers less than 50. 

8. Find the sum of all the even numbers less than 91. 

9. Find the sum of the first n odd numbers. 
10. Find the sum of the first n even numbers. 

U. Find the sum of the numbers less than 100 and each 
a multiple of 7. 

12. What is the arithmetic mean of 2 and — 2 ? oi x—y 
and a; 4- y ? 

13. Find 4 arithmetic means between 12 and — 13, i.e. 
insert 4 numbers in such a way that the entire set will be 
in A. P. 

14. Find 5 arithmetic means between a; — 1 and a; + 5. 

15. Find 3 arithmetic means between a and b. 

16. How many terms of the series 

(a) 24, 20, 16, etc., must be taken to make 72? 
(6) 15, 24, 33, etc., must be taken to make 2010 ? 

17. Given a = 12, Z = 38, aS' = 200, find n. 

18. The 3d term of an A. P. is 11, the 7th, 8 J and the 
sum 55. Find the number of terms. 

19. Find the nth term of the A. P. a, 6, 2 6 — a, etc. 

20. Given S = 2535, d = 5, and n = 30, find a. 

21. Given a = |^, c? = J, and « = 5, find n. 
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197. A Geometrical Progression (G. P.)'is ^ series in 
which each term is obtained from the one preceding by 
multiplying it by a constant quantity called the oommon 

ratio. 

Illustrations: 3, 6, 12, 24, 48 

45, 30, 20, 40/3, .... 

If a is the first term, r the common ratio, and n the num- 
ber of terms, the standard type of G. P. is 

a, ary at^^ at^^ ... ar^'K 

A geometrical progreeBion and a continued proportion are 
the same. Gheometrio mean and mean proportional are syn- 
onymous. 

198. Two fundamental formuUe. 

(I) I = ar''-^ (II) « = a . ^^!^, or al=^. 

T — 1 1 — T 

The first is quite evident, the second follows from the 

identity a • rr— — = a(l + a; + a:? 4- ••• a;**"^). 

1 — X 

Example 1. Find the sum of 7 terms of the series 64, 
-48,36.... 

r = - 48 -^ 64 or 36 -5- - 48, i.e. -|. 

l-r« . 1_(-J)7 2663 

1-r l~(-i) 64 

Example 2. Insert 4 geometric means between 27 and 

I = ar*"i. Here Z = 3^, a = 27, and w = 6. 
.-. 3f = 27re. .-. r^ = i^. .'. r = f. 
The means are 18, 12, 8, 5^. 
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EXERCISE 147 

1. Find the 6th term and the nth term of 82, 24, 18, .... 

2. Find the 7th term and the nth tcFm of 18, — 12, 

o, •••• 

3. Find the 9th term and the (w+l)th term of a, 
— dT^ £ir* •••• 

4. Find the 10th term and the nth term of V3, v9, 

o, •••• 

5. Find the sum of each of the following geometric 
series : 

(a) 1.03 + 1.032 + 1.038 _,_ ... to 5 terms. 
(6) 1 + 1.04 + 1.042 _,_ ... to 6 terms. 

(c) 1 + 1.05 + 1.062+ ...to 8 terms. 

(d) J — i + i — ••• to w terms. 

(e) a + a^ + a^+ ••• to n terms. 
(/) V2 + 2 + 2 V2 to n terms. 

6. Find the geometric mean between 2 and 8 ; a and a^; 

V2 and 4V2 ; a* and a*+2. and 9 ; ac and -. 

c 

7. Insert 3 geometric means between 9 and ^. 

8. Insert 4 geometric means between 1 and — 243. 

9. The 5th and 8th terms of a G. P. are ^ and j^^y ; 
find the 1st term. 

10. The 4th and 8th terms of a G. P. are a and a^ ; find 
the 1st term. 

U. If » = 97 J, r = 1 J, and n = 4, find a. 

12. If « SIS 55, r = — 2, and w = 5, find a* 

13. The 1st and 3d terms of a G. P. are 18 and 32 
respectively; find the sum of the first 6 terms. 
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14. The sum of three terms in G. P. is 38 and the 
sum of their squares is 632. Find the terms. 

15. If a, 6, c are in G. P. a2 + 62 ^ ^ = (^ _ J 4. c) 

(a + 6+c). 

16. Find the sum to n terms of a;+l, a?+2, a?+8+ •••. 

17. The continued product of four numbers in G. P. is 
1,000,000, and the sum of the means is 70. Find the 
numbers. 

18. The sum of the 1st and 2d terms of a G. P. is 35 
and of the second and third is 52^. Find these terms. 

199. By an infinite series is meant one that has no 
last term. The quotient of a by 1 — r consists of a 
boundless number of terms, namely 

a+ ar + ar^ + ar^ -{- ••• ar", w = 00. 

The symbol 00 denotes infinity. It is not a definite 
number. 

200. Sum of an infinite geometrical series. To find the 
sum of an infinite series, in an arithmetic sense, is an im- 
possibility. If the sum of the first n terms of a series 
tends towards a oonBtant quantity as n increases, then this 
conBtant is called the limit of the sum of the seriea. This 
limit is what is meant by sum. 

The sum to infinity of — +-^ 4- j^ + is J for 
■1- = .3333 + ••• ss — 4- 1 4- ••• — • w ^ 00. 

' 10 108 108 10» 

If r is numerically less than 1 and n = co, then 
a + ar + ai^ + ••• ar^~^ = 



1-r 
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1—7"* 

For « = a • and the limit of r" or of ar^ is zero. 

1 — r 

Hence, « = a 



1 — r 1 — r 

Example l. Find the sum to infinity of | + J + J + . 
a 13 2 I oi 

Example 2. Evaluate O.SSi, i.e. 0.3818181 •••. 

0.381=0.3818181+ ... =.3 + .081+. 00081 +.0000081 + . 

The terms .081 + .00081 + ... constitute. a geometrical 
series whose common ratio is .01. Its sum is 



1 - .01 990 110 

EXERCISE 148 

Find the sum to infinity : 

1. 8, 4, 2, .... 6. .8 + .008 + .00008. 

2- f l^i-- 7. J)^ + ^g^ + ^^^ + .... 

3. 2, - 1, J, - |,.... V2 , ^ 

8. A """ ~ T" + 



4. |,|,^,.... V2+1 3+2V2 

a \ a J 
9. Evaluate: (a) .36, (6) .63, ((?) .90, (d) .80. 

10. Evaluate: (a) .07846, (6) .006, (c) .0013, 
(d) .428571, («) .1137, (/) .0153846. 

11. The sum to infinity of a G. P. is | and the ratio 
is f ; find the first term. 
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12. Find r if the sum to infinity of a G. P. is \ and 
a = f. 

13. The sum of the first 4 terms of a G. P. is 7| and the 
sum to infinity is 9. Find the first term. 

14. The second term of a G. P. is 6 and its sum to 
infinity is 32. Find the first term. 

15. Show that if < a; < ^ and if « = a; + aJ^ + a? 4- ••• 
to 00, then a; = « — «2 -f «^ — ••• to oo. 

16. Find the sum to infinity of (l + a)2 -(1 - o^) 
+ (l-a)2. a<l. 

17. Prove that the arithmetic mean of two numbers is 
greater than their geometric mean. 



CHAPTER XIX 
LOGARITHMS 

201. If a* = n, then x is the logarithm of n to the base a. 
This fact is expressed more shortly by the relation 

X = logo w- 
The logarithm of a number is the index of the power to which 
a nmnber caUed the base must be raised to equal that number. 

202. In practical work the base generally used is 10, 
and in stating logarithms it is as a rule omitted. 

Logarithms to base 10 are called common logarithms. 

Since 10^=1 .-. log 1 = 

IQi = 10 log 10 = 1 

102 ^100 log 100 = 2 

103 ^ 1000 log 1000 = 3 
10-1 = 0.1 log 0.1 =-1 
10-2 = 0.01 log 0.01 =-2 
10-3 = 0.001 log 0.001 = - 8 

Consequently the logarithm of a number between 

1 and 10, i.e. of 1 figure = + a fraction 

10 and 100, i.e. of 2 figures = 1 + a fraction 

100 and 1000, i.e. of 3 figures = 2 + a fraction 

0.1 and 1 = — 1 -I- a fraction 

0.01 and 0.1 = — 2 -f a fraction 

0.001 and 0.01 = - 3 + a fraction 

0.0001 and 0.001 = - 4 + a fraction 

301 
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Thus log 87.43 = 1 4- a fraction, for 10 <. 87.43 < 100. 
log 0.0738 = - 2 + a fraction, for 0.01 < 0.0738 < 0.1. 

The integral and decimal parts of a logarithm are called 
respectively the oharacteziatic and numtlBBa of the logarithm. 

From the above illustration it is evident that the char- 
aotexistic of the logarithm of a number greater than imity ia one 
less than the number of figures to the left of the decimal point 
in the nmnber, and that the oharaoteriatio of a number less than 
unity ia negative, and numerlcaUy one more than the number of 
ciphers between the decimal point and the first significant figure. 

203. Fundamental rules of logarithms. 
Let a* = w, i,e. x = log^w, 
and a^ = ?w, %,e. y = log^wi. 
Hence, 

a*^y = wm, i.e. a; -f y = logo ^^ = l^^go^ + loga^i I 

a*-y = — , i.e. x — y^ loga— = loga^ — loga m II 

m m 

(f^^yC^ i.e. rx= logo W = r logo w. HI 

In words : The logarithm of a product is the stun of the 
logarithms of the factors. I 

The logarithm of a quotient is the logarithm of the dividend 
minus the logarithm of the divisor. II 

The logarithm of a power is the logarithm of the num- 
ber multiplied by the exponent of the power. Ill 
Thus log 16 = log 6 + log 3, 
log f = log 6 - log 7, 
log 173 = 3 log 17, 
log V2 = log 2*= J log 2, 
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log 7 V6 = log 7 . 5* = log 7 + i log 6, 
log -W^^ = i(log m + log n + log r — log »). 

The mantiMwe of tbe coaimiMi logaxlthms oi nombera «xpna»e& 
by the aame sigiilfioaiit figures are the Mune. 

log 2574 = 3.41061, 

log 257.4 = log (2574 x lO-i) = 3.41061 - 1 = 2.41061, 

log 25.74 = log (2574 x lO"*) = 3.41061 - 2 = 1.41061, 

log 2.674 = log (^574 x 10-8) = 3.4106I - 3 = 0.41061, 

log 0.2574 = log(2574 x 10-*) = 3.41061-4=0.41061-1, 

log 0.02574= log(2574 x 10-6)=3.41061-5=0.41061-2. 

In practice, logarithms are written so that the man- 
tissse are positlTe. 

Thus log .02574 = 2.41061. 

Example 1. What is the common logarithm of (V.OOl)*? 
(V:00i)»=(ViF8)»=(10-*)6=10-7-». Ant. -7.5. 
- 7.5 is written 8.5, for- 7.5 = 8 - 7.5 - 8 = 0.5 - 8. 

Example 2. Given log 2 = .30103, log 3 = .47712, find 

log 24. 

log24 = log(2«x 3) = 31og2 + log3 

= 3 (.30103) + .47712 = 1.38021, 

or 24 -s 2« X 3 =« (lO-**'")^ x lO*""* = W^»^ 

.-. log 24 = 1.38021. 

Example 3. Given log 17 = 1.23045, log 992 = 2.99661, 
find log ^. 

log ^ = log 17 - log 992 = 1.23045 - 2.99661 

= (3.23045 - 2.99651) - 2 = 2.23394. 



804 ELEMENTABY ALGEBRA 

Here 2 is added to 1.23045 and afterwards subtracted 
This is done to make the mantissa positive. 

Example 4. How many ciphers precede the first sig- 
nificant figure in (|)«>? Given log 2= .30103, log 8 = 
.47712 

^ W \S?) 2^' 
.-. log a; = 60 log 8 - 100 log 2=50(.47712) -100 (.30103) 
= 23.856-30.103 = 7.753. 

As the characteristic is one more than the number of 
ciphers, the required number is 6. 

EXERCISE 149 

Find the common logarithm of : 
1. ^10. 5. 1002. 9. (.1)8. 13. (.01)*. 

2. ^10. 6. 10002. 10. (.1)*. 14. (.001)-8. 

3. </1000. 7. 1008. 11. (.01)2. 15. (.01)-*. 

4. V10,000. 8. 1000*. 12. (.01)1 16. </io,ooo-2. 

17. Given log 2 = .30103, log 3 = .4771213, find the 
logarithms of : 6, 8, 9, 12, 16, 18, 20, 5, 25. 

18. Write the following relations in the form log^ w = ci 
(a) 52=25, (5) 2* = 16, ((?) 36=243, (d) 4« = 4096. 

19. Write the following relations in the form a*=^n\ 

(a) logg 126 = 3, (5) log^ i = - 2, (^ log, 64 = 6, 
(d) log^l024 = 5. 

20. Find the characteristics of the logarithms of 47.28, 
91851.1, .0285, .00075, 0.128. 



J 
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204. The following is an extract from a 5-place table of 
logarithms. It gives the mantissae of the logarithms of 
the natural numbers between 2680 and 2719, both included. 



n 





1 


2 

846 


8 


4 


6 


6 


7 


8 


9 


268 


42813 


830 


862 


878 


894 


911 


927 


943 


959 


269 


975 


991 


*008 


♦024 


♦040 


*056 


♦072 


♦088 


♦104 


♦120 


270 


43136 


152 


169 


185 


201 


217 


233 


249 


265 


281 


271 


297 


313 


329 


345 


361 


377 


393 


409 


425 


441 



The horizontal line beginning with 268 contains the 
mantissse of the logarithms of 2680, 2681, 2682, etc., up to 
2689. The next line contains the mantissse of the loga- 
rithms of 2690, 2691, 2692, etc., up to 2699, and so on. 

Thus log 2682 = 3.42846, log 2691 = 3.42991, 
log 2705 = 3.43217, log 2717 = 3.43409. 

As the first two figures of the mantissse are the same for 
several consecutive numbers, these figures are not set down 
for each logarithm. In the above table the figures 42 are 
the initial figures of the mantissse of the logarithms of the 
numbers between 2680 and 2691. The figure^ 43 are the 
initial figures of the remaining mantissaB. Note that the 
asterisks serve to remind one to take 43 and not 42. 
Characteristics of logarithms, being matters of inspection, 
§ 202, are not set down in tables. 

205. Interpolation. In the above table the difference 
between the logarithms of two consecutive integers is 16 
units of the fifth decimal order. 
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For example, 

log 2703 = 3.43185, 

log 2702 = 3.43169. 

(a) Suppose log 27027 is required. 

The mantissa of 2702.7 is the same as the mantissa of 

27027. 

The mantissa of 2702 = .43169. 

.7 of 16 units of 6th order =11. 

The mantissa of 2702.7 = .43180. 

(5) Number CGrresponding to a given logarithm (antilog- 
arithm). 

log X = 2.43016, find x. 

The mantissa of log 2692 = .43008. (1) 

The mantissa of log x = .43015. (2) 

The mantissa of log 2693 = .43024. (3) 

Hence x is intermediate in value between the sequence 
2692 and 2693. As the difference between the first and 
second is 7 and between the first and third is 16, and as 
-J^ = .4 approximately, the required sequence of figures is 
26924. 

Since the characteristic of log x 'ya %x has 3 integral 
figures. 

.•.a:= 269.24. 

Example 1. Extract the fourth root of .039273. 

X = ^/. 039273, log X = i log .039273 = J(2.59409) 

= J(4 + 2.59409) = 1.64852. 
.-.a: =.44516. 
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Note particularly how 2.59409 is divided by 4. The 
negative characteristic is numerically increased so that 4 
is contained an exact number of times in the sum. A 
positive number of the same numerical value is then 
added, and the division is performed in the ordinary way. 

Eocample 2. Find logj 6. 

X = loga 6. .% 2' = 6. .-. a; log 2 = log 6. (§ 203) 
.-. X (. 30103) = . 77815. .-. x = 2. 58496. 

Example 3. If (.98)*< .7, find the least integral value 

of X. 

a: log .98 < log .7. .-. x (1. 99123) < 1.84610. 
.-. a;(- .00877) <-. 15490. 
.-. 877 X > 15490, multiplying by - 100,000. 
a: > 17.6. An9. 18. 

EXERCISE 150 

1. Multiply 7.639 by 1.298. 

2. Multiply 3.275 by 0.9283. 

3. Find the area of a circle whose radius is 3.74. 

4. Find the volume of a cube whose edge is 4.938. 

5. How many meters are there in 1 mile ? (1 m. = 39.37 in.) 

6. How many kilometers are there in 363 miles ? 

7. How many acres are there in 1 square kilometer ? 

8. How many square kilometers in 763 square miles ? 

9. Evaluate 1.015» given log 1.015 = .006466. 

10. Evaluate 1.0252? given log 1.025 = .0107239. 

11. Evaluate 1.035«> given log 1.035 = .0149403. 

12. Extract the square root of 1.25 ; of 0.071. 
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13. Extract the square root of ^ ; of -^ ; of |^. 

14. Extract the cube root of 2^ ; of 11| ; of 10.5. 

15. Extract the cube root of 0.47; of .0123; of 0.9. 

16. Given a: =* 368 h- 39.37», find x. 

17. What power of 7 is 2407 ? 

18. Find XI (1.04)*= 2; (1.05)* = 2; (1.06)*= 2; 
(1.08)' = 3. 

19. Show that (J)i«><10-«; (|i)^>10. 

20. Find the number of figures in the expansions 2®, 
8«>, 5«>. 

21. How many ciphers before the first significant figure 
in the expansion (f)^^? (§)*^? 

22. Given log 2 = .30103, find log .08, log ^3.2, log ^.64. 

23. Given log 2 = .30103, log 21 = 1.32222, log 144 = 
2.15836, find the logarithms of 3, 4, 6, 6, 7, 8, 9, 14, 105. 

24. Find without consulting tables logg .03125, log^ 27, 
logs 81, loga 8, logs 16, logj^ 8, logj ^^. 

25. Find X, given log, 3 = J, log, 8 = f , log, 4 = - f . 

26. Find the least integral value of x for which each 
inequality holds: (i%)'< J, (f1})*< J, (.99)*<f 

27. Given (1 + r)^ = 10, find r correct to 3 figures. 

28. Given log 14, log 144, and log 21 (see Ex. 23), find 
the logarithms of the 9 digits. 

Hint. Express in terms of log 2, log 3, and log 7 and then solve. 

29. Given 1 - fl + 1 4- i + ••• ^"j < 10-«, find n. 

\2 4 8 2v 

30. Solve 3' - 3-' = 6. 

31. Three numbers are in geometrical progression. 
Prove their logarithms are in arithmetical progression. 



CHAPTER XX 

COMPLEX NUMBERS. THEORY OF QUADRATICS. 
CUBE ROOT. BINOMIAL THEOREM. 

206. The roots of the equation 

a?- 2aj+2 = 

are 1 + V— 1 and 1 — V— 1. These numbers are new. 

The square of a real number is not negative. On the 
other hand, the square root of a negative number, for ex- 
ample — 16, is not real. It is known as a pure imaginary. 
The unit of imaginaries is V— 1. It is denoted by i. 
The defining property of i is z^ = — 1. 

It is subject to all the laws of algebra. 

The standard way of writing V— a, a being a positive 
real number, is fVa. 

For (iVa)2 = i^ . a = — a, and (V— ay= —a. (Def. of 
sq. root.) 

Illustrations. V"=^ = i V4 = 2 1, V^=TT= WW. 

207. The sum of a pure imaginary and a real number 
is called a complex number. Its standard type is 

a + ib. (a and b real.) 

If 5 = 0, a 4- ib becomes a. Hence a 4- ib includes the 
totality of all real numbers. 

208. As i^ = — 1 and i is subject to the laws of algebra, 
i} = i^ z^ = — 1, ^=ifl'i=^-^l»i^^ i, i* = ^2.^2-- 
-1.-1 = 1, i6 = i, i« = -l, i7 = -i, t8 = l. 

809 
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The powers of t recur, the period being 4. 

209. Graphical representation of complex numbers. 
If a point P has for its coordinates a and 6, then the 
point P represents the number a + ih. Consequently 

every point in the 
y plane represents some 

complex number. 

Pfa b) '^^® points of the 

2;-axis represent all 
real numbers. The 

£ totality of all real 

numbers is, therefore, 
contained in the 
totality of complex 
numbers. In all real 
quantities 5, in the 
yi expression a 4- ih^ is 

zero. If a = and 
J =s 1, then a + ii becomes f . The number i is represented 
by a point on OY^ one unit's distance from 0. Similarly 
the number in is a point on OY^n units distant from 0. 
All pure imaginaries are therefore represented by points 
on the line YOY\ 



O 



Example 1. V- 2 • V^=^ = i V2 • tVS = i^Vl6 

= -1.4=-4. 



Example 2 . 6 h- V^^ = 6^2i=6i-?-2i^ = 6i-^-2 

= - 8 i. 
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Example 3. Express in standard form t-^, . . * • 

\-i i-j'i + i i_t2 l-(-l) *■ 

4_i 4_i ■ 4 + f 16-»» 17 

= 3 + 2t. 

Example 4. Construct the equation whose roots are 

5±iVl9 
2 

x = ^ . . •. 2 re — 6 = ± tV19. 

2 

.-. (2a:-6)2 = -19, i.«. a:a-5«-|-ll==0. 



EXERCISE 151 

Represent graphically the following complex numbers: 

1. l + i. 5. 2 4-3i. 9. -3 4-4i. 

2. 1-i. 6. 2-3t. 10. -3-4z. 

3. l + 2t. 7. 34-4i. 11. 6 + 12i. 

4. l-2f. 8. 3-4i. 12. -5 + 12i. 

Express in standard form : 

13. V^^. 16. V-144. 19. V~24.5. 



14. V-9. 17. V-100. 20.V-(a-J)2. 

15. V-25. 18. V^^HjO. 

Perform the indicated operations: 

21. V^=^-V:r32. 24. V^=r8-V^^^. 

22. V^^To V^^HJO. 25. V-.3.V^^. 

23. V^^ • V-12. 26. V^ . V^^. 
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27. {a + iby. 34. V^-i-V^. 

28. (-Vx+V^y. 35. V^^nO-l-V^^. 

29. (2-|-V^=T)2. 36. V^Tii^VZll. 

30. (3-V^IT)2. 37. V^ir63-f-V37. 

31. (3 + V^)(3-.V:i4). 38. V^^T^-^V^^. 

32. (-1-V^r8)«. 39. 1^-t. 

33. (1 + V-l)^. 

40. Find the value of a:^ — 4 a: + 5, when x=2 ± i. 

41. Find the value of a:^ -f- 2 a: -|- 4, when x= — 1 ± iVS. 

42. Multiply a + ib by a — i6, and from the result de- 
termine the rationalizing factor of 5— 4i and of 1 + V— 3. 

43. Find the value of a? — a? + 1, when x = J(l — V^^). 

Simplify and give the results in standard form : 

1 - i 1 1 

44. 4 — -' 49. 



1+i (1-0^ (l + f)2 



^« 13 ^ 4 

45. — -• 50. 



46. 


f-3 


47. 


1 + i'. 



51. 



3-2t l-iV3 

yS - z V2 
VS + i V2 * 

52. (l-t)8. 
48. a:zil\ 53. I±18i+Izi26i. 

2t 3 + 4t 3-4t 

54. Construct the equation whose roots are 1 ± t ; 
2±V37; 3'±V^ . 
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210. Consider the typical quadratic equation 
aa? + 5a; -f- <7 = 0, a, 6, c, real numbers. 



Its roots are (pag© 210) 

If 6^ > 4 ^(t^ the roots are real. 

If 5^ = 4 ac^ the roots are equal and real. 

If 5^ < 4 o^;, the roots are imaginary. 

If 6^ — 4 ac is a perfect square, the roots are rational. 

Cor, 1. If tf = 0, the roots become ^ , i.e. and^^^^- 

2a a 

If the absolute term is zero, one root of a quadratic is zero. 
Cor. 2. If 5 = 0, the roots become 



± V — 4 a<? 



2a 

If the coefficient of jr is zero, the roots of a quadratic are equal 
numericaUy, but opposite in sign. 

211. The equation having m and n for its roots is 

(x — m)(ic — w) = 0, 
i.e. a? — (m + w)a:+ win = 0. (1) 

If m and n are the roots of aa;^ + 5a; + <? = 0, then 
a?— (w + w)a;-f-7nw = 0, and 

2^ + -x + -^0 are identical. 
a a 

Hence, m + n = , 



c 
a 



.-.the sum of the roots = - coefficient of x 

coeflncient of ar 

The product of the root = *^«°^"*« *«"° 



coefficient of a? 
Note. These results may be obtained directly from § 210. 



i 



a \ 
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Example 1. If m^ n are the roots of a:^ — 2a:— 7 = 0, 
find the values of (i) Trfl + rfi; (ii) wi* + w* ; (iii) m — n. 

(i) 7n2+n2=(w + w)2 — 2mn. 

H f 4- — — coefficient of a; __ ^ — 2 _q 

coefficient of a:^ 1 * ' 

_ absolute term _ — 7 _^ _ ^ 
coefficient of a? 1 

/, (i) m2+n2= 22-2. -^7 = 18. 

(ii) m*-|-7i*=: (m2+w2)2- 2 m2n2= 182- 2(- 7)2= 226. 

(iii) w-n=: V(m+n)2-4ww=V22-4(-7) 

= V32=4V2. 

Example 2. Find the equation whose roots are the 
cubes of the roots ofa? — 3a;-|-2 = 0. 

If the roots ofa:2_3a.+ 2 = are m and w, the required 
equation is (x — w^)(a; — n^) = 0, 

i.e. x^— (nfl + rfl^x + rrfirfi =» 0. 

It now remains to determine rrfi -f- v? and rrfirfi. 

In this problem m -f- n = 3, mn = 2. 

wi8 4- n8 = (m 4- n)^- 3 mw(77i + w) = 38 - 3 • 2 • 3 = 9. 

rrfirfi = (mrCf = 2^ = 8. 

.% the required equation isa:2_92;+8 = 0. 

Example 3. Find the least value of aj2 — 3 a; + 7 for 
real values of x, 

a?-3a: + 7 = a?-3a:-|-|-f + 7 (§156) 

^^^Zx + % + ^^(x^^y-\-^. 

As the square of a real number is positive, and the J 

least positive number is zero, the required value is -^. 
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EXERCISE 152 

Compute the discriminant (6^ — 4 ac) of the expressions: 

1. 8a?-2a:-5. 3. 4a?-4a; + l. 5. a?-2ic + 4. 

2. ar^ + a:-l. 4. (j^^-^abx-^-V^, 6. a^ ■\- c. 
Under what condition will a root be zero ? 

7. 92i2-2a;-4<7 + 8 = 0. 9. a?- ic- 3^ + 4 = 0. 

8. arJ+5a; + c2-25 = 0. 10. Q^-^^x+^c^-e-X^^. 
Under what condition is each quadratic a perfect square ? 

11. ma? H- wz 4- 1- 12. a? — 2 mx + a^. 13. n^ — wix — n. 

14. ^^-\-^{m-7C)x^-n\ 15. 4*2?-(12*-6)a;+9A=0. 

16. Unity is a root of the equation 

{a — li)^ -{' {c -- d)x -\- (h - 6) ^^\ 

find by inspection its other root. 

1^. Construct the equation whose roots are a + ih and 
a — f5, and deduce that the resulting quadratic is the sum 
of the squares of two real quantities. 

18. One root of a? + Ja; + 8 = is 4; find the value of 6. 

19. One root of o? '-\bx-\-c^^ is double the other; 
find c, 

20. Find the least possible value of a? — a; + 1. 

21. If m and n are the roots ofa:^ — 5a;-f"9 = 0, find the 
values of (a) m^+n^ (5) itfi^-r?, (<?) m—n, (d) m-^-\rn''\ 
(e) m-2 -h w-2, (/) 7MW-1 + nm-\ (^) (1 + m)(\ -h /i). 

22. If m, w are the roots of a? — />a; + y = 0, find the 
equations whose roots are : 

(a) i, 1, (6) 7w2, n2, (0 -, -, (rf) w + w, ww. 



I 
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212. To extract the Cube Root of a Polynomial, 
(a -h 6 ) 8 = a8 + ( 3 a2 + 8 a6 + 62) 6 . 

(a + j + c)« = a8 + (3a2 + 3a6 + J^J 

+ [3(a + by + 3(a + 5)^ + c^]c, etc. 

These identities furnish the rule for extracting the 
cube root of a polynomial. 

Find 

»/(343 a;P - 294 a;6 _ 357 ^ + 244 a« + 153 ar« - 54 a: - 27). 

Cube root = 7a;a-2aj-3. 

348 a:«-294 X5-867 a*H-244 ic8H- 158 aia-54 aj-27 

348 a^ 

-294«6_357x*+244a:8 
3(7x2)8= 147 «4 -.2»4a*+ 84 x*- 8x» 



3(7x-^)(-2a:)= -42 x» -441x*+252x8+158x8_54a;_27 

(-2x)2= 4^ -441x*-f252x8+168xg-54x-27 

147x*-42x8+4xa 

8(7«2-2x)2=147x*-84x8H-12a« 
3(7x3-2x)(-8)= -63xH18x 

(-3)2= +9 

147x*-84x8-61x2-|.18x+9 

First arrange the terms. Then take the cube root of 
the first term and set it down for the first term of the 
root. Next cube this term and subtract. For a trial 
divisor write down three times the square of the part of 
the root found, and divide it into the last remainder. 
This gives the next term. Multiply it by the part of the 
root found, square it, add the three results and then 
multiply by the new term, and so on. 
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EXERCISE 153 

Subtract the cube root of : 

1. afi + Safi + 6a^+7afi + 6ay^ + 3x+l. 

2. Safi + 122^-\-lS2^ + 13afi+9x^ + 8x + l. 

3. 2Tafi + 54afi + 6Sa^ + Uafi'k-21a^ + 6x + l. 

4. afi^Sa^-Sa^-^-lla^ + Gx^-lix-S. 

5. a?+6a^+9s^'-'4afi'"9a? + 6x-l. 

6. afi + 12afi^i5 2i^ + i0a?-45x^+12x-'l. 

7. 125a:«-150aJ^-902^ + 112rr» + 36a^»-24a;-8, 

8. 64a:«-48a^+108a^-49a;8 + 54a;a-12a:+8. 

9. 216a:«-108 2^-306a^ + 107 2«+153:r2-27ic-27. 
10. 6ia?-^2i03fi + S48a^-2i5a? + 81x^-15x + l. 

POWERS OF A BINOMIAL 

213. By actual multiplication it is found that : 

(a+ J)2=a^+2a6 + 6^ 

(a + by = a^+S a% + 3 aJ^ + h\ 

(a+ 6)* = a* + 4 a^J + 6 a^J^ + 4 ojs -h 6*. 

(a + 5)« = a6 + 5a*5 + 10a«J2 + 10a26«+6a5*+6». 

In these expansions note the following facts : 

1. The exponents of a decrease by 1, and those of ( 
increase by 1. 

2. The terms are homogeneous, the degree being the 
index of the power. 

3. The coefficient of the first term is 1, and that of the 
second is the index of the power. 

4. The coefficient of any term is obtained from the 
previous term by multiplying its coefficient by the expo- 
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nQnt of a in that term and dividing by the number of the 
previous term. The expansion of (a + J)* is, accordingly, 

^n(n-l)(n-2)^,_3y^n(n-lXn-2Xn-3)^._,^,^ _ 
2 • 8 2*3*4 

1. Write the powers of a, namely a*, a""^ a*"^ ••• a^. 

2. Write the powers of J, namely J, J^, J^ ••• b\ 

3. Write the coefficients, namely 1, n, J" '^ i 
n(n-l)(n-2) ^ 

2-3 

Coefficient of 3d term =s coefficient of 2d x (w — 1) -s- 2. 
Coefficient of 4th term = coefficient of 3d x (n — 2) -j- 3. 
Coefficient of 5th term = coefficient of 4th x (w — 3) -i- 4. 

This expansion of (a + 5)" is known as the Binomial 
Theorem. With certain restrictions as to a and b it is 
true for any value of n. 

Example 1. Expand (3 a: — 2)^ 

(3 a: - 2;^ = (3 xy+ 5(3 rc)*(- 2) + 10(3 rr)8( - 2)2 

+ 10(3rc)2(- 2)8 + 5(3a;)i(-. 2)*-|-(- 2)^ 
= 243 aJ^- 810 ar*+ 1080 a^- 720 rra-h 240 a:- 32. 

Example 2. Expand to 4 terms . 

1 -|- a? 

-1- = (1 + x) -1 = 1 + ( - 1> + ^=iXzil=d) a? 
JL "T" a? z 
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Expand : 

1. (a — xy. 

2. (1-rc)^ 

3. (l-2a:y, 

4. (2 a: -3)4. 

5. (2rr-l)^ ®- VS"""^";* 12. VIT^. 



EXERCISE 154 
6. (a: -J)*. 


9. (1-.01)6. 
10 1 


11. (i-xy\ 



-^^ 
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4. 75°, 15°. 5. 60 A., 20 A. 6. 180 A., 30 A. 7. $2300, $1150. 
8. $2640, $880. 9. 77, 7. 10. 144°, 36°. 11. 98 yd., 24i yd. 
12. 124 rd., 62 rd. 

Ezercise 9.— 1. A, $7280, B, $1820. 2. $2850, $950. 8. $12, 
$2.40. 4. $510, $170. 5. 99. 6. $18, $3.60. 7. 246 A., 41 A. 
8. 480 bu., 20 bu. 

Bacercise 10.— 1. 14^ 11^, 2, 27^, 23^. 8. 80, 70. 4. 1710,1246. 

5. 146,836, 143,783. 6. 87,512, 80,217. 7. 582 yd., 483 yd. 
8. 20.5 in., 15.5 in. 9. $92.50, $47.50. 10. 3,829,897 oz., 3,805,600 oz. 

11. 17,170,503 oz., 12,002,087 oz. 12. $284,479,531.81, $230,810,174.17. 
18. 5612 sq. mi., 2380 sq. mi. 14. 9377 sq. mi., 8173 sq. mi. 15. 86,085, 
13,371. 

Exercise 11. — 1. $1.25. 2. $63. 8. 6 T. 4. 2175. 6. 77,580 sq.mi. 

6. 74,031. 7. 10,727,559. 8. 483 lb. 9. 9,816,112 T. 10. 3366 mi. 

Ezercise 12. — 1. 16 da. 2. 9. 8. 149 T. 4. 6. 6. 15. 6. 25. 

7. 6. 8. 215. 9. 109. 10. 30. 

Bzerclse 13. — 1. $93, $57. 2. $175, $35. 8. 11. 4. 916,764, 
911,933. 6. 125,560, 62,559. 6. 104,863, 33,111. 7. 5 private banks, 
9 state banks, 21 national banks. 8. 75,924. 

ZizercUie 15. — 1. x = 8. 2. x = 4. 8. x = 21. 4. a; = 8. 6. x = 11. 

6. x = 8. 7. y = 9. S. y = 11. 9. x = 16. 10. x = 11. 11. x = 11. 

12. X = 20. 13. X = 16. 14. y = 11. 16. y = 99. 16. x = 80. 
17. y = 19. 18. y = 16. 19. y = 11. 20. y = 8. 21. y = 8. 
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72, y- 10. 88. sr = 9. M. y = 11. 25. y = 6. 26. y = 16. 

27. y = 18. 28. X = 16. 29. x = 10. 80. x = 6. 81. x = 5. 
82. X = 7. 88. X = 20. 84. y = 16. 86. y = 3. 86. y = 27^. 

87. y = 17. 88. y =: 3. 89. y = 0. 40. y = 9. 

Bzerciae 22. — 1. 7. 2. 3. 8. 1. 4. 27. 6. 66. 6. 2, 
7. 17. 8. 36. 9. 6. 10. 28. 11. 21. 12. 28. 18. 9. 14. 1. 
16. 11. 16. 14. 17. 6. 18. 19. 19. 62. 20. 2. 21. 73. 

22. 49. 28. 600. 24. 260. 25. 360. 26. 600. 27. 2600. 

28. 3600. 29. 300. 80. 3000. 81. 1600. 82. 1800. 88. 16,000. 
84. 18,000. 86. 9000. 86. 90,000. 87. 6000. 88. 1260. 89. 2160. 
40. 6000. 41. 0. 42. 600. 48. - 66. 44. 376. 46. 391. 46. 1760. 

Ezerciae 23.— 1. 0. 2. 9 6. 8. - &. 4. - x. 6. -6 c. 6. lie 
7. -3 c. 8. 20 c. 9. - 22 c. 10. 8 a. 11. 6 xy. 12. 10 xy. 
18. 22 ah. 14. - 2 ah. 16. mn. 16. - 13 ox. 17. 8 &y. 

18. 16 ah, 19. 7 a\ 20.-3 aK 

Ezerciae 24. — 1. 2a. 2. 4a. 8. 9x. 4. 9x + 9y. 6. 20x-4y. 
6. — 4 X — y. 7. — 6 X + 10 y. 8. 3 a + 6 + c. 9. a + 6 — c. 

10. 10a -36 + 3c. 11. 13a -66. 12. 20a- 10 6 - 14c. 

13. 23 a - 21 6 - 6 c. 14. - 3 a - 24 6 - 6 c. 16. a - 6 6 - 16 c. 
16. 8x2-llxy-14y«. 17. 18 x^ - 14 xy + 18 y*. 18. ISa^ - 10a - 6. 

19. 6xa + 20x-12. 20. 3x«-llx. 21. 20x«+10x-7. 
22. 18 a2 - 18 a6 - 13 62. 28. 6 a^ + a + 9. 24. 6 x2 - 6 xy + 2 yz. 
26. a + h-\-c, 26. 0. 27. 17 mn + lOmy - 7 mz. 28. 2 ah. 

29. -.4a3+13a. 80. -4xS-10xy+7y>. 81. $1968. 82. 26 mi. south. 

88. 6 mi. west. 84. 6° higher than on Sunday. 

Exercise 26. — 1. 6 x + 3. 2. 2 x + 1. 8. 3 x + 10. 4. 2 a - 3 6. 
6. 2 6. 6. 3 a — 4 6. 7. — m + 11 n. 8. — x + 9 y. 9. 6 xy — 2 y^;. 
10. 6 xy + xz, 11. — 4 mn + 11 xy. 12. 2 a6 + 2 6c. 13. 6 ad — 11 ac. 
14 3x-4y-62?. 16. -x-2y-3«. 16. 4x«-x-3. 17. -xH9x+4. 
18. x2 + 6xy + y«. 19. 4y2-6y«. 20. - 3x« + 14x»+ Ux. 

Exercise 27.-1. 8x-2. 2. lOx-11. 8. 6x. 4. 9x-22. 
6. X - 4. 6. 17 a - 4 6. 7. 10 a + 2 6. 8. 2 x« - x. 9. a + 7 6 + 7. 
10. -a+11. 11. 2a-2 6-2c. 12. 6x-16. 18. 2m+2n. 14. 12 y. 
16. 14a-10 6. 16. 6 6-3 a. 17. 9y-2x. 18. 10-6 x. 19. 0. 20. y. 

Exercise 29. — 1. lOx+30. 2. 16x+32. 8. 15x-6. 4. 63x-77. 
6. 64X-63. 6. 66a2-22. 7. 108 a^- 06. 8. 25ya-40y. 9. 90n*-80n. 
10. 28 m -30, 11. -12X + 12. 12. -24x4-28. 18. -80x-48. 

14. -72y24.96. 16. -18 + 4ma. 16. - 6 + 4 n*. 17. -171 + 6a*. 
18. -28+14 0^. 
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Ezerciae 30. — 1. 8». 2. 2\ Z. 7K 4. 6^. 6. 8». 6. 9". 7. 10». 

8. 1012. 9. 2« 10. cfi. 11. a". 12. 6". 18. fti*. 14. a»6«. 15. a«6«. 
16. a86«. 17. 0^68. ig. ^^6. 19. ^8. 20. o". 21. 32 x^. 22. 40 ah^. 
28. -48a86. 24. -72a*6«. 26. -ZO cfib^. 26. -46a*6». 
27. -120 a86^ 28. -26m*»*. 29. -23 mW. 30. - 12 m^n*. 81. a^. 
32. x^+\ 88. x»+*. 

Exercise 31. — 1. 12 x - 20 y - 16. 

3. 9a; - 36 a - 72. 4. - 10 x + 16 y + 36. 

6. -24a + 666 + 72. 7. 4x8-8xa-12x. 

9. -a«+9a24-6a. 10. -6»+a6«+10 6. 11. -16x«+24x2y-8xy2. 
12. -18x* + 46x»y + 72xya. 18. 4x-3y-6. 14. 6x-y-3. 
16. 6x-2y-6. 16.4x-7y-6. 17. -10x-9y+7. 18. -16a+66+16. 
19. -25x + 4y + 15. 20. -10x + 4y + 40. 21. -70x + 90y + 79. 
22. -26x + 14y + 41. 28. lOx-37. 24. 6x-23. 

EzerdBe 32.— 1. S^. 2. 4<. 8. 6^. 4. 7^ 6. 38. 6. 3^ 7. 6. 
8. 11«. 9. 82. 10. 6«. 11. 3*. 12. 92. 18. 13*. 14. 172. 15. <,. 



2. 14x-21a + 66. 

6. - 12 a + 6 6 + 15. 

8. 6 a* - 16 a2 - 36 a. 



16. a«. 17. a*. 18. a^. 
24. x«. 26. u*' 86. m8. 

Ezercise 33. — 1. 4x. 
6. -8ca. 7. -3n8. 8. 



19. &8. 80. c«. 21. c2. 22. of, 23. x\ 
27. n8. 28. n». 

2. 6 X. 8. 3 a. 4. — 8 &. 6.-4 c. 

2 X. 9. 3 X. 10. - 4 X. 11.-6 c2. 12. 6 »2. 



18. - 10 n2. 14. 2 a«. 16. - 3 a^. 16. - 3 m2. 17. 3 xy. 18. 5 x2. 

19. - 7 y2. 90. 5 a^b. 21. - 6 afes. 22. - 10 cH. 28. - 7 a^<fl. 
24. 16 a*c*. 26. -2a8c2. 26. -9a«c. 27. 3c«n2. 28. 11 08. 

Ezerciae 34. — 1. a + 1. 2. 2 x + 4. 8. 2 x + 3. 4. 5 x — 2. 
6. 6 X - 1. 6. 7 X - 3. 7. 4 a - 3 6. 8. 2 a - 6 6. 9. 10 a - 14 6. 
10. Ila2~1362. 11. 3a2_462. 12. 7x2-8x-4. 



14. a2 + a-2. 
18. 2x-3y. 
2 x2 - 3 X. 



16. a2 + 2 a + 1. 16. 2 xy - 3. 
19. 3x2-4x. 20. 3x8-4x2. 
28. 12 -13 a. 24. 3x2-4. 



18. a-\-b''C, 
17. 2a6-3 62. 

21. 2a2-3a&. 



Exercise 35. — 1. 6(x+l). 2. 7(x-2). 8. 6(a-2). 4. 8(a4-6). 
6. 9(x-y). 6. ll(x-3). 7. 12(x - 5). 8. a(a 4- 1). 9. m(w + 1). 
10. y(y-2). 11. xCx-4). 12. x(2 x-1). 18. x(4 x-y). 14. 6 a^a-b). 
15. 7 a(x - 2 y). 16. 9 a(a - 2). 17. 4 a(a2 _ 2). 18. 6 a^(a - 2). 
19. 10x2(x-l). 20. xyCx-y). 21. x(ItJ^). 22. x(JJ). 28. x(f«). 
24. }(x + l). 26. J(» + y + «)- ^' iHc + d). 



Exercise 36. — 1. 6 x. 

9x2 



6. 2x. 7. X. 8. 



9. 



18. 



X 

2 a 



14. 12 y. 



16. ?. 
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Bzmrciae 37. — 1. 4 x - 4. » 2. 14 x — 66. S. 46 a — 46 b. 

4. 21m-21n. 6. 42x-189. 6. 99x-28L 7. 3x-24. 8. 15x-50. 

9. - 14 x + 22. 10. - 27 X - 6. 11. - 108 + 36 x. 13. 9 x - 21, 

Ezercise 38. — 1. f • 2. ~ 8. ?^. 4. 4 x. 5. 5^. 6. ^. 

8 22 144 226 3 

BzerciM 39.-1. ^- 2. i^. 8. ^-°^ 4. li«ii-*. 

2 3 4 6 

-20 -2'a+l _lla + 4 -220 — 5 «13a + 3 

•• T' "• —3— '• —^ '• ~~6 ' 6 

10. 2l±±*. 11. ^^1^. 12. ^+». 18. 2^^. 14. * 



a a a a x—l 

16. iXzLl. le. 3^j^. 17. 61 18. «* 



x-2 x+ 1 a x-2 

ExerciM 40.-1. li^. 2. il-1^. 8. A. 4. 1^^. 

12 12 " 18 

g 16 g - 73 g 16 a -27 - 23 a - 28 q ii 9 6 c + 108 

12 ' 18 * ' 36 * ' **' * 40 ' 

10. 5a 4- 17 , 11 7m-8, ^^ 2n + 38, ^3 31a-48ft, 

46 28 42 60 

j^ 17x-113y, 15 ^^ 13 (J 17 10a. ^ 6x+10y, 

36 33 12 

19. ah. 20. 0. 

EzerdBe 41. — 1. x = 6. 2. x = 8. 8. x = 4. 4. x = 6. 6. x = 1. 

6. X = 6. 7. X = 10. 8. X = 4. 9. x = lOJ. 10. x = 12. 11. x = 4. 

12. x=4. 13. x=-9. 14. x=l. 16. x=-3. 16. x=6. 17. x=9. 
18. X = 6. 19. X = 6. 20. X = 10. 

Ezerciae 42. — 1. x = 3. 2. x = 4. 8. x = 6. 4. x = 6. 5. x = 6. 

6. X = 6. 7. X = 3. 8. X = 7. 9. x = 9. 10. x = 11. 11. x = 4. 

12. X = - 34. 18. X = 16. 14. x = 19. 16. x = 0. 16. x = 3. 

17. X = 6. 18. X = 0. 19. X = 7. 20. x = 0. 

Exerclee 44. —1. 66 ^ 26^. 2. 70 yr., 24 yr. 8. Henry, 17 yr., 
Thomas, 16 yr., John, 10 yr. 4. 13 boys, 27 girls. 6. 1629, 1992. 
6. 70 in., 20 in. 7. 289, 307, 631. 8. 97, 311, 627. 9. A's, ^8000, 
B's, $4600. 10. ^ 8000, $ 7600, $ 7000. 11. 20 apples, 30 pears. 

12. 16acrescorn, 26 acres wheat. 18. 10 horses, 7 mules. 14. 80 acres, 
60 acres. 15. 80 yd,, 60 yd. 16. 90 yd., 40 yd. 17. 6 nickels, 3 dimes. 

18. 7 dimes, 4 quarters. 19. 11, 6. 20. 49, 61. 21. 32, 33, 34. 
22. 34, 36, 38. 28. 16, 17. 24. 11, 16. 25. • 14, 18, 22, 26. 26. # 4. 






AKSWEBS 825 

#6, 920. 87. hr. 28. 8 o'clock p.m. 29. 4 quarters, 12 dimes, 36 
nickels. 80. 70 yd., 40 yd. 

Exercise 45.— 1. xr=18. 2. a; = 9. 8. x = 12. 4. a; = 80. 

5. x = 24. 6. x = 36. 7. x = 12. 8. x = 24. 9. x = 5. 10. x = 20. 
11. X = 6. 12. X = 4. 18. X = 4. 14. X = 6. 15. x = »S}. 16. x = 5. 
17. X = 6. 18. X = 10. 19. X = 7. 20. x = 10. 21. x = 13. 22. x = 6. 
23. x = 5. 24. x = 6. 26. x = 16. 28. x = 8. 27. x=6. 28. x = 4. 
29. X = 8. 80. X = 4. 81. x = 5. 82. x = 9. 88. x = 10. 84. x = 5- 
85. x=16. 

Ezercise 46. — 1. QOf. 2. $100. 8. 90. 4. 450 mi. 5. 444 mi. 

6. 3251b. 7. 42 yr. 8. $ 120 per month. 9. $108,000. 10. 360 bbl. 

11. 1500 bu. 12. 80 mi. 18. 400. 14. $960. 15. 500. 

Ezerciae 47.— 1. 48,72. 2. 120,150. 8. 60,64. 4. 110 acres, 
70 acres. 5. 60,90. 6. Uf,20f. 7. 100 yd., 80 yd. 8. 1250 yd., 
600 yd. 9. A'g, $ 90, B's, $ 20. 10. 10 yr., 40 yr. 11. 40 yr., 30 yr. 

12. $1.45, $2.60. 13. 6 quarters, 16 dimes. 14. 26 days. 15. $5100. 

16. 240 yd., 120 yd. 17. 60 yr., 30 yr. 18. 45 yr., 9 yr. 19. A, $40, 
B, $ 75. 20. $ 76, $ 50. 21. 10 lb. at 60 ^, 6 lb. at 76 ^. 22. 30 acres, 
22i acres. 23. A, $70, B, $140, C, $210. 

Ezercise 48. — 1. x = ^. 2. x = 6. 8. x = i. 4. x = 4. 5. x = 8. 
6. X = 9. 7. X = 10. 8. X = 7. 9. x = 5. 10. x = 8. 11. x = 9. 
12. x = 3. 18. x = 0. 14. x = 10. 15. x = 11. 

Exercise 49. — 1.5 br. 2. 27 hr. 8. 5 yr. 4. 5 br. 5. 3 o'clock p.m. 

Exercise 50. — 1.x = 8. 2.x = 13. 8.x =7. 4.x =5. 6. x = 11. 
6. X = 8. 7. X = 13. 8. X = 1. 9. X = 7. 10. x = 0. 11. x = 12. 
12. X = ~ 13. 18. X = 16. 14. X =0. 15. x = 21. 16. 360 mi. 

17. 30 mi., 20 mi. 18. 32 mi. 19. $ 3.50, $ 12.25. 

Exercise 51. — 1. $1300. 2. $5625. 8. 112.51b. 4. 31,250. 

5. $80. 6. 91 acres. 7. 450. 8. 2500 mi. 9. 42 yr. 10. $15,200. 

Exercise 52. — 1. ^%. 2. 12^%. 8. 80%. 4. 6%. 5. 83}%. 

6. 2J%. 7. 4|%. 8. 9.52% nearly. 9. 45%. 10. 48%. 

Exercise 53. — 1. $80. 2. $2.20. 8. $200. 4. $30. 5. $9600. 

6. 150 ft. 7. $19. 8. $788.30. 9. $460,000,000. 10. 17,170,000 oz. 
nearly. 

Exercise 54. — 1. 1 yr. 2. l}yr. 8. 1} yr. 4. lyr. Smo. 
5. 1 yr. 2 mo. 12 da. 6. 1 yr. 8 mo. 7. 1 yr. 4 mo, 8. 1 yr. 1 mo. 10 da. 
9. 1 yr. 4 mo. 24 da. 10. 8 mo. 6 da. 

Exercise 55.-1. 5%. 2. 7%. 8. 9%. 4. 6%. 5. 7%. 6. 8%. 

7. 6%. 8. 3%. 9. 4%. 10. 4%. 



•*^ 



:> 



^=^ A-' ." 






826 ANSWERS 

« 

Exercise 56. — 1. #762. 2. #615. 8. #778. 4. #690. 6. #1370. 
6. #1480. 7. #1632. 8. #880. 9. #638. 10. #1200. 

Ezercise 57. — 1. #720. S. #1600. 8. #1900. 4. #485. 5. #466. 

6. #1860. 7. #1600. 8. 1100. 9. #881.60. 10. #676. 

Exercise 58. —1. 4 yr., 8 J yr., 2 J yr. 8. 12^ yr., 8 J yr., 6 yr. 

8. 8 yr. 4. 16} yr., 12i yr., 14^ yr. 8. 6%. 6. 6%, 4%, 8%. 

7. 6 %. 8. 10 yr., 8} yr., 6} yr. 

Exercise 59. — 1. 2;=13, y = 6. 9. x = 6, y:±4. 8. x = ll, 
y = 4. 4. a; = ll, y = 8. 6. x = 9, y = 2. 6. x = 6, y = 6. 7. x = 6, 
y — 7. 8. X = 6, y = 2. 9. x = 1 , y = 11. 10. x = 6, y = 4. 

11. X = 4, y = 1. 13. X = 10, y = 4. 18. x = 9, y = 1. 14. x = 6, 
y = 7. 16. x = 8, y = 2. 16. x = 3, y = -l. 17. x = 6, y = 3. 

18. x=4, y=-l. 19. x = 6, y = 2. 90.x = 3, y = -2. 21. x = 7, 
y = - 8. 22. X = 4, y = - 4. 28. x = 3, y = 0. 24. x = 6, y = 8. 
25. X = 1, y = 1. 26. X = 2, y = 2. 27. x = 2, y = - 1. 28. x = 1, 
y = - 2. 29. X = 2, y = - 3. 80. x = 3, y = - 4. 

Exercise 60. — 1. x = 8, y=:6. 2. x = 29.4, y = 16.2. 8. x=:6, 
y = 10. 4. X = 9, y = 11. 8. x = 8, y = 6. 6. x = 11, y = 16. 

7. X = 7, y = 8. 8. X = 12, y = 4. 9. x = 16, y = 2. 10. x = 8, 
y = 1. 11. X = 9, y = 2. 12. x = 18, y = 20. 

Exercise 61. — 1. 86,24. 2. 66, 24. 8. 16,5. 4. #6, #4. 6. #6, 
#3. 6. #90, #60. 7. 66^,60^. 8. 74. 9. 18. 10. 26. 11. 84. 

12. 3 # 10 bills, 14 # 6 bills. 18. 7 balf-eagles, 6 eagles. 14. 7 meas- 
ures, 6 measares. 15. A*s money, #80, B*8 money, #60. 19. A, #16, 
B, # 26. 17. A, # 70, B, # 60. 18. # 6000 at 4 %, #3000 at 6 %. 

19. 30 mi. per hr., 24 mi. per hr. 20. 16^ per lb., 18^ per lb. 21. 36^, 
46 ^ 22. 80/^,66^. 28. 24,40. 24. 8 dollars, 4 half-dollars. 
25. 64 yr., 18 yr. 26. 19.2 mi. per br., 28.8 mi. 27. #3.20, A's wages ; 
# 2.40, B's wages. 28. 40°, 60°. 29. 36°, 64°, 90°. 80. 40 yd., 30 yd. 

Exercise 62. — 1. x = 1, y = 2, z=zS. 2. x = 8, y = 2, z = 4. 

8. x = 6, y = l, « = 3. 4. x = 6, y = 2, « = 4. 6. x=7, y = 3, « = 2. 
6. x=l, y = 2, = 4. 7. x = 6, y = — 4, a? = 2. 8. x = 6, y=— 1, 
2? = - 2. 9. X = 4, y = 6, 2f = 8. 10. x = 3, y = 2, « = 10. 11. x = 10, 
y = 8, « = -l. 12. x=10, y=9, «=:-2. 

Exercise 63. — 1. 648. 2. 287. 8. 126. 4. 37, 29, 24. 6. 36, 1 1^ 

18, 26. 6. A, #3, B, #4, C, #6. 7. 2 dollars, 3 balf -dollars, 6 quar- 
ters. 8. 12, 18, 24. 9. Apples, Sf apiece, pears, 2f apiece, oranges, 
4f apiece. 10. $1440 in 8%, #900 in 6%, # 1080 in 6%. 

Exercise 66. — 1. x2 + 3x + 2. 2. x2 + 8x + 16. 8. a^-flOx + 16. 



8. 
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-8. 8. x«-5x-24. 9. a;a-lla;+18. 10. a?-6a + 5. 11. x«- 
lla; + 24. 12. a;^ - 10 a; + 25. 18. 4^2-18 + 20. 14. 12 a2+a-6 
16. 30a2-61ai?> + 30 62. le. 9a2 + 0ac- 28ca. 17. 4a2-26c2. 
18. 64o2-26c2. 19. 16 w2- 8 ww - 48 w2. go, 27 m2- 57 mn+20«2. 
21. 56c2-37cd + 6(i2. 22. 20 62 _ 57 &d + 40 d=^. 23. 72a2-79aa; + 
14a;2. 24. o* + 3 025^ + 2 6*. 26. 24 a* + 42 a2fta ^. 15 5*. 26. 49c*- 
16. 27. 72a*~x8-aj2. 28. 42 x* - 17 x* - 16 a;2. 29. 66x*-34x8- 
Sx-J. 80. 36x*-3^. 81. 16a*-816*. 32. 6 x* + 7 x2n2 - 3 »♦. 
33. x* + x8 + x+l. 84. a^-a^-a^+a, 86. afi-tfi. 86. 4xP- 
9f. 87. x*+2x2y2 + y4. 88. xP - 1. 89. x^-yS. 40. cfi - a. 

Ezercise 67.-1. x^ - 1. 2. x^ + l. 8. x^ - ys. 4. x^ + y*. 
6. x«-x2-4x + 4. 6. x» + x2-9x-9. 7. 4x8 + 8x2 -x -2. 
8. 9x8-27x2 + 47x-22. 9. 4x8 + 2x2y-3xy2 + 18y3. 10. x^ - 1. 
11. x«+l. 12. €fi-b\ 18. cfi-^b^. 14. a« + 6a* + lla2 + 6. 
16. x*-3x8-5x2-25x. 16. x« - 6 x2y + 12 ary^ - 8 yS. 17. afi - 
2x2y-4xy2 + 8y8. 18. x^ - 3 x22( - 9 xj^2 _,. 27 yS. 19. 8x8-36x22/ + 
64xy2-27y8. 20. 27x8 - 36x2 + 9x+ 2. 2I. 1 - x*. 22. a* - 6*. 
28. 16x*-l. 24. 81x*-y*. 26. x8 + 3xy- yS^. 1. 

ZizerclM 68. — 1. x — 2. 2. x — 2. 8. x — 2. 4. a — 6 &. 6. a — 
6 6. 6. o — 7 6. 7. c + d. 8. x — 3 y. 9. 4 o — 3 6. 10. 2 a — 5 6. 
11. 4 a - 3 6* 12. 3 a + 5 6. 13. 3 a + 2 6. 14. 4 x - y. 16. 5 x + 1. 
16. a^+a. 17. 2x2-x. 18. 4x2-2x. 19. 3x2-5x. 20. 3x2- 
7x. 21. 3a2_6o6. 22. 2mn + 3n2. 28. x2 + 2x-l. 24. x2 + 
8x + 5. 26. a2-4a + 9. 26. a2-3a-2. 27. x2-4x + 15. 
28. 2x2+10x + 45. 29. 4x2-3x-3. 80. a2+o + l. 81. x2 + 2x 
+ 4. 82. x2-3x + 9. 88. a^-ab-^-b^. 84. 4x2 + lOxy + 25y2. 
36. 9a2+12a6 + 16 62. 86. 26 x2 - 6 xy + y2. 87. 36 x2 + 42 xy + 49 y^. 

38. a - 6. 89. x2 - 1. 40. x + 3. 

ZSzercise 69. — 1. 1 + x + x2. 2. 1 — x + x«. 8. 1 + x + x* 

+ x*. 4. 4 + 2 a + a2. 6. 9 - 3 6 + 62. 6. 8 + 4 a + 2 02 + ^8. 

7. 27 + 9x + 3x2 + x8. 8. 4 + 4x + 2x2. 9. 7+9x + 3x2. 10. 4-4x 
- a;2. 11. 1 + a + a2. 12. 1 - 2 a + 3 a^, 

RserciseTO.— 1. 5. 2. 10. 8. 6. 4. 8. 6. 1. 6. 2. 7. 48. 

8. —a. 9. 3 a. 10. 6c. 11. -26. 12. -3x. IS. 8n. 14. 3m-2n. 
16. 6n. 16. 9x-12y. 

ZbEercise 71. — 1. 24. 2. -30. 8. 2a2. 4. 0. 6. 0. 6. 0. 

7. --2a8. 8. _a*. 9. cfi. 10. a«. 11. a*. 12. 6*c2. 18. a^cf^. 
14. -27o96«. 16. a2-2a6 + 62. 16. a2-4ac + 4ca. 17. a2 + 6^ 
+ c2 - 2 06 - 2 ac + 2 6c. 18. x* - 2 x* - x2 + 2 x + 1. 19. a* - 4 a« 
+ 6 a2 - 4 a + 1. 20. x* - 2 x2y2 + y4. 2I. 5. 22. 0. 28. 1. 24. 125. 



\ 
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27. 26. 13. 87. 6. 88. 21. 88. 32. 80. 4. 81. -1. 88. 26. 

88. 66. . 84. 46. 86. 6. 86. 80. 87. 30. 88. 60. 




Ezerolse 76. — 1. (a; + l)(a; - 1). 8. (a + 2) (a - 2). 8. (6 + 8) 
(6 - 3). 4. (a + e)(^a - 6). 6. (a + 8)(a - 8). 6. (to + 10)(to - 10). 
7. (2a+6)(2x~6). 8. (3x4- 7) (3 x —7). 8. (4 a; + 9)(4x - 9). 
10. (6a; + 6y)(6x-6y). 11. (8y -h8a;)(8y -Sai). 12. (lOaj + 1) 
(lOx-1). 18. (12y + 6«)(12y-5«). 14. (a6 + 7 c) (a6 - 7 c). 
16. (a;2 + 5y)(a«-6 2/). 16. (ft^ + 11 c) (fts _ n c). 17. (6c2 + 4d») 
(6c»-4(i-0. 18. (13a2 + 62)(i3a2-62). 19. (20 + x2)(20 -a;2). 
20. (30+o2)(30~a2). 21. (40+x)(40-x). 22. (a6-hl4d)(a6-14d). 
28. (x + i)(x-J). 24. (2x + l)(2x-i). 26. (a + i)(a-J). 



"•HslH) 



EzerciM 77. — 1. (x + 2)(x-|- 1). 2. (x + 8)(x + 2). 8. (x + 3) 
(x + 4). 4. (x + 2)(x + 6). 6. (x-hl)(a; + 12). 6. (x + 7)(x + 8). 
7. (x + 3)2. 8. (x + 4)2. 9. (x + 4)(x + 6). 10. (x + 6)(x + 6). 
11. (x + 2)(x + 9). 12. (x + 4)(x + 7). 18. (x-l)(x-6). 

14. (x-2)(x-5). 16. (x-5)2. 16. (x - 6)«. 17. (x-6)(x-7). 
18. (x-2)(x-21). 19. (x-2)(x-26). 20. (x-2)(x~26). 
21. (x-4)(x-16). 22. (x-4)(x-18). 28. (o-l)(a-24). 
24. (a-3)(o-30). 26. (a + 2 6)(a + 12 6). 26. (c + 3<l)(c + 12(f). 
27. (w-4n)(TO-12n). 28. (TO-6n)(TO-12n). 29. (a-6 6)(a-166). 
80. (p-7g)(p-14g). 81. (6 + 12c) (6 + 17c). 88. (6-12c) 
(6 -20 c). 88. (6-13c)(6-14c). 84. (x - 14y)(x - 16y). 

Ezercise 78. — 1. (x + 5)(x-3). 2. (x + 7)(x-4). 8. (x-7) 
(x+4). 4. (x-f-6)(x-l). 6. (x + 6)(x-2). 6. (x-6)(x + 2). 
7. (x + 9)(x-4). 8. (x-10)(x + 5). 8. (x-7)(x + l). 10. (x + 9) 
(x-2). 11. (x-9)(x + 2). 12. (x-6)(x + 6). 18. (x + 7)(x-6). 
14. (x+10)(x-9). 16. (x-12)(x + l). 16. (x + 12)(x-l). 
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17. (x-12)(x + 2). X8. (a; + 13)(»-9). 19. (x - 12)(a; + 7). 
90. (a; + 12)(x-6). 91. (x-16)(« + 6). 99. (x-15)(x + 6). 
9S. (x-16)(x + 9). 94. (a-|-18)(a-8). 

EzerciM 79. — 1. (3x4-6)(x+4). 9. (2x+l)(x+2). 8. (2x+1) 
(x+6). 4. (2x+3)(x+6). 5. (4x+8)(2x+8). 6. (3x-l)(2x-6). 

7. (4x-l)(3x-4). 8. (6x-2)(2x-6). 9. (3x - 2)(2x + 3). 
10. (4x~3)(3x + 2). 11. (7»-2)(2x+9). 19. (x+7)(4x-6). 

18. (2x-l)(x + 8). 14. (x-4)(4x-l). 15. (2x - l)(x-|. 7). 

Ezercise 80. — 1. a'^h'^c. 9. xV- 8- «V^. 4. BxV- 5. 36x«y. 
6. 66 xV. 7. 72x2y. 8. 30 a^fta. 9. 72 xV- 10. 42a*6». 11. 40x3y*. 

19. UofihK 

Ezeroiae 81. — 1. x(x + 8). 9. 3x(x + 2). 8. 2x(x-l). 

4. 3 x(x - 3). 6. x(aja - 1). 6. x(x + 1) (x + 2). 7. x(x + 1) (x + 3). 

8. x2(x-2). 9. x2(x-4). 10. (x-l)(x-2)(x-5). 11. (x - y) 
(X + y)(x - 4 y), 19. (x - 2 y)(x + 2 y)(x + 3 y). 13. x(l - x*). 
14. (l-h2x)(l-2x)3. 16. (3x+l)(3x-l)2. 16. (x+4y)(x-4 2/)a. 



5. 



Ezerclse 82. — 1. 

a^ - 2 a6 



10. - 

15. 



a~6 
1 



6. ^. 

x + 1 



9. 



26 



7. 



x-1 

X8-10X 



11. 

16. 



a + 6 
xa - 12 X 



a + h 
m^ - 3 n2 
m + 2 » 

19. - JJL. 
x + y 



, 2qg4-6 
9. — • 

a + 6 

8. ^-. 
x + y 

18, !5l:^». 
w + 3 



4. 
9. 
14. 



x«-2 
x + 1 

2q8 
a + 6 

2a 
2-a 



X — 5 
Ezerciae 83. - 

'^^ —24— *• 
10, 17 a + 82 6, 

15 6 
,. 33x-4 

18.7«'-16y'. 
6x1/ 

99. -^^+^y. 



1. 



6-x 

7x, 
12' 
x+7 

^ ■■■■ • 

6 



9. 



7. 



ISx-U 

20 
13x-4 



14 



8. 



^ 7X + 12 

••"lo~ 

11 X- 9 



4. 8x + 4 



16 
26X-1 



11. 



6a-3& 



65 

16. i«±^. 

24 a 

19 lQa^-8y^ 
12 xy 

1 



10 

j2 8x + 22 
6x 

16. «1=^. 
ao 



9. 

6x 

17. ^ «^ - '^ y 



30 
lOx + 18 



96. 



80. 



ah 

7 



98. 



3x(3x + 7) 

72 
X2-16' 



97. 



x(x + 1) 
20X-.36 



94. 



90. 0. 

2 



xy 
21. -M£±ll 



98. 



x^-l 
4x+16 



26. 



xy 
4x 



2x(2x~7) 

81. ^lz:M±±. 89. 

x(x - y) a + 6 



4x(4x + 6) 



x^-l 
28 



a 



88. 



26 
a-6 



x(x~4^ 
3 



84 



.x + 8 
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Ezerclse 84. — 1. f 2. ^. 8. A. 4. ^. 6. f 6. i. 

X ox X* 

7. 8.*. 9.^±i. 10. x-1. 11. a*-x3. 

(x - l)(x - 2) y X 

12. 64 X. 18. *r- ^« 14. • 16. If. 16. If. 

17. — ^ 18. 6. 19. 1. 90. r^^^. 81. f 88. 1. 

(x + y)a 8(x + 8) ^ 

a- 1 xy 

Ezercise 85.— 1. x = 60. 8. x=12. 8. x = 16. 4. x = 6. 

6. x=ll. 6. x=13. 7. x=10. 8. x = 4. 9. x = 12. 10. x = 0. 

11. X = 3. 12. X = 6. 18. X = 6. 14. X = 4. 16. x = 2. 16. x = 7. 

17. x=10. 18. x = 8. 19. x = l. 20. x = 6. 21. x = 26. 22. x = 1. 

28. X = 4. 24. X = 3. 26. x = 1. 26. x = 1. 27. x = 8. 28. x = 4. 

29. X = 12. 80. X = 3. 31. x = 2. 82. x = 1. 88. x = 6. 84. x = 4. 
86. X = - 6. 86. X = 1 A- W. X = 27. 88. x = 13i. 89. x = -2f 
40. x = 6. 

Exercise 86. — 1. (a) 76.95, (6) 4.79, (c) 23.83, (df) 10.74, (e) 4.08, 
(/) 12.62, (g) 13.23, {h) 35.77, (i) 5.16. 2. (a) 1.013, (6) 1.209, 
(c) 1.042, (d) 1.093, (e) 1.246, (/) 1.079, (g) 1.076, (^) 1.028, 
(0 1.194. 8. A or .28126. 4. 2.54. 

Ezerclse 87— 1. 75, 125. 2. 100, 180. 8. 128, 192. 4. 52, 91. 
6. 36, 46. 6: $60, 890. 7. 6 yr. 8. 10 yr. 9. A, 8600, B, $800. 
10. 36:36. 11. 19} lb., 2} lb. 12. 26.6 lb., 8.6 lb. 18. 22.6 oz., 4.6 
oz. 14. 36 A., 32 A. 16. 14, 21. 16. 16 ft., 12 ft 

Exercise 88. — 1. 306 mi. 2. $318.60. 8. 4''}. 4. 63^. 6. 62} A. 
6. 56 ft. 7. 6.272 in., 6.032 in., 6.736 in. 8. 1 in. to 18 mi. 9. 49 mi. 
10. 15 ft. 11. Mercury, 3.9, Venus, 7.2, Mars, 15.2, Jupiter, 52, 
Saturn, 95.4, Uranus, 191.8, Neptune, 300.5. 12. 69.6 mi., 61.1 mi., 
78.7 mi., 42.6 mi. 18. 112 ft. 14. 172.6. 16. 109.3 in. diameter. 

Exercise 89. — 1. 81133.33. 2. $1410. 8. 1| cu. ft. 4. 12} da. 

5. 15. 6. 5T. 7. 26 yd. 8. 360. 9. 20 cu. in. 10. 61,500 T. 

Exercise 90.— 1. 35, 36. 2. 29, 31. 8. 25, 30. 4. 20, 26. 

6. 16, 19. 

Exercise 91.-1. 26 yd., 20yd. 2. 40yd., 30 yd. 8. 16 rd., 
12 rd. 4. 36 yd. 6. 24 ft., 12 ft. 

Exercise 92. — 1.8 36,000 at 4 %, 8 14,000 at 5 %. 2. $ 4000 at 6 %, 
8 1000 at 5 %. 8. $ 720 in 3 %, 8 1260 in 4 %. 4. $ 12,000. 6. $ 5400. 
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Exercise 93. — 1. 6 lb., 51b. 2. 10 lb., 6| lb. 8. 2ilb. 4. 2} 
gal., l^gal. 5. 4 parts milk, 1 part water. 6. 12 1b. 7. ^ ice, ^ 
butter. 8. 6 bu. 9. 13 lb. 10. 9 oz. gold, 1 oz. copper. 11. oz. 
silver, 1 oz. copper. 

Exercise 94. ~1. (a) 10|f rnin. past 2 o'clock, (b) 21|f([^ min. past 
4 o'clock, (c) 38^ min. past 7 o'clock, (d) 49^ min. past 9 o'clock. 

5. (a) 21^ min. past 1 o'clock, (6) 32^ min. past 3 o'clock, (c) 10}f 
min. past 5 o'clock and 43f^ min. past 5 o'clock, (d) 43^^ min. past 11 
o'clock. 8. (a) 38^ min. past 1 o'clock, (&) 493!^ min. past 3 o'clock, 
(c) at no time, (d) 16^ min. past 9 o'clock. 4. 12 min. past 4 o'clock, 
48 min. past 4 o'clock. 5. 23^ min., ^ min. 6. 40 min., 13^ min. 

Exercise 95. — 1. 96. 2. 72. 8. 63. 4. 11, 26. 6. j^. 6. H- 

7. 33, 67. 8. 36, 81. 

Exercise 96. — 1. 4} mi. per hr., 1} mi. per hr. 2. 3 mi, 12 mi. 

8. 6 mL 4. 6 mi. per hr. 6. 16 mi., 8 mi. per hr. 

Exercise 97.— 1. 40 yr., 10 yr. 2. 45 yr., 15 yr. 8. $50, 970. 
4. 815. 5. $9000. 6. 11, 13. 7. 156. 8. 98. 9. 17 yd., 10 yd. 
XO. 30 yd,, 20 yd. 11. 35 yd. 12. 6 hr. 18. 9, 13. X4. 1 hr., 5^^ 
min. 16. (a) 31 J min., (6) 3f J min. 16. 35^, 65 ^ 17. 14,653,000 
sq. mi. nearly. 18. $1800, 82880. 19. $17.50, 824.50. 20. 10:9. 
21. i. 22. 8800, $1000. 28. 164 yd. 24. 2.4 mL 26. 7 turkeys. 
26. 56}% above cost. 27. $16. 28. 2 1b. 

Exercise98. — 1. $20. 2. $1;91.25. 8. $2.52. 4. $30. 

6. $60. 6. 4%. 7. $6200. 8. $11,560. 9. $8. 10. 5%. 11. $140. 
12. $125. 13. $300,000. 14.^24,000. 15. $3600. 16. $172,950. 

17. $8,070,000. 18. $4,619,475. 19. 4 mills on $1. 20. $58.20, £12. 
21. 20sq. yd. 22. $69.84, £14 8«., $1.57, 52.7%. 23. $200, $90.22. 
24. $1.60, 76.33%. 26. $19.92. 28. $4800. 27. $3450. 28. $11,240. 
29. $3500. 

Exercise 101. — 1. » + 2. 2. «« + 8. 8. 2a; + 5y. 4, «+J. 

6. a; -J. 6. X-}. 7. «-}. 8. » + f 9. x + f 10. x + f 
11. x2-4x + 4. 12. a;«-6x + 9. 18. x«-hx-l. 14. x2 + 2x-l. 
16. x2-3x-2. 16. a?-x-4. 17. 0-6-c. 18. a- 26 + 3c. 

Exercise 102. — 1. 74. 2. 83. 8. 89. 4. 98. 6. 246. 6. 216. 

7. 963. 8. 61.7. 9. 27.1. 10. 19.45. 11. 35.29. 12. .9021. 

18. .3162. 14. .8307. 16. .1639. 16. 1.0308. 17. 1.2247. 18. 1.5275. 

19. 2.0702. 20. 2.4944. 21. 1.291. 22. 9.0604. 

Exercise 103. — 1. 1760 yd. 2. 22 yd. 8. $ 20. 4. 330 yd., 220 yd. 
6. 36, 45. 6. 40, 76. 7. 30, 78. 8. (a) 24, (6) 46, (c) 89. 9. (a) 20 in., 
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(6) 60 in., (e) 90 in., (d) 99 in. 10. 1299.8 a per sec. 11. 144 ft., 1024 ft 
12. 5 sec. 



104. — 1. x = db3. 2. x=±6. 8. a; = ±ll. 4. a; = ±13. 

6. X = i J. 6. X = i }. 7. X = i J. 8. X = db 6. 9. x = ± 6. 

10. x=±l. 11. x = ±21. 12. x=±6. 18. x=±5. 14. x = ±l. 

16. x = ±2. 16. x = ±3. 17. x=±l. 18. x = ±2. 19. x = ±3. 
20. x = ±4. 21. x = ±2. 22. x=±4. 

Exercise 105. — 1. x = or 1. 2. x = 4 or 3. 8. x = 9 or 1. 4. x = 6 

or 6. 6. X = 11 or 5. 6. x = ± 9. 7. x = i J. 8. x = 2 or - 5. 
9. x = 4or-9. 10. X = 7 or -13. 11. x = lor -13. 12. x=2 or-11. 
18. X = J or J. 14. X = 4 or J. 16. x = j or f . 16. x = | or - J. 

17. x = J or -J. 18. x = J, J. 19. x = |, j. 20. x = 4, |. 21. x=f, }. 

22. X = 2 or - |. 28. X = i or - f . 24. x = ± 2 or ± 1. 

Ezercise 106. — 1. x = 2 or 4. 2. x = 6 or 2. 8. x = 6 or 3. 

4. X = 7 or 2. 6. X = 11 or — 1. 6. x = 13 or 2. 7. x = 9 or — 5. 

8. X = 3 or — 9. 9. x = 3 or — 16. 10. x = 5, 6. 11. x = 4 or — 3. 

12. x = 5or— 4. 18. x = 5or— 6. 14. x = 2or — 5. 16. x = 2or— 7. 
16. X = 2 or - 11. 17.' X = 6 or - 8. 18. x = 2 or - 9. 19. x = 3 
or — J. 20. X = J or — J. 21. x = | or }. 22. x = 3 or — J. 

' 2 6 

26. « = I±:^. 27. «=t±^. 2«. x = ^±^. 89. x = 5 
12 9 8 

or — J. 80. X = 4 or — 1. 81. x = ± 2. 82. x = 2 or — 1. 

Exercise 107. — 1. 11, 19. 2. 16, 21. 8. 12, 13. 4. 15 yd., 8 yd. 
6. 6.18 in., 3.82 in. 6. 49 yd., 16 yd. 7. 2^ yd. 8. 6ft., 4 ft. 

9. $40. 10. 72 bees. 

Exercise 108. — 1. }, 2}. 2. 14 men. 8. lift., 12ft. 4. $80, $20. 

5. 8 mi., 5 mi., 6| mi. 6. 12 da., 20 da. 7. 60 cattle. 8. f orf. 
9. 65. 10. $250. 

Exercise 109. — 1. VS. 2. 3. 8. vT5. 4. 6\/l6. 6. 12\/36. 

6. GVO. 7. 7v^. 8. 2 Vs. 9. 6V2. 10. 5 VS. 11. 6\/6. 12. 20. 

13. 6^6. 14. 16. 16. 3 + 2\/2. 16. 5 + 2V6. 17. 8 + 2 Vl6. 

18. 10-4v^. 19. V6+v^ + \/3 + l. 20. 3. 21. 1. 22.-6. 

23. V7. 24. VlO. 26. V2. 28. VS. 27. VZ, 28. V2, 29. VS. 

Exercise 110.— 7. 2. 8. 3. 9. 25. 10. 32. 11. 16. 12. 343. 



18. f 14. f 16. A. 16. f 17. 4^. 18. VlOOO or 31.6228. 
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EzerolM 111. — 1. .60206. 8. .77816. 8. .00300. 



5. 1.07018. 
10. 1.47712. 
15. 1.78239. 
80. 1.92428. 
85. 2.09691. 
80. 8.10037. 
85. .36798. 
40. 1.02996. 
45. .38917. 
50. 1.38661. 
55. 1.29226. 
60. .86629. 
65. .66017. 



6. 1.17609. 
11. 1.60616. 

16. 1.80618. 
81. 1.99123. 
86. 2.44716. 

81. .33446. 

86. .64407. 
41. .39794. 
46. .16732. 

51. .20412. 

56. 1.28330. 

61. .16061. 



7. 1.26627. 
18. 1.64407. 
17. 1.86733. 
88. 2.02119. 
87. 2.68124. 

88. .17609. 
87. .67403. 
48. .36218. 
47. .63648. 
58. 1.18038. 

57. 1.10037. 

68. .23299. 



8. 1.38021. 
18. 1.66630. 
18. 1.87606. 
88. 2.04922. 
88. 2.98227. 

83. .24304. 
88. .66284. 

48. .16836. 
48. 1.49831. 
58. 1.60746. 

58. .94201. 

68. .11266. 



4. .96424. 

9. 1.39794. 
14. 1.66321. 
19. 1.90309. 
84. 2.07918. 
29. 2.89432. 
.84. .16490. 
89. 1.21307. 

44. 46836. 
49. 1.46939. 

54. 1.4014. 

59. .22631. 

64. .10696. 



Exercise 112. — 1. x = 7. 8. x = 10. 8. a; = 9. 4. a: = 9. 5. a; = }. 

6. a; = J. 7. X = 6. 8. x = 13. 9. x = 2. 10. x = 3. 11. x = 1. 
18. x = 6. 18. x = 10. 14. x = 7. 15. x = 6. 16. x = ±2. 17. x = 7. 
18. x = 13. 

EzercisellS. — 1. x = 6. 8. x = l. 8. x = 22. 4. x=16. 

5. X = 20. 6. X = 26. 7. X = 3. 8. x = {, 0. 9. x = - }, 0. 
10. X = 6. 

EzerciBe 115. — 1. x = 3 or 2, |^ = 2 or 3. 8. x = 3 or - 2, 

y = 2 or ~ 3. 8. x = 6 or 1, y = 1 or 6. 4. x = 6, y = 2. 5. x = 6, 
y = 1. 6. X = 8 or 1, y = 1 or 3. 7. x = 4 or — 2, y = 2 or — 4. 

8. X = 6 or — 2, y = 2 or — 6. 9. x = 4 or — J, y = 2 or — J^. 

10. X = 3, y = 1. 11. X = 6 or J, y = 3 or y. 18. x = 4 or 14, 

y = 1 or 11. 18. X = 2 or .88, y = 1 or 1.66. 14. x = 3, y = 1. 

15. X = 2 or 3, y = 2 or 0. 16. x = il: 3 or db 2, y=±2oT ±Z. 
17. x=:±8, y=±l. 18. x=:±4, y = ±l. 

EzerciMlie. — 1. x = 6, y = 2. 8. x = 6, y = 0. 8. x = 41, 
y = -l. 4. x = 9, y = 0. 5. x = 6. y = -l. 6. x = 4, y = 3. 

7. x = 6,y = 8. 8. x = 4,y = 8. 9. x=li,y=-2i. 10. x=lf, 
y=-f 11. x = 40, y=:80. 18. x = 11.2, y = 3.4. 18. x = 6, 
y = l,« = 4. 14. x = 9,y=2,« = 3. 15. x = 4, y =- 2, «=- 10. 

16. x = J, y = -f « = 1. 17. x = -l, y = -l, a = 2. 
ZSzeroiBell7. — 1. 36x*- 12x8 + xa- 26. 2. 16 x* - 44 x^ + 26. 

8. 9x*-22x«+9. 4. 16x*-72x«+81xa-49. 5. 81x*-.36x8+4x2-l. , 

6. x*-2x2+l. 7. a«-8aft+16 62-4c2. 8. 4a2-12aft+96a-9<J8. 

9. 262- 10 xy+ya- 16 «2. lo. x*-9xa+ 10x~9. 11. x*-6x«-7xaH- 
66X-49. 18. 9x*-28x2-24x-20. 18. 9x* - 13x« + 6x- 6. 
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14. 16«*-28a!«-4r-|-8. 16. dx*-6a:»-8 0^4-28 x-49. 16. jr*-2a«y- 
a;2-6xy-8y8. 17. 8a*+32a»+36a3+27 a-27. 18. a«+2a^+y«. 

19. a:* - o^xa - 58x2 + a^fta. ao. 2 a^da + 2 6«<S« + 2 cSa* - a* - &* - c*. 
21. a*» - 2 a2^6*» _|. 54«. 32. a*"-6*». 

Ezerciae 119. — 1. (x+l)(xH2). 8. (x+2)(xH3). 8. (x+a) 
(x+ft). 4. (x+l)(«*+l). 5. (x-26)(x+4c). 6. (2x-y)(3x-4«). 

7. (x+4w>(x-3n). 8. (4 a+5 6)(5a-2 c). 9. (7 a+2 &)(3 a-4c). 
10. (a + ft)(a- 6)(o + c)(a-c). 

EaEerci8el20.— 1. (xa+4)(x+2)(x-2). 2./a«+462)(a+26)(a-26). 

8. (x2+9y2)(a;+3y)(a;_3y). 4. (x»+y")(x"-ir). 5. x*(x+l)(x-l). 
6. 6x(x8+7)(x8-7). 7. (a+6 + c)(a+6-c). 8. (6+x-l)(6-x+l). 

9. (c + x + 2)(c-x— 2_). 10. (a;+y+«)(ac— y-«). H- (m+n+p) 
(wi-n-p). 12. (a-2 6+3c)(a-2&-3c). 18. (a+&-c)(a-6+c). 
14. (x + y + 2?)(x — y-«). 15. (a + 6+c)(a-|-6— c). 16. (2x— y+«) 
(2x-y-ij). 17. (a-f 2 6-3c)(a-26 + 3c). 18. (8 x + 6^-62) 
(8x — 5y+5«). 

Exercise 121. — 1. (a-.l)(aa + 0+ 1). 2. (a + l)(a2- a + 1). 
8. (a-2)(a2 + 2a + 4). 4. (a + 5)(a2- 5 a + 26). 5. (a-4)(a2 + 
4a + 16). 6. (a + 8)(a2-8a+64). 7. (2x-l)(4x2 +2x + 1). 
8. (a + 10 6)(a«-10a& + 100 62). 9. (2x-3y)(4x3 + 6xy + 9y2). 

10. (x-3y)(x2 + 8xy + 9y2). n. (3a + &)(9a2 - 3a6 + ft^). 
12. (6y-2a)(26ya + 10ay + 4a2). 18. (3 a + ft-i) (9 a^ - 3 a6* + 6*). 
14. (4a + 6)(16a2-4a& + 62). 15. (0a + 66)(36a2-30a& + 2662). 
16. (0x-7y)(36x2+42xy+49y2), 17. (5xy+z)(2&u^^^-bzyz+z^). 
18. (9a6 + c)(8l'a262_9aftc + (i2). 19. 2x(2x - l)(4x2 + 2x + 1). 

20. x(8 + x)(64-8x + xa). 21. x«(x- l)(x3 + x + 1). 22. (a^ + l) 
(o4-a2+l). 28. (a2 + 4)(a*-4aa+16). 24. (a + l)(a^ - a+1) 
rff6_a8j.i). 26. rx2 4- w2Wa4 _ a.2^2 4. •;4 V ae. rx*4-«*Ux8-x*t/*4-v8). 



Exercise 122. — 1. 8x(x— 2). 2. x(ax — &). 8. 7x2(x— 4). 
4. x(x2+x + l). 6. mx(x-l-l). 6. ab^a-h). 7. (c-l)(a — 1). 
8. (w-?i)(l-n). 9. (4-&)(l-a). 10. (x- «6)(x + 3c). 

11. (x-a)(x + 6). 12. (x + y)(x2 4-y2). 13. (8a-2 6)(2a2 + 362). 

14. (2a-3 6)(3a2-2 62). 16. (x+y)(x-y-l). 16. (m-n)(mn+l). 
17. (a-6)(a + &-l). 18. (x + 7)(x + l). 19. (x + 10)(x + 1). 
20. (x + 39)(x + 2). 21. (x+3)(x + 41). 22. (x-12)(x-ll). 
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88. (x-8a)(«-5a). 34. (x- 12 a)(a;- 9 a). 25. (a;-16a)(«-6a). 

26. (a;-9)(a; + 8). 27. (a: + 6).(a;- 5). 28. (a: + ll)(x- 9). 

29. (a; + 9)(a;-6). 80. (a -39 6) (a + 10 6). 81. (x-a)(a; + 6). 

82. (l-9o + 96)(l + 8a-86). 88. (x - a-6)(x + 3). 

84. (4aj-l)(a:-4). 86. (3a; + l)(«-3). 86. (3«- 2)(2a;.- 3). 

87. (3x + 2)(2«-8). 88. (4aj - 6)(5a;-4). 89. (4a; + l)(6a; -2). 

40. (9x-7)(x+4). 41. (3a-7y)(a-6y). 42. (a;-4y)(a;-2y+3). 

48. (5aj+l)(5x-.l)(a;+l)(aJ-l). 



ExerciBe 124. — 1. -6. 2. 2. 
6. - 6. / 12. - 11. 18. - 10. 



8. -31. 4. 21. 6. 165. 



Exercise 125. — 1. 3a6^ SQa^bK 2. 4x2y2, 48 xV- 8. x, 

x(x— l)(x + l). 4. a(a + l),a(a+l)^. 5. x(x— y),x(x + y)(x— y)2. 
6. x2 + xy + y2^ x(x-^ y)(x2 + xy + y2). 7. a^ + y^ a(a* - y*). 

8. 4 + x2, (2 + X) (2 - x) (4 + a2)2. 9. x-2, (x-f 2)(x8-8). 

10. a-8 6, a868(a-3 6). 11. l-a + a^, (1 + «)(!+ a2 + a*). 

12. l + a + a2, (l-a)(l + a2 + a*). 18. a - 6, a2(a - 6)(a2 + 62). 
14. (x + y)(x2 + y2), (x-y)(x + y)(x2 + y2). I5. (^a^ b)(ai-}-lf^), 
(a - 6)(a + 6)(a2 + 62). 16. x* - x^'^ + y*, x(x6 + yC). 17. x - 2, 
(x2-l)(aJ2-4). 18. 2x + l, (2x-l)(2x + l)2(x-2). 19. a-36, 
(a + 6)(a-c)(a-3 6). 20. x + 1, (x + l)(xH-3)(x* + x2 + 1). 

21. a + 6 + c, (a — 6 — c)(6 — a — c)(c — a — 6)(a + 6 + c). 

22. a— 6 — c, (0 + 6 + c)(a — 6 + c)(a — 6 — c). 



Exercise 126. — 1 . 



a + 1 



a 



6. 2ai6 ^ 2y;?. 

a-26 

11 3 a2 ~ 2 g + 1 
3a2 

j^ 2x2H-4xH-3 

2x2 + x + 3 ' 

Exercise 127. — 1 

. x-13 



8. 



I g — 6 
g + 6 
g + 6 



8. 



9 



x-1 
x-1 



g 
c 



4. 5L. 6. 



86 



12. 



(a -6)2 ' x + 2' 
3ic2_9a;-i4 



10. 



X2 - 7 X + 10 



g + 6 

(«-l)^ 
g2+ 1 ' 

18. y±^. 

y-26 



2x 



x2-l 



6. 



x2-4 
9xH-3 
x2-9 



2. 



(x + 6)(x + 6) 
x-56 



8. 



6. 



8. 



16 



11. 



14. 



(2x + 3)(2x-l) 
x-1 
(6x-7)(9x-ll) 
6g6 



9. 



4gx 



g2-62 



15. 



x2-g2 
j2 4x2-fl8x-14 
(x-f6)(x-6) 

1 16. 



x2-64 
10. 



7. 



X 



(1 - X)2 

2 



x(x + 2) 



18. 



(14x-16)(4x-.5) 

25 g262 

(9g2+8 62)(3g2-4 62) 
26 .^ 3 



(a-l)(g2-4) 



(g + 6)(g-6)2 



17. 



X— 2 
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IS. V . 19. ^Jt±±-, 80. ggft-gft'-g'. 21. Mllly. 
2a5>-x-6 33^ _^ ^ 8 ^^ ^^ ^^ ^^ 



(aJ^- 4)(x - 3) (1 - a){a - 2)(a - 8) 

. 0. 87. 0. 2S. -A-. 89. -^. ao. ^^^^fy) - 

a4_i o«-6a (» - y) (ai* + 2^) 

31. «i±A*. 89. ^::li? 



a4-64 a« + 46a (l + a:)(l«x«) 

Bxerci«il28.-1. («--3)(x4-8) , a(a±|). 3 i^+xi«. 

(a + l)(x-8) c(a-6) a^ + aj^ 

4. 8(x-2). 5. m(c-.d). 6. ^(^Jl&i. 7. i±i. 8. i^Illi?. 

a a x + 4 

a g-ft in 2(a-6) ,. 16 g* - 86 x' -f 20 -^ . 

®- ^T86' ^®- 6"^" "• (4x2-6)(2x-l)' ^^' ^• 

18. -^. 14. 1. 16. x + c. 16. «LlA±J5. 
x + 8 ah 

EzeroiBe 129. » 1. 77. 9. 0. 8. — 6,^. 4. 2}. 5. 4. 6. 8. 
7. 3. 8. IJ. 9. -1. 10. -4. 11. -81. 19. 6}. 18. 7. 
14. 8. 16. 17. 16. 2. 17. 1\. 

ZSzerciae 130. — 1. x = }, y = — 1. 2. x = 4, y = 6. 8. x = 1, 

y = f 4. X = - 21, y = - 18. 6. x = 3, y = 4. 6. x = 2, y = J. 

7. a; = 6, y = 2. 8. x = }, — j. 9. x = 1, y = — 2, « = — 6. 

10. X = 4, y = — i, « = 6. 

Exercise 131. — 1. 6, }. 9. 9, ■^\, 8. }, f. 4. 8, ^ f 6. \, -4. 
6. h -^' 7. i, -7. 8. J, -2. 9. f, -i. 10. 4, - V^. 

11. 21, - f 12. 2, - f 18. 6, f 14. 7i, J. 16. V, f 16. V, J. 

17. J, i. 18. J, -f 19. V, -f 80. 1, ^. 21. f, -r^. 

22. 0-6,6. 98. -,--. 94. 5», Ji. 95. ± 4, ± 2\/2. 96. =k2, 

a c 91 m 

±V^. 97. ±4, ±V^. 98. ±3, iVITi. 99. 2, -1, l±VEl2. 
30. =k2, ^ \"" ^^ • 81. -1, -2, -1, -2. 88. 2, -4, i 3. 
88. 1, 1, - 3 ± 2 >/5. 84. 2, J, Li^V^ 3^ 5^ g^ 33 ^^ ^^ 3 

87. 1, 1, - 2. 88. - 2, - 2, 4. 88. - 2, 1 ± V^. 40. 1, - 4, 

- 3 ± >/^7 ^j g 5_ _2^ _^ ^ _3^ i±^EH. 48. 1, 1, \ 



I 

\ 
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l±2A/:r6. 44. 1, -3, -2^^ . 45. 4,8, '^^^^ . 46. 1, - }, 
-3, -f 47. -1,J, li. 

Exercise 132. — 1. x^-'l=0. 2. a;2-7a;+12=0. 8. flBa+a-12=0. 
4. a:S«-6a;+5=0. 6. x2-7a;=0. 6. x^-{-9x=0. 7. xa-10a;+26=0. 
8. sc2+4sc+4=0. 9. x«=a«. 10. a5«-36x+2»2. 11. iii^+mx-nx=mn. 
12. ic«+2cx+<J2-:0. 18. 8a;«+a;=2. 14. 4a!«+6a;=6. 16. 6x9-6x4- 
1=0. 16. 5x2+4x=0. 17. x2-2ax+a2=4 62. ig. aba^'-(,a^+b^)X'^ 
o6=0. 19. x2_(2a-6)x + a*-a& = 0. 20. a^-2axH-o2-6a=0. 
21. x«+(c-a)x=oc. 22. aj2+(aH-6)x+a6=0. 28. x»-(a-&+c)x2+ 
(ac— a6— 6c)x+a&c=0. 24. x8+(a+&+6)3c*+(o6 + 6o+ac)x+a&c=0. 

26. x8-8x-2 = 0. 26. a(a-{- b)x^ -(2a^ + 2ab -\- b^)x+a^-\-ab=0. 

27. x2=(a-6)«. 28. 4x* + l = 6xa. 

Exercise 133. — 1. ^^ 2. ^'""^^ 8. l-a-ft. 4. 7 a. 

a6 + 6c + ca 2 a 

5 2a6 g a& .^ q^ — 2 gfr g 2 ^ q6(a+6~2) 

a -I- 6 ' a + b ' 2a — 6 * a + 6 a + 6— 2a6 

10. c. 

Exercise 134. — 1. (4, 71), (16, 2). 2. (5, 2), (2, 8). 8. (3, 1), 
(1, 4). 4. (6, 4). (2i, 9). 6. (8, 3), (2, 12). 6. (8, 1), (- 7, - 4). 
7. (9, 2)(- 18.6, - 16.4). 8. (3, 2), (3, 2). 9. (4, 1), (-40, 23). 
10. (4, 1), (-8, -6). 11. (6, 1), (- 1, 7). 12. (4, 1), (0, 6). 
18. (4, 4), (3, 6). 14. (1, 4), (- 4, -1). 16. (2, - 1), (- 2, 3). 
16. (9, 1), (4, 6). 17. (6, -2), (-1, -8). 18. (6,2)(-10, 
-14). 19. (6, 3), (4,5). 20. (10, 3), (8, 5). 21. (5,3), (-J, 
-}). 22. (4,2), (-},V). 83. (7,-1), (17,9). 24. (3,2), 
(1.88, 2.56). 25. (2, 1), (1, |). 26. (6, 2), (5, 2). 27. (4, 1), 
(4, 1). 28. (5, 2), (5, 2). 29. (9, 1), (9, 1). 80. (4, 3), (4, 3). 
81. (6, 2), (6, 2). 82. (4, 3), (6, 2). 83. (-3, 2), (0, -6). 

84. (-4, 1), (2, 2). 86. (3, 2), (5, 1). 86. (3, -3), (3, -3). 
87. (-4, 6), (-7, 8). 88. (±2, ±6). 89. (2, -3)(3, -4). 

40. i 3, ± 1. 41. (0, 5), (4, - 3). 42. ± 7, ± 2. _48. (- 1, -__1), 
(_.2, -2). 44. (4,2), (-4,-2). (2V=1, - 4V- 1), (-2V-1, 
4V:ri). 46. (2, 2), (-3, 3). 46. (2, 5), (- 2, - 6). (1, 3), (- 1, 
-3). 47. (2, 6), (- 2, - 5), (5, 4), (-6, - 4). 48. (3, 5), (- 3, 
-6), (2, 4), (-2, -4). 49. (2, 8), (-2, -3), (1, 2), (- 1, 

-2). 60. (2, 6) (-2, -6), (1,8), (-1, -3). 51. Same as 47. 
52. (3, 4), (-3, -4), (4, 5), (-4, -5). 68. (1,4), (- 1, 
-4), (3, 2), (-3, -2). 64. Same as Ex. 48. 66. (3,5), (-3, 
-6), (1,-1), (-1, 1). 56. (2, 4), (-2, -4), (3, -2), (-3,2). 
57. (7, 4)(-7, -4), (3, -6), (-3, 6). 
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16. 4 or 9, (6) 20. 17. 8. IS. 5 or 33. 19. a + (n - 1) (6 - a). 
90. 12. 21. 4. 

B«rci- 147.^1. ^, ^. S. ^, i:^!^^- 8. ar^, 

82 2*»-' 81 8«-3 ' 

n 

(_l)«af*. 4. 27«/8, a^. 5. (a) 6.4684, (6) 6.633, (c) 9.5491, 

^^) I • ^^^^^2^' ^'^ ** • ?3T' ^^ (2 + V2)(2^- 1). 6. 4, a2, 
2V2, a*+i, 0, a. 7. 3, 1, f 8. - 3, 9, - 27, 81. 9. 1. 10. */a. 
11. 12. 12. 6. 18. 249if: 14. 8, 12, 18. 16. ^0 -^) +g(w+l). 

17. 8, 20, 50, 125. 18. 14, 21, 31i. 



EzeroiB0l48. — 1. 16. 8. 5f 8. 1|. 4. 2. S. a. 6. 

7. 1. 8. ^i^. 9. (a) A, (&) A. (c) «, W «. 10. (a) ^V^^, 

(ft) Tk, (c) Tiiy, W », («) t¥A. (/) W. 11. J. 12- -i. 18. 3. 
14. 8 or 24. 16. J(l + «)"- 

ExerdBe 150. (Ans. based on 5-place tables.) — 1. 9.9154. 2. 3.0402. 

8. 48.943. 4. 120.4. 6. 1609.3. 6. 584.19. 7. 247.1. 8. 1976.1. 

9. 1.563. 10. 1.9478. 11. 3.9592. 12. 1.118, .26646. 18. .5345, 
.9045, .8597. 14, 1.3263, 2.2489, 2.1897. 15. .7775, .2308, .9656. 
16. 764.5. 17. 4^0013. 18. 17.68, 14.2, 11.89, 14.28. 20. 10, 20, 35. 
21. 7, 15. 22. 2.90309, .12629, 1.93539. 24. — 5, j, 4, 3, |, J, - 4. 
25. 9, 16, |. 26. 7, 21,70. 27. .047. 29. 20. 80. 1.4994. 

Exeroise 151. — 18. 2 i. 14. 3 i. 15. 5 i. 16. 12 i. 17. 10 i. 
18. iVlO. 19. }\/2l. 20. (a -6) I. 21. -8. 22. -10. 88. -6. 
24. -16. 25. -Vi6. 88. - VaS. 27. 02-624.2061. 28. z-y 
+ 2iVay. 29. H-4tV3. 80. 7-6tV2. 81. 13. 82. 8. 88. 2i, 

84. v^. 85. VIO. 86. 2. 87. 3. 88. ^. 89. - i. 40. 0. 41. 0. 



42. o2 + 62. 48. 0. 44. -i. 46. 3 + 2i. 46. i-1. 47. t. 

1 2V8 
48. -1. 49. i. 60. 1+iVS. 51. l--^i' 52. -2-2i. 

68. 8. 64. a;2 - 2 a; + 2, a;2 - 4 x + H, x2 - 3 a; + 17. 

Ezercise 152. — 1. 64. 8. 5. 8. 0. 4. 0. 6. —12. 6. -4ac. 
7. c = 2. 8. c = ± 5. 9. c = f . 10. c = 1 or — J. 11. n* = 4 to. 
12. w = ± o. 18. m = ± 2 ni. 14. m = or 2 n. 16. £" = J. 
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16. ^-=^. 17. x^-2ax + a^-\-b^ = 0. 18. 6 = -6. 19. c = 50. 
a— 6 

20. i 21. (a) 7, (6) -10, (c) v^:rri, (d) f, (c) A, (/) Ji (i/) 15. 

22. qx^-px + lz= 0, (6) x^ - (pa _ 2 g)x + g'^ = 0, (c) ^x^ - (p2 - 

2 g)x + g = 0, (d) x2 - (p + g)x + i)g = 0. 

Exercise 153. — 1. xs + x + l. 2. 2x2 + x + l. 8. 8x2 + 2x + l. 
4. X2-X-2. 6. x2+2x-l. 6. x2 + 4x-l. 7. 5xa-2x-2. 
8. 4x3-x + 2. 9. 6x2-x — 3. 10. 4x2-6x + l. 

Ezeroi8el54. — 1. a^-Sa^x+lOaSx^— lOa^xS+Sox^-x^. 2. l-6x+ 
l6x2-20x» + 16x*-6x6 +x«. 8. l-10x+40x2-80x8+80x*-32x6. 
4. 16x*-96x8-f216aJ2-.216x + 81. 6. The negative of answer to 3. 

6. x*-2x8+fx2 -? + -'-• 7. x'-6x6+15a2-20+15x-2-6x-*H-x-«. 

2 16 

8. ^-i^ + 6xV-36xy6 + 81y8. 9. 0.96009. 10. l-3x + 
ol 9 

6x2-10x8+.... 11. l + 2x + 3x2 + 4x8 + 5x*+ ••• . 12. l + Jx- 

1X2 + ^X8 . 



